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Brocker’s valuation-theoretic characterization of fans in a formally real field is extended to
skew fields with involution. It is shown how each fan of a =-field arises as the pullback of a trivial
fan in the residue skew field of a valuation.

1. Introduction and notation

In a formally real field, a fan is a certain special intersection of positive cones of
orderings. Fans are very important to the study of quadratic forms over the field.
The current status of the theory for commutative fields is well summarized in [9].

Our interest here will be in a =-field (D, *); that is, a skew field D with an involu-
tion =. The concept of x-ordering is due to Holland [8], though we shall use the
definitions of [4,5]. For any subset A of D, we shall write 4™ for the set of
nonzero elements in A. We shall write S(D) for the set of symmetric elements
{deD\|d=d*}.

An extended «-ordering (called ‘strong ordering’ in [8]) is a subset P of D satisfy-
ing P+PCP; 1eP; dPd*c P, for all deD”; PU-P2S(DY; PN—P=0 and
P-PCP. A =-ordering is the set of symmetric elements in an extended *-ordering.
These correspond best with orderings in the commutative case (with * =identity)
since no one can be contained in another (see [3, 4] for details). The importance of
fans in this setting was demonstrated in [5, §6] where they are used to characterize
the image of the Witt group of hermitian forms over (D, *) inside the ring of con-
tinuous functions on the set of all *-orderings X, where hermitian forms induce
functions via their signatures. In fact, this set X, forms a space of orderings in the
sense of Marshall [10]. Fans are used in his abstract setting to prove the results
necessary for [5] (see [11]). For this reason, it is important to understand their form
as subsets of D.

Given a *-ordering P, we define P® to be the maximal extended x-ordering con-
taining P. The set P° can be explicitly defined in terms of the order valuation of
P; this is the valuation vp associated to the ring of archimedean classes determined
by P, namely A(P)={de D |0<dd*<n, for some neZ}. Holland [7, 8] has shown

0022-4049/90/%303.50 © 1990 — Elsevier Science Publishers B.V. (North-Holland)



16 T.C. Craven

that this is a *-valuation ring (i.e. is closed under the involution %, or equivalently,
vp(d)=vp(d*) for all de D*). The concept of valuation here is the usual one from
[12], though we shall always add the additional condition that it respect the in-
volution.

The role of the set of sums of squares in the commutative theory is played here
by 2 =2(D), the set of all sums of products of norms (i.e., elements of the form
dd*) and elements of the commutator group [D*,IIS(D)], where IIS(D) is the
group of nonzero products of symmetric elements. We write S(2) or S(X(D)) for
2(D)NS(D), which as in Artin-Schreier theory, turns out to be the intersection of
all *-orderings [8].

Following [5, Definition 3.5], we define an extended preordering of (D, ) to be
asubset 7C D satisfying T+ TC T,dTd*c T(deD™),>CT,-1¢Tand T- T T.
Again, a preordering is the set of symmetric elements in an extended preordering,
and any preordering has a natural choice of extended preordering denoted 7° such
that T°NS(D)=T [5, Theorem 3.6]. The smallest extended preordering is 2 and
the smallest preordering is S(Z).

A preordering T is called a fan if for each subgroup of S(D)*- T (=I1S(D)- T¢
by [5, Lemma 1.1)) of index two containing 7° and excluding —1, the set of sym-
metric elements therein forms a preordering. For other equivalent characterizations
of fans, see [5, Proposition 6.5] and Theorem 2.8 below.

The notion of compatibility between a x-ordering P and a *-valuation v is essen-
tially the same as the commutative case [5, Theorem 4.2]. They are said to be com-
patible if 0<a<b with respect to P implies v(a)=v(b) in the value group. A
preordering T is said to be compatible with a =-valuation if some x-ordering in X,
the set of all *-orderings containing 7, is compatible with v. In addition, T is said
to be fully compatible with v if every *-ordering in X is compatible with v.

Our main goal in this paper is to extend to *-fields the valuation theoretic charac-
terization of fans due to Brocker [1, §2] in which he shows that each fan arises as
the pullback of a trivial fan on the residue field of some *-valuation. As for com-
mutative fields, we shall call a fan trivial if it is a =-ordering or is the intersection
of two *-orderings. The extension of Brocker’s theorem is Theorem 2.13 below and
an appropriate *-valuation is explicitly constructed in the proof of Theorem 2.12.

The paper concludes with an application of this theorem to x-fields in which the
preordering S(2) is a fan. Following the commutative terminology introduced by
Brown (2], we call these superordered =*-fields.

2. Fans and valuations

Let T be a preordering of (D, «). Let X7 denote the set of *-orderings containing
T and compatible with a =-valuation v. In [4, Theorem 3.4] we have generalized the
usual correspondence for commutative fields between orderings compatible with a
valuation and orderings of the residue class field. In this paper we shall need to
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generalize slightly further to *-orderings in X}. We recall from [4, Definition 2.1]
that a *-valuation v is said to be real if 0¢ 2(D,) and the image of [D*, S(D)*] is
contained in 2(D,). We note that the latter condition can be weakened somewhat.

Proposition 2.1. Let v be a -valuation for which [D*, S(D)*] has image contained
in some extended x-ordering P° of the residue field D,. Then X(D)=X(D,),
S D)) =S (Dy)) and v is a real *-valuation compatible with S(X).

Proof. First we note that Z(D) < Z(D,). For, if d=Y a,a’c;e X(D)NU,, a;e DX,
c;€ [D*, [IS(D)], then either all the terms lie in A4,, in which case we immediately
obtain d e 2(D,), or we divide by the term of minimum value and reduce to obtain
0e€2(D,), a contradiction of the existence of a *-ordering on D,. This implies that
v is real. Restricting our attention to symmetric elements yields S(Z(D)) = S(2(D,)).
In particular, —1¢ S(2(D)) and it is easily seen that S(Z(D)) is a preordering of D.
Since S(Z(D,)) is also a preordering, we have v compatible with S(Z(D)) by [5,
Proposition 4.5]. [

One consequence of this proposition is that every *-ordering of the residue field
lifts to D, which is what one would expect from the commutative case. However,
this is not true for orderings of skew fields without involution [6].

The classical theorem of Baer and Krull [9, Theorem 3.18] gives a one-to-one cor-
respondence between orderings of a field compatible with a real valuation v and
pairs consisting of an ordering of the residue class field and a character of the value
group modulo even elements. This was extended to =-fields in [4, Theorem 3.4]. We
now need a more general version for X;. Let I" be the value group of a real
#-valuation v and write S(I") for the set v(S(D)™), a subgroup of I because v is real
[4]. As in the classical situation, we must find some kind of a section S(I") — S(D)*.
The proof of our extension of [4, Theorem 3.4] is the same as the original proof,
with the exception that we must replace the semisection of that argument by what
we shall call a T-semisection. This is a mapping s: S(I") = S(D)* satisfying the pro-
perties of [3, Theorem 2.7] (in particular, v(s(y)) = y) and the new property that for
te T, we have s(u(¢)) e T. We shall give an explicit construction of the mapping s.

First set s(0)=1. For d e I, choose d € D™ such that v(d) =6 and set s(26) =dd*.
Let {a;} be a set of representatives in v(7T) for a Z/2Z-basis of v(T)/2I. For each
i, choose s{e;) e T with v(s(e;))=«;. Let {§;} be representatives for a Z/2Z-basis
of S(I")/v(T) and choose each s(8;) € S(D) with v(s(5;)) =p;. Now any element of
S(7") has a unique expression of the form ¥ f5;+ ¥ «a,+2J and we define

(Y Bi+ X o +28)=d(s(By) -+ s(B,)s(er)) - (@) + 5(at,) -+ S(B)))d*,
where s(20)=dd*. With this definition of s, Theorem 2.7 of [3] again holds and

now, for te T, s(v(¢)) e T. The proof of [4, Theorem 3.4] now carries over to give
a proof of the following:
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Theorem 2.2. Let v be a real x-valuation on (D, *) with T-semisection s: S(I') = D™,

(1) Let Pe X2 Then P={ae D, |ae P, v(a)=0} lies in X7 and a(F)s(y) e P for
all y e s(I') defines a homomorphism o : S/ v(T)— {+1}.

(2) Let Pe X7 and o e Hom(S(I)/v(T), {x1}). Then

P={aeS(D)|as(v(a) 'o((a)) e P}

lies in X7.

(3) The processes of statements (1) and (2) give a bijective correspondence between
the sets Xy and XrxHom(S(I)/v(T), {x1}). Furthermore, this bijection is a
homeomorphism when the sets of =-orderings are given their usual topologies (cf.

[4, §4]) and the character group Hom(S(I")/v(T), { +1}) is given the character group
topology. [

The final statement on the topologies is almost immediate from the definitions. In
the notation of (4], and writing G* for the character group Hom(S(I")/v(T), {x1}),
the clopen set H(a) € X, for ae S(D)*, corresponds to

{oeG*|a(v(a) =1} x H(as(v(a@))~" + s(v(a))~'a)

U{oeG*|a(v(a)= -1} x H(—as(a)) ' —sv(a)'a).

Lemma 2.3. Let d € IIS(D). Then d'd* lies in the commutator group [ITS(D), S(D)*].

Proof. Since d € [IS(D), it can be written in the form d=s,5,:-5,, 5,€ S(D). We

then have d 'd*=s;".-. sy Ig, oo s;=1 modulo commutators of symmetric elements
and I71S(D). U

Lemma 2.4. Let v be a real x-valuation. Any unit in I1S(D) can be written as the
product of a symmetric unit and an element of U,NIIS(D)NZ(D), where U,
denotes the units in the valuation ring of v.

Proof. Let ue U, NIIS(D). We can write u=w+u*)(1+u"'u*)"!, where u+u*
lies in S(D) and is a unit by [3, Lemma 2.6]. Also, u 'u*e (D) by Lemma
2.3, hence (1+u 'u*)'eXZ(D). Since (1+u 'u*)"'=(+u*)'u, it also lies in
nasonu,. O

Theorem 2.5. Let T be a preordering of (D, *) compatible with a *-valuation v.
Write I' for the value group of v and U for the group of units. Then

(1) |X7| = [ XH =S /(T - | X7,

(2) UIS(D): T*NIIS(D)] =[S/ v(T)| - (TIS(D,) : T NIIS(D,)].
If v is fully compatible with T, these inequalities are equalities. Conversely, if the
left hand side of (2) is finite and either (1) or (2) is an equality, then the *-valuation
v is fully compatible with T.
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Proof. Note first that v is real since it is compatible with a preordering. All state-
ments regarding | X | follow from Theorem 2.2. For the remainder, we consider two
exact sequences. The valuation, restricted to J77S(D), induces a short exact sequence

1> (UNIOSDONY/(UNIIS(DYNT®) - IIS(DY/(IIS(DYN T*C)
—>s(I")/v/T)— 1.

We obtain another short exact sequence induced by the projection to the residue
(skew) field of IIS(D)NU; note that Lemma 2.4 assures us that elements of this
group can be written as symmetric units modulo T¢, so that we have

1= Uy/(TIS(DYNUNT®) = (ISDYNU)/IIS(D)YNUNT®)
— IIS(D,)/ITIS(D,)N T¢) — 1,

where Uy;=IIS(D)N{1 +m,)- TIS(DYNUNT®). Using these two sequences, we
obtain

=[S /o(T)| - [TIS(D,)/(TTIS(D,)N T*)|
| Up/TIS(DYNUNTS)|
2 [S(I)/o(T)| - [IIS(D,) : [IS(D,)N T*|,

which is (2). From [5, Proposition 4.5, Theorem 4.1 and Theorem 3.9], we
know that v is fully compatible with T & [IS(D)N(1+m,)CIIS(D)NT® &
|Up/(IS(D)NUN T*)|=1. This implies equality in (2), and the converse implica-
tion holds if the left-hand side of (2) is finite. [

Let T be a preordering of (D, ). We now turn our attention to certain specific
x-valuations known to be compatible with 7. For any =*-ordering Pe X, the
valuation vp defined in the introduction is compatible with P [8], and hence com-
patible with 7. We shall write Ay for the x-valuation ring

[1A®) PeXxy),

where the product is the operation inside D. We write vy for the corresponding
*-valuation. For each Pe X7, we have 1+ (m, NS(D))C 1+ (m,,NS(D))C P, and
hence contained in the intersection [ ) pex, P which equals T by [5, Corollary
3.14]. This shows that v, is fully compatible with T [5, Proposition 4.5].

Propeosition 2.6. (1) The valuation vy is the finest x-valuation of (D, *) fully com-
patible with T.

(2) For any set BC D, write B for the image in D, of BNU, . For Pe Xy, we
have A(P)=A(P).

(3) Ar=D, or equivalently, the residue field has no nontrivial -valuations fully
compatible with T.
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Proof. (1) Assume that A4 is a *-valuation ring properly contained in A . By defini-
tion of A, there exists a *-ordering Pe Xy such that A(P)Z A. We claim that A
is not compatible with P. Choose an element x € A(P), x ¢ A. By definition of A(P),
there exists a positive integer n such that 0 <xx*<n with respect to P. Since A is
a *-valuation ring, we have xx*¢ 4, and hence A is not compatible with P.

(2) By definition A(P)={de D |0=<dd*<n, for some neZ}. Given ae A(P), lift
to a € D. Then, for some positive integer n, 0 < aga*< n with respect to P, so a € A(P)
and @ € A(P). Conversely, if ae A(P), then for any lifting a € A(P), we obtain an
inequality 0<aa*<n which reduces to show ae A(P).

(3) By definition, A7=[] {A(P)|PeX7}. By Theorem 2.2, the mapping
P~ P from Xy to X7 is surjective, so (2) gives Ar=[] {A(P)|PeX;}=
N{AP)[PeXs}=Ar=D. O

We recall from (5] that, given a preordering T and a nonzero symmetric element
a¢ —T7, one obtains a larger preordering as

T[a] = {il +t2(i i t‘,E TeU{G}}| 'S
Proposition 2.7. Let T be a preordering with |I[IS(D)/(IIS(D)N T*)| greater than 4,
Let P#Q be elements of Xr. Let ae PNQ, witha¢T. Let v: D> — I be the order
valuation of P. If v(T)=S(I"), then there exists be T [—a] such that b lies in P or
in Q, but not both.

Proof. Write Up for the units in A(P). Since v(a)e SU)=v(T), we can write a=tu
for some te T, ue Up. Thus u=1"'a lies in PN Q° but not in 7° and so ug=u+u*
lies in PN Q, but not in 7. It is easy to check that 7T[—a]=T[—u,] so we may
assume without loss of generality that ae Up. First assume that a¢ Uy. We may
replace a by a ! if necessary to assume that a¢ A(Q). Choose neZ* with n>a
with respect to Pand set b=n—ae T[—a]. Then be PN —Q as desired. Next assume
that a e Uy. Write mpand rg for the places corresponding to vp and vy, respectively.
Then r;=np(a) and r,=ny(a) may be considered to be positive real numbers.
(They are symmetric elements in the residue fields of order valuations which can be
embedded in the real quaternions [7].) We distinguish two cases:

Case 1. ry#r,. We may assume 0<r, <r,. Choose a rational number g such that
r<q<r, and set b=qg—~ae T[—-a]. Then we have 7,5(b)<0<7p(h)< oo, so that
bePN-Q.

Case 2. ry=r,. Let ce P, c¢ Q. As with a, we may assume without loss of
generality that ce Up. Also, replacing ¢ by ¢~V if necessary, we may assume
ce A(Q). Set ry=rp(c)>0in R and r,=75(c) <0 in R. Choose an integer n>—r,
so that 0<1l+r,/n<1+r/n. Now replace a by a(l +c¢/ny* + (1 +¢/n)*a, again an
element of PNQ but not in 7 because (1 +c/n)*e T. Then we have npl@) #=np(a)
so Case 1 applies. [

We are now prepared to turn our attention to the special preorderings known as
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fans. We begin with a very useful characterization of fans in terms of their additive
behavior.

Theorem 2.8. Let T be a preordering of (D, *). The following statements are
equivalent:

(1) T is a fan.

(2) For all be S(D)*, if b¢ —T, then 1 +be TUBT,

(3) For all be S(D)*- T, if bg ~T¢, then (T*+bTHYNSWD)* - T TUbTE.

Proof. (1) = (2). Assume that T is a fan; i.e., X7={PNS(D)* | P is a subgroup of
S(D)*- T¢ of index 2, T*CP, —1¢P}. Let be S(D)*, with b¢ —T and consider
the set M= T¢UbTE. It is a multiplicative subgroup of S(D)*- T of index 2, con-
taining M and excluding —1. Now M =[] P, where P ranges over all subgroups of
S(D)Y* - T¢ of index 2 containing M and excluding —1. By hypothesis, the symmetric
elements in each such P form a =-ordering, so MM S(D) is a preordering. In par-
ticular, it is closed under addition, contains 1 and » and thus contains 1+ b. Since
b is symmetric, 1+ b lies in T if it lies in 7° and if it lies in TF, then 1 +b=
b(1+b HebT.

(2)=(3). Let be S(DY*- T, te T° such that 1+ bte S(D)*- T¢. Then | + bt has
sign with respect to each P® for Pe X. By (2), we know that 1+ (bt +t*b*)/2¢
TU (bt + t*b*)T C TUDTE; the last containment follows from the fact that, writing
b=sty, se S(D)*, toe T¢, we have bt + t*b*=b(t+ 1, '[s, t*¥]t¥td [t % s ' ) e bTC.
Now if (1 +b£)/2+ (1 +bt)*/2=1+ (bt+1*b*)/2 lies in T, then 1+ bte P° for all
Pe Xy, hence 1 +bte TC. And if it lies in T, then b~ '(1 + bt) e P¢ for all Pe X,
hence b~ '(1+bt)eT® and 1+btebTC. Finally, for t,,t,eT¢ with ¢ +bt,e
S(D)*- T¢, we obtain ;+ bt;=(1 +b12t1“)t1 e T°UbTE, as desired.

(3) = (1). Let P be a subgroup of index 2 in S(D)*- T° containing T° and ex-
cluding —1. We must show that PNS(D)™ is a *-ordering. We shall show that it is
closed under addition; all other properties of a *-ordering follow easily (cf. [5, Pro-
position 6.6]). Let a,be PNS(D)*. By (3), we have (T¢+a 'bT)NSD)*- T°C
T°Ua 'pTe. Multiplication by a yields (@7¢+bT)NSD) - T CaT UbT*, and
thus @+ b lies in (@T°UbT)NS(D)CP. [

Next we begin to look at how fans interact with valuations.

Proposition 2.9. Let v be a =-valuation and let T be a preordering of (D, *).
(1) If v is compatible with T and T is a fan, then T is a fan.
(2) If v is fully compatible with T, then T is a fan iff T is a fan.

Proof. (1) Let be U, such that be S(D,)*, b¢ —T. We may assume b e S(D)™ and,
of course, b¢ —T. Since T is a fan, the element 1 + b lies in 7 or bT, and therefore
its image lies in 7 or 5T. Thus 7 is a fan by Theorem 2.8.

(2) Assume 1+ (m,NSD)CT and T is a fan. Let be S(D)* with be¢ —T. If
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bem,, then 1 + b e T by compatibility. If b& A,, then 1 +btel +(m,NSWD)cT,
and hence 1+ b=b(1+b ')ebT. Finally, if be U,, then 1+b5e TUbT since T is
a fan. Using compatibility once more, we obtain 1 +be TUbDHT. [

It follows from [, Proposition 6.5] that a fan T is trivial iff |S(D)*- T*/T°¢| <4;
we shall call T nontrivial if |S(D)* - T¢/T¢|>4. We shall see the importance of this
distinction later in our main characterization theorem.

Corollary 2.10. Let T be a nontrivial fan and let Pe X with order valuation
vp:D*—>T. Then vp(T)#SW). In particular, vp is a nontrivial valuation and thus
P is nonarchimedean.

Proof. Assume that vp(7)=S(/") and choose an element ae PNQ, ag¢ T, where
P,Qe X;. By Theorem 2.8 we have T[—a] C T°U —aT*®. But no element of T° or
—aT°¢ can separate the =-orderings P and Q, contradicting Proposition 2.7. [

Proposition 2.11. Let T be a fan and let v be a x-valuation for which the subset S(I")
of I' is a subgroup. If v(T) contains no nontrivial convex subgroup of S(I'), then
v is fully compatible with T.

Proof. By [5, Proposition 4.5] it will suffice to show that ¢+ (m,NS(D))C T for
any teTNU,. Let te TNU, and mem,NS(D).

Case 1. v(m)g¢v(T). In this case mé¢ —T so Theorem 2.8 implies that f+me
T¢UmTE. Since ¢+ m is a unit and v(m) ¢ v(T'), {+ m cannot lie in mT* and there-
fore must lie in 7.

Case 2. v(m) e v(T). Since v(T) contains no nontrivial convex subgroup of S(I"),
we can apply [9, Lemma 12.14] to obtain the existence of an element y € S(I"), y ¢ v(T")
such that 0 <y <uv(m). Choose any d € S(D) with v{(d)=y. Then, for te TNU,, we
havet+m=@+d)+(m—-d)witht+de U, (since v(t) =0, v(d)=y>0)and r+deT
by Case 1 since v(d) ¢ v{(T). Also, v(d) = y <v(m) implies that v(m — d) =v(d) ¢ v(T),
so m—dem, and we can again apply Case 1 to show that t+m lies in T. [

Theorem 2.12. Let T be a nontrivial fan. Then ATg D. In particular, there exists
a nontrivial valuation fully compatible with T.

Proof. Let P be any *-ordering in X;. By Corollary 2.10 we have vp(T)#S(p),
where I, denotes the value group of vp. The convex subgroups of the ordered
group S(I'p) lying inside vp(7T) form a chain under inclusion. Let 4 be the union
of the chain, the largest convex subgroup of S(/p) contained in vp(7T). Let 4y=
{yerlp|y=d, for some d e 4}, a convex subgroup of I'p with 4gNS(Ip)=4. Next
we coarsen Up to a *-valuation vy: D— Iy=1p/4,. The valuation v, is fully com-
patible with T by Proposition 2.11. Now



Characterization of fans in «-fields 23

S(9)/vo(TY=(SUp)Ao/A0)/(vp(T)Ay/4y)
=(SUp)/A)/(vp(T)/A)
=S p)/vp(T)

so that [S(Zp): vo(T)] =[SUp): vp(T)]1>1, and thus v, is nontrivial. The valuation
vr is also nontrivial by Proposition 2.6 with 4, contained in the valuation ring
of Vg R

Finally we come to our main theorem extending the work of Brécker [1].

Theorem 2.13. Let T be a preordering of (D, *) and set v=uvy. The following state-
ments are equivalent:

(1) T is a fan.

(2) (IIS(D,): T*NIIS(D,)) <4 (i.e. the induced fan T on D, is trivial).

(3) There exists a =-valuation vy fully compatible with T such that T pushes
down to a trivial fan on D,,.

4) IS(T,))/v(D)| = [[IS(D) : T*NIIS(D)1/4.

Proof. (1) = (2). By Proposition 2.9(1), we know that T is a fan in D,. If
[/IS(D,): T°*NIIS(D,)] =8, then T is nontrivial and Theorem 2.12 implies there
exists a nontrivial valuation on D, fully compatible with 7. But this is impossible
since Ar=D, by Proposition 2.6(3). Therefore [IIS(D,): T*NIIS(D,)] <4.

(2) = (3). Take vy=v.

(3) = (1). By Proposition 2.9(2), we know that 7 is a fan.

(2) = (4). Proposition 2.6(1) tells us that v is fully compatible with 7. Applying
Theorem 2.5, we obtain

|SU)/v(T)|=UIS(D): T*NIIS(D)/IIS(D,) : T*NIIS(D,)]
= [IIS(D) : T*NIIS(D)]/4.
(4) = (2). Again using Theorem 2.5,
ST/ u(T)H)| = IIS(D): T°NIIS(D)]/4
=|SU)/v(T)|- TIS(D,) : T°*NIIS(D,)]/4,
and we obtain [[IS(D,): T*NIIS(D)]<4. O

3. Superordered =-fields

In [2], Brown has defined a superordered field as a formally real field F which
has as many orderings as possible; i.e. every subgroup of F~ of index 2 containing
all nonzero sums of squares and not containing —1 is an ordering. We introduce the
corresponding concept for *-fields.
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Definition 3.1. The *-field (D, *) is superordered if the set of symmetric elements
in P is a *-ordering for every subgroup P of S(D)*-Z(D) of index 2 containing
2(D) and excluding —1.

From [5, Proposition 6.5], we immediately obtain the following:

Proposition 3.2. The following statements are equivalent for the =-field D:
(1) (D, *) is superordered.
(2) S(Z(D)) is a fan.
(3) The reduced Witt ring W..4(D, ) is isomorphic to an integral group ring. [

In (3), the group ring is in fact Z[S(D)*- 2/+2]. One of Brown’s main results
is a valuation-theoretic characterization of superordered fields. The generalization
of his theorem to our context is a consequence of Theorem 2.13.

Proposition 3.3. The =-field D is superordered iff there exists a *-valuation com-
patible with all =-orderings of (D, =) such that D, has at most two =-orderings.

Proof. This is just the equivalence of (1) and (3) of Theorem 2.13 for the pre-
ordering S(X). O

Corollary 3.4, Let v be a »-valuation fully compatible with S(X). Then D is super-
ordered iff D, is superordered.

Proof. This follows immediately from Proposition 2.1, Proposition 2.9(2) and
Proposition 3.2. J
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