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COMMUNICATIONS IN ALGEBRA, 18(9), 2791-2820 (1990) 

PLACES ON *-FIELDS AND 
T H E  REAL HOLOMORPHY RING 

Department of Mathematics 
University of Hawaii 
Honolulu, HI 96822 

1. Introduction. By a *-field, we mean a skew field D together with an 

involution *. Many ideas and results from the theory of formally real fields 

can be extended to  *-fields [Cl-4: HI-21. In this paper, our primary interest 

will be in real places and the real holo~norphy ring (intersection of all real 

valuation rings). T h i ~  should be thought of as a prelude to extending the 

concepts of real algeblaic geometry to *-fields. For an  ordered skew field D .  

A. A. Albert showed that the center of D must be algebraically closed In D .  

Essentially the same is true of *-fields. Cllacron (cf. [H2]) has shown that 

the existence of a *-ordering (definition below) on ( D .  *) implies that either 

(D. *) is a standard quaternion algebra or the center of D is algebraically 

closed in D (i.e., every noncentral element is transcendental over the center). 

Briefly, the paper is organized as follows. After a quick overview of the 

entire paper, this section introduces the basic definitions and notation needed 

for the remainder. Section two studies places in the context of *-fields. The 

emphasis will be on places into the real quaternions W. which talies the role of 

R in the theory of fornlally real fields. Since we would like to have a unique 

H-valued place corresponding to an ordering. we introduce an  equivalence 

relation on the set of W-valued places. One of the main results of $2 is 

Copyright O 1990 by Marcel Dekker, Inc. 
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2792 CRAVEN 

that the equivalence classes depend only on the action of the place on the 

symmetric elements of D,  namely S ( D )  = {d E D  I d* = d ) .  

The third section works with the set of all real places, giving it a topology 

and studying the evaluation mappings induced by symmetric elements of the 

holomorphy ring. It is also shown how the places induce a decomposition 

of the space of orderings. Section 4 deals with a specific place, namely the 

finest one through which all other places factor. This provides techniques for 

dealing with local behavior. 

The final section analyzes some of the properties of the real holomorphy 

ring. The main results show that it is a noncommutative Priifer domain and 

that its elements are precisely those for which there is some positive integer 

which bounds the element with respect to every ordering. Homomorphisms 

on the holomorphy ring are shown to correspond to real places. 

In addition to S ( D ) ,  we require notation for several other distinguished 

subsets of ( D .  *). The center of D  will be denoted by Z D .  For any subset 

S  C D ,  the notation S X  will be used for S  \ (01, the subset of nonzero 

elements of S ,  except where explicitly stated that  it denotes the set of units 

of a ring. By [ D X ,  S ( D ) X ] .  we shall mean the multiplicative subgroup of 

D X  generated by all mixed commutators [d,s]  = dsd-'s-I for d E D X .  

s E S ( D ) ' .  Elements of the form dd*. d E D X ,  will be called norms. 

DEFIKITION 1.1: We write C  or C ( D )  for the set of sums of products of 

nonzero norms and elements of [ D X ,  S ( D ) X ] ;  and we write S ( C )  = S ( C ( D ) )  

for C ( D )  fl S ( D ) .  

These two sets, C and S ( C ) .  play the role of sums of squares in the theory 

of formally real fields and thus are extremely important to our theory. It is 

not hard to see that .  when 0 $! C, then C is a normal subgroup of D X .  
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PLACES ON *-  F I E L D S  AND THE REAL HOLOMORPHY RING 2793 

An extended *-ordering (called "strong ordering" in [H2]) is a *-closed 

subset P of D satisfying P + P P ;  1 E P ;  dPd* P ,  for all d E D X ;  

P U -P > S(D)X;  P n -P = 0 and P . P & P. A *-ordering is the set of 

symmetric elements in an extended *-ordering. Each *-ordering P is con- 

tained in a maximal extended *-ordering. denoted Pe [C l ] .  The intersection 

of all extended *-orderings is C(D), and so the intersection of all *-orderings 

is S(C). Furthermore, *-orderings exist iff -1 6 S(C) [H2]. We denote the 

set of all *-orderings of D by X D .  

A subring A of D which contains either d or d-' for each d E D X ,  will 

be called a total subring of D.  If it is also invariant (i.e. dAd-' = A 

for all d E D X ) ,  then we call A a valuation ring. A *-valuatzon ring is a 

valuation ring closed under the involution *, or equivalently, a total subring 

containing d*ddl for each d E D X  [HI] .  The associated valuation v is called 

a *-valuation and is characterized by the fact that v(d) = v(d*) for any 

d E D X .  All valuations will be written additively. Given a *-valuation v ,  

the valuation ring, maximal ideal, group of units, value group and residue 

*-field will be denoted by A,, mu, U,, I?, and D,, respectively. Following 

[C2; C4], a *-valuation v will be called real if [ D X ,  S (D)X]  (contained in U,) 

has image contained in some extended *-ordering of the residue *-field D,. 

This condition guarantees that all *-orderings of D, lift to D [C4, Theorem 

2.21. We shall also say that the associated valuation ring A, is real. 

A *-valuation v is said to be compatible with a *-ordering P if 0 < a 5 b 

with respect to P implies that v(a) > v(b) in the value group. We shall 

also say v is compatible with A,.  Associated with any *-valuation we have 

a *-place, namely a place .n which preserves the involution and such that 

.n(d*d-l) # m, for d l  d E D X  [HI, p.22]. We shall say that a *-place .x 

is compatible with a *-ordering P if its associated valuation ring is. When 

the valuation is not explicit, we shall write A,, U,, D,, etc. for the objects 
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2794 CRAVEN 

associated with the place. A *-place i~ will be called real iff the associated 

valuation ring is real. This is equivalent to checking that 7r([DX, S(D)X])  

is contained in some (equivalently all [C4, Proposition 2.11) extended *- 
ordering of the residue *-field. 

Finally, we can define one of the main objects of study for this paper. The 

real h o l o m o r p h y  ring of (D,  *) is the subring R(D)  equal to the intersection 

of all real *-valuation rings of D. This generalizes the case where * = identity, 

which has a rapidly growing literature (cf. [L,§9]). 

2. H-valued places. For any *-ordering P ,  we have the order valuation 

u p ,  a *-valuation compatible with P and having associated *-valuation ring 

A(P) = {d E D I 0 < dd' < n with respect to P for some n E Z), 

maximal ideal 

m, = {d E D / 0 5 dd* < q ,  for all q E $+) 

and residue *-field D = A(P)/mp.  (The induced involution on D will also be 

denoted by *.) The induced *-ordering P on D makes D into an archimedean 

ordered *-field, * and order isomorphic to a subfield of W, C or W [ H I ;  H2]. 

Since W and C can be thought of as subfields of W ,  we obtain an induced 

*-place T, : (D,  *) -+ W U {m). The valuation ring is a real *-valuation ring. 

Unlike the situation for W-valued places on formally real fields, the *-place 

T ,  is not uniquely determined by P. Indeed, we obtain other choices by 

composing 7rp with any automorphism of H which fixes W. For example, 43 

has a unique *-ordering R+, but there exist two *-places onto C (identity 

and conjugation) and many into H. 
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PLACES ON $:- F I E L D S  AND THE REAL HOLOMORPHY RING 2795 

Let M D  be the set of equivalence classes of H-valued real *-places on 

a *-field D modulo the equivalence relation T I  ~2 iff there exists a *- 
automorphism q!~ of H such that 

commutes. Note that this differs from the usual notion of equivalence of 

places in that the residue *-fields may be isomorphic via an isomorphism 

which does not extend to H. 

We shall write c l ( x )  for the equivalence class in M D  containing an H- 

valued real *-place T .  We shall eventually see that the importance of these 

equivalence classes is that each is the set of all W-valued *-places under which 

some *-ordering P  of D is nonnegative 

PROPOSITION 2.1. Let T : D -+ W U {m) be a *-place and let P  E X D .  If 

T ( P )  > 0 (where by convention, m > 0), then ;7 and P  are compatible. 

PROOF: By [C3, Theorem 4.21, T and P  are compatible iff the pushdown 

P on the residue *-field is a *-ordering. Since P = T ( P  n U,) 5 R+,  this 

holds. I 

Note that we do not use T ( P )  2 0 as the definition of compatibility. 

We find it better to follow Lam [L] in making the definition for places in 

agreement with the definition for valuations. This means that the residue 

*-field may have embeddings into H in which P is not contained in R+ and 

these induce places also considered compatible with P. We can strengthen 

the previous proposition considerably. 
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2796  C R A V E N  

PROPOSITION 2.2. Let P E XD.  If a *-place T : D + H U {m) satisfies 

T ( P )  2 0. then its valuation ring is A(P).  

PROOF: Assume T ( P )  2 0 and write A, m, U and zl for the valuation ring, 

maximal ideal, group of units and *-valuation associated with T. Let a E 

T-'(W+) fl S ( D ) ,  so in particular, a E U. If a $ P ,  then -a E P and 

0 < T(-a) = -T(a), contradicting our choice of a.  Therefore 

(2.3) P fl U = T-'(W+) fl S(D)  

Using (2.3) plus the fact that T j l  + m) = 1, we obtain 1 + (m fl S(D))  C P ,  

so that v is compatible with P, and, in particular, A is convex with respect 

to P [C3, Theorem 4.21. Since A contains Q, this i~nplies A contains dd* for 

any d A(P) .  But, as A is a valuation ring, either d E A or d-' E A; if 

d-' E A, then d* = dP1(dd*) E A, and hence d E A since A is closed under 

*. Thus A contains A(P).  On the other hand, assume d E A and let n E Z+ 

such that ~ ( d d * )  < n. Then the unit n - dd* lies in P by (2.3), so d E A(P) .  

Therefore A = A(P) .  I 

REMARK 2.4. We note that one fact established in the preceding proof was 

that if a *-valuation ring A is compatible with a *-ordering P ,  then A(P)  

A.  Thus the rings A(P)  are the minimal real *-valuation rings. Therefore 

we can write 

= n Ai.1 
PEXD 

The next result will be very important in dealing with elements of M D .  

THEOREM 2.5. In M D ,  c l ( r l )  = cl(x2) iff r1 and TZ agree on S(D) .  

PROOF: If c t ( r l )  = c l ( ~ ~ ) ,  then xl and x2 must  be equal on any element of 

D mapping into W U {m). In particular, this applies to S(D) .  Now assume 

and 7r2 agree on S ( D ) .  
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P L A C E S  ON sf- F I E L D S  AND T H E  REAL HOLOMORPHY R I N G  2797 

Let A = T ; ' ( H )  = { d  E D j 0 5 ~ l ( d d * )  < co) = { d  E D 1 0 5 ~ ~ ( d d * )  < 

m) be the common valuation ring of r l  and n 2 .  Let m be its maximal ideal 

and U its group of units. If d  @ A, then n l ( d )  = r z ( d )  = co so we need 

not be concerned with such elements. Let d  E A and write d  = s + k where 

s = ( d  + d * ) / 2  is the symmetric part and k = (d - d * ) / 2  is the skew part. 

Since A is *-closed, s and k both lie in A. We now distinguish three cases 

depending on the image D = n , (A /m)  in H. 

Case 1: D c W. Since nl preserves *, each skew element of D maps to 0 

or co. Since n z  can differ from nl only on nonsymmetric elements of U, me 

have = ~ 2 .  

Case 2: D C C (or isomorphic commutative subfield of H),  but D $ R. 

We claim that nl either equals nz or equals n:! followed by conjugation in 

C, so that d(.irl) = d ( n 2 ) .  From the initial part of the proof, we know 

that it suffices to consider skew units; assume x  E U with x* = - x  and 

r l ( x )  # x z ( x ) .  Since x2  E S ( D ) ,  we have n l ( x ) '  = n2(x ) '  in R, so that 

n l ( x )  = - T 2 ( 5 ) .  If nl and r 2  are not related by conjugation, there exists 

y  E U ,  y* = - y ,  with ~ ~ ( y )  = 7r2(y). But then r l ( s y  + y s )  = - x z ( z y  + ys). 

As x y $ y s  E S ( D ) ,  wemust have x y + y x  E m. But then x y x - l y - l  G -1 

modulo m  and the valuation is not real, a contradiction. 

Case 3: D is not commutative. By a result of Dieudonnk [Dl ,  Lemma 

.1; D2, 5141, either D is generated by its symmetric elements (not possible 

since they are all central) or D is a generalized quaternion algebra ($) with 

standard involution, where F = D n W and a ,  b E F. Let 5 ,  jj be generators 

of D with 5' = a, ij2 = b and let x .  y  E D  be skew elements with j71(x) = 5, 

n l ( y )  = ij. Kow r2 ( -4 /m)  = (9) also, with generators n 2 ( x )  and n 2 ( y )  

Using the fact that 7;' and ri:, agree on S ( D ) ,  the vector space isomorphism 

defined by 1 H 1, n l ( x )  ++ 7 r ~ ( x ) ,  n l ( y )  ++ n 2 ( y )  and j 7 1 ( q )  ++ ~ 2 ( x y )  is 
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2798 CRAVEN 

easily seen to be an automorphism of D. By the Skolem-Noether theorem, 

it is an  inner automorphism, so we have r l ( d )  = wr~(d )a - '  for d  = x. 

y or zy  and some CY E D C W. We claim that conjugation by LY is the 

desired automorphism of W connecting T I  and r2. If not, there exists u  E U. 

u* = -u, such that  x l ( u )  # ~ ~ T ~ ( U ) C Y - ~ ;  say L ~ : ~ ( u )  = C Y T ~ ( U ) O ( - '  + E  for some 

E # 0 in D. Since a nonzero E cannot anticommute with all of 5 .  ij and zg.  

we may assume E? + I C E  # 0. Then we have 

T ~ ( Z U  + 1 ~ 5 )  = ( o I x ~ ( X ) O I - ~ ) ( O ( B ~ ( U ) Q - ~ )  

+ Z E  + ( a ~ ~ ( ? ~ ) a - ' ) ( a ~ ~ ( x ) a - ~ )  + E E  

= ~ T ~ ( X U  + ux)a-' + T E  + E.? 

= X2(5u -k U X )  $ (5E + E5) 

# ~ ~ ( 2 7 1  + U X ) .  

a contradiction of xu + urc E S(D) .  Therefore cl(rl) = ct(7i2). I 

COROLLARY 2 . 6 .  Let P  E X D  and let T I .  7r2 be W-valued *-places 

(1 )  I f  T I ( P )  > 0 a n d  x 2 ( P )  > 0, then cE(n-1) = c & ( T ~ )  in ,MD. 

( 2 )  If c L ( ~ 3 : ~ )  = cE(x2) and .i;l(P) > 0 ,  then 7r2(P) > 0. 

PROOF:  (1 )  Assume # cl(7r2). By Theorem 2.5. there exists a  E S ( D )  

such that x l ( a )  # 7r2(a). By Proposition 2.2, we may assume a  lies in their 

common valuation ring A ( P ) ,  and thus we may assume .rrl(a) < ~ ~ ( a )  in W. 

Choose q E Q such that irl(a) < q < 7i2(a). Consider now the symmetric 

element a  - q E P  U -P .  The fact that r l ( a  - q )  < 0 and r 2 ( a  - q)  > 0 

contradicts the hypothesis that r , ( P )  2 0 for both 7 = 1 , 2 .  

(2) Since P C S ( D ) ,  the claim follows from Theorem 2.5. 1 

From this proposition, we see that ,  given a *-ordering P  in X D ,  there 

exists a unique equivalence ckss in M D  consisting exactly of all W-valued 
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PLACES ON +:- F I E L D S  AND THE REAL HOLOMORPHY RING 2799 

*-places n with n ( P )  2 0. We denote this element of M D  by X(P) and write 

X for the induced function X : X D  -+ M D .  

PROPOSITION 2.7. The mapping X : XD -+ M D  is surjective. 

PROOF: Let n : D -+ W U {oo) be a *-place. The residue *-field D has a 

*-ordering P = D n R'. By [C4, Theorem 2.21, there exists a *-ordering P E 

X D  such that n ( P  n U,) = P .  In particular, n ( P )  2 0, SO d ( n )  = X(P). 

Any H-valued real *-place comes from a *-ordering by the previous propo- 

sition and hence carries the mixed commutator group [ D X ,  S(D)X]  to 1 by 

[H2, Theorem 5.61. 

The inverse image under X of an element of M D  is the set of all *-oderings 

in XD xhich push down to the *-ordering P of the residue *-field defined in 

the previous proof. This set is completely described by [C4. Theorem 2.21 

or [C2, Theorem 3.41. 

3. Topological spaces of W-valued places. The set XD has a topology on 

it making it a Boolean space (compact, Hausdorff and totally disconnected) 

with a subbasis for the clopen sets consisting of all sets of the form 

(see [C2,  341 for details). We give M D  the quotient topology induced by this 

topology on XD. Since X D  is compact, M D  is a compact space also. Our 

goal for this section is to  see how much more can be said about this topology 

on M D .  The elements of X ( D )  will play an important role here. It will be 

useful to  prove our theorems in somewhat greater generality as this can be 

done with essentially no extra work. We begin by recalling the concepts of 

preordering and extended preordering from [C3. $31. 
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2800 CRAVEN 

An e x t e n d e d  preorder ing  is a *-closed subset T i n  D X  satisfying T+T T ,  

d T d *  C T for all d E D X ,  C(D) T, -1 4 T and T .  T C T. A preorder ing  

is the set of symmetric elements in an extended preordering. An algebraic 

description can be found in [C3]. It is also characterized by the fact that it 

equals the intersection of all *-orderings containing it. For any preordering 

T, the minimal extended preordering containing it will be denoted by Te 

[C3, Theorem 3.61. Associated with a  reordering T we have 

a Boolean subspace of X D  in the relative topology. We say T is cornpatable 

with a valuation v (or with the associated valuation ring A,) if some P E XT 

is compatible with v and T is fu l l y  cornpatzble with v (or A,) if every P E XT 

is compatible with 2,. We shall write M T  for the image X(XT), a closed 

subspace of M D .  We say X(P) E M D  is compatzb le  with T if the associated 

valuation ring A(P)  is compatible with T. 

We require the notion of a "wedge product" from [C3, $41. Let v be a *- 
valuation on (D, *), T a ~reordering of D and Q a ~reordering of the residue 

*-field D, containing T. Then we define 

T A Q = { x t , u i  I t i  E Te ,u i  E nS(D) ,  with ii; E Qe} n S ( D )  

The set TAQ is apreordering of D ,  fully compatible with v,  with ( T A Q ) ~ ~ ,  

mapping to Q in the residue *-field [C3, Theorem 4.41. In particular, if 

T ( T )  2 0, for Q we can use P,, the unique *-ordering D, n R+ induced on 

the residue *-field D, by its embedding in H. 

PROOF: Since P > T,, we have P > T A P ,  = P,, so P = P, and hence 

n ( P )  2 0. Then c!(r;) = X(P) by definition. I 
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PLACES ON *- FIELDS AND THE REAL HOLOMORPHY RING 2801 

PROPOSITION 3.2. For any preordering T  and any real *-place T ,  we have 

c!(x) E M T  iff T ( T )  2 0  

PROOF: By Proposition 2.7, there exists a *-ordering P such that d ( x )  = 

X(P). If ce(z~) E M T ,  then T C P.  Since x ( P )  2 0, we have T ( T )  > 0. 

Conversely. assume x ( T )  2 0. Let P be any *-ordering containing T  A  P,. 

By Lemma 3.1, ce(.rr) = X(P). Since P > TAP, > T ,  we have d ( ~ )  E M r .  I 

This proposition shows that the *-ordering P, of the residue *-field de- 

pends only on the equivalence class of x in M T .  

The real holomorphy ring X ( D )  = npExD .4(P) is a special case of a class 

of rings associated with preorderings. For any preordering T ,  we write A ( T )  

for the intersection of all *-valuation rings compatible with T .  By Remark 

2.4, we have 

A(T)  = n 4 ~ )  
P G X T  

If we take T to be the preordering S(C), then we recover the real holonlorphy 

ring 'M(D).  Sote  that A ( T )  is an  invariant subring of D since each A ( P )  is 

invariant. 

LEMMA 3.3. Let T  be a preordering. Let d  E D,  u E [ D X . S ( D ) X ]  and 

t E Te U (0). Then 

(1)  ( u  + t ) - I  E .4(T); 

(2)  d ( l  + dd* + t ) - l ,  d * ( l  + dd* + t)-' E A(T) ;  

(3) A ( T )  is a (right and left) Ore domain with D as its field of fractions 

PROOF: Let A be a *=valuation subring of D compatible with T having 

maximal ideal m. For (1 )  and (2) .  it suffices to show that the elements lie in 

A. 
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2802 CRAVEN 

( 1 )  If (11 + t ) - I  gf A. then u + t  E m. Pushing down to the residue *-field 

yields -u E T e .  a contradiction of compatibility with T. 

(2) If d E A, then d(1  + dd' + t ) - I ,  d'(1 + dd* + t ) - I  lie in A by ( 1 ) .  Now 

assume d $ A. Then d - l ,  d-I* E m. For the first element. a computation 

shows 

where id-'*. dd*] E [ D X ,  S ( D ) X ]  and d-l*d-'  + d- '*tdV1 E T e ,  so again x e  

are done by ( 1 ) .  Similarly, d*(l+ddi+t)- '  = (l+d-ld-l*+d-ltd-l*)-'d-l 

lips in A by ( 1 ) .  

(3) To show that A ( T )  is a right Ore domain, we must show that for 

nonzero a , b  E A ( T ) ,  we have a A ( T )  f l  b A ( T )  # 0 [CoZ. p. 61. Since 

A is invariant, b-lab E A. and so 0 # ab = b(bP1ab)  E a 4 ( T )  n b4(T ) .  

Similarly, A ( T )  is a left Ore domain. Its field of fractions is thus unique 

(up to isomorphism) and is equal to D because any d E D can be written 

[ d ( l  + d d f ) - l ] / ( l  + dd*)-I as a quotient of two elements of A ( T ) .  I 

For each element a E S ( D ) ,  we have an evaluation map 

defined by t i ( cC(z~) )  = ~ ( a )  for all cC(r;) E .Mr.  Note that this is well-defined 

since all places in c l ( n )  map the symmetric elements of D into the symmetric 

elements of B-0. viz. R, which is fixed by all *-automorphisms of W. 

THEOREM 3.4. For a E S(D),  the evaluation map 6 : i M T  -+ W U {co} is 

continuous. 

PROOF: First consider the case \\-here the image of ti is contained in W (i.e. 

a E A ( T ) ) .  Because ,blT has the quotient topology induced by X : X T  -+ 
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PLACES ON *-  FIELDS AND THE REAL HOLOMORPHY R I N G  2803 

,MT, it will suffice to show that the colnposite function f = & O X  : -YT -+ R is 

continuous. Consider the inverse image under f of the open interval (q, m )  

for q E Q. For any P E X r ,  one easily obtains from the definitions that 

P E f - l j q ,  m )  a - q > qo with respect to P for some positive qo E Q. 

and therefore f -'(q, m )  = UqOEQ+ H ( ~ - q - ~ o )  is an open set in ST. For any 

real number r ,  the set f-'(I-. m) = Ug,r fP1(q. m) is also open. -4 similar 

argument shows f -I(-oo. r )  is open for any r E R. Since these intervals 

form a subbasis for the topology of R, vie have shown that  f is continuous. 

Kext con~ider an arbitrary element n E S ( D )  and let cC(x) E JUT. If 

~ ( a )  # m, write a = bc-l, where b = a ( l  +a2)- '  and c = (1+a2) - I ,  both in 

A(T)  by Lemma 3.3. Then & and i. are continuous on .Mr by the preceding 

paragraph. Since ~ ( a )  f m. we have ~ ( c )  # 0 and therefore 2 = b / ?  is 

continuous at the point c ~ ( T )  in MT. On the other hand. if ~ j a )  = sc?. - A 

then a-'(n) = 0. so the preceding case shows a-I is continuous at  c!(T). 

Specifically, given any E > 0, there exists a neighborhood .b' of ~ C ( T )  in .MT 

such that /7;o(a-')l < z for all TO E ,L'. That is, /z;o(a)j > E-' for all E .lr. 

which implies ii is continuous at cQ(7) .  51e have seen that 2 is continuous at 

each element of .Mr. hence is a continuous function. I 

PROPOSITION 3 . 5 .  The set of evaluation maps 

separates points of :MT. 

PROOF: Let C ! ? ( T ~ )  # d(TTT2)  in ,MT Then there exists an  elenlent n E S ( D )  

such that  .irl(n) # x z ( a )  by Theorem 3.5. Since these are elements of W U { X ) ,  

we may assume .rrl(a) < r2 (u ) .  
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2804 CRAVEN 

Case 1: 7r2(a) # oc. Choose q E Q such that r l ( a )  < q < 7r2(a) and set 

b = a -  y so that rl(b) < 0 < ~ p ( b ) .  Then b ( l +  b2)-' lies in A(T) by Lemma 

3.3 and clearly separates TI and x2. 

Case 2: r 2 ( a )  = m. Let n > (nl(w)( be a natural number. Then 0 < 

r l ( a  + n )  < r 2 ( a  + n) = iw: and so 0 = 7r2((a + n ) - l )  < r l ( ( a  + n)-l)  < co. 

Now apply Case 1 to (a + n)-I to obtain an elenlent of A(T) separating 

and T ~ .  

COROLLARY 3.6. The space ,WT is Hausdorff. 

PROOF: Let c!(xirl) f c!(7r2) in ,Mr. -4pply Proposition 3.5 to obtain a E 

A(T) such that ?;*(a) # srz(a) in W. Choose two open intervals I,, j = 1 ,2 ,  

such that ~ , ( a )  E I, and I1 n I2 = 0. By Theorem 3.4, we have disjoint open 

neighborhoods &-'( I l )  and icP'(I2) in .MT separating c f ( r l )  and cf(r2).  1 

TIIEORERI 3.7. The topology on JUT is the weak topology (cf. [GJ, 53.31) 

induced by ET.  A subbasis for the topology is given bj. the sets 

PROOF: Denote the quotient topology on i W T  by 7 and the weak topology 

by 7 ~ .  By Theorem 3.4, we know that 7 is a finer topology than Ti-, so 

the identity map ( M T ,  7 )  -) (MT,TE)  is continuous. Therefore (MT,TE)  

is a compact space. The argument presented in the proof of Corollary 3.6 

applies equally well to ( i M T ,  Is) since the continuous maps of ET separate 

points by Proposition 3.5. Thus M T  is compact and HausdorfE in both 

topologies; but a bijective co~itinuous map between two such spaces is always 

a homeomorphism, hence 7 = TE. -4 basis for 7~ is given by the sets C 1 ( r ,  s )  
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PLACES ON a-  F I E L D S  AND THE REAL HOLOMORPHY RING 2805 

for any open interval (r ,  s )  in R ,  a E S(D)nA(T) .  As in the proof of Theorem 

3.4, it suffices to assume r, s  E $. But then, as &-'(r, s )  = HT(a-r)nHT(s- 

a), the sets HT(a) form a subbasis. fl 

Let C(MT,  W) be the ring of continuous real-valued functions on M T .  We 

note that ET is a subring of C ( M T ,  R)  since, for a, b E S(D)  n A(T) ,  we have 

6 .  & = [ (ab  + ba)/2]1 Since ET contains the constant i and separates points 

of M T ,  the Stone-Weierstrass Theorem [GJ, $16.21 implies that ET is dense 

in C ( M T ,  W). 

We shalI write A(TIX for the group of units in the ring A(T).  

(1)  IT  is dense 'in C ( M T ,  R) with respect to the sup-norm. 

(2) For a E S(D)  n A(T) ,  the function ii is positive definite iff q + a E T 

for all q E Q+. 

(3) For a  E S(D)  n A(T) ,  the function 6 is identically zero iff q f a E T  

for all q E $+ iff a E m, for all P  E XT. 

(4) T  n A(TIX = {a E A(T)  n S ( D )  I & ( M T )  > 0 )  and S ( D )  n A(T)  = 

( a  E A(T)  n s ( D )  I 0 P ~ ( M T ) ) .  

PROOF: (1) was proved above. For ( 2 ) ,  let a  E S ( D ) n  A(T) .  Assume q+ a E 

T for all q Q+. Then for any X E M T ,  we have q + & ( A )  = q + X(a) 2 0 

for all q E Q+, and therefore & ( A )  1 0. Conversely, assume & is positive 

definite, q E $+ and P E X T .  Then X(P)(Q + a) = q + X(P)(a) > 0 and 

hence q + a  E P. This holds for all P  E X T ,  so q + a E T  = P. 

The first part of (3) is immediate from ( 2 ) .  The second part follows from 

the definition of m, since a is symmetric. Statement (4)  follows easily from 

the observation that A(T)' = nPExT A ( P ) X .  fl 
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2806 CRAVEN 

We conclude this section with a look at the relationships between M D and 

xn and their subspaces M T  and XT.  

PROPOSITION 3.9. Let A and B be disjoint closed sets in X D .  The sets X(A)  

and X ( B )  are disjoint in M D  iff there exists an element d E S ( D ) X  n X ( D )  

such that d is a unit in the valuation ring at any place in X(A U B ) ,  d is in 

P for all P E A and d is in -Q for all Q E B.  

PROOF: ( J )  The sets A and B are closed and hence compact in X D .  Thus 

their images X(A) and X ( B )  are compact subsets of a Hausdorff space and 

hence are closed in M D .  Assuming they are disjoint, Urysohn's Lemma says 

there exists a continuous f : M D  -+ W which is 1 on X(A)  and -1 on X(B) .  

By Theorem 3.8, there exists d E S ( D ) X  n X ( D )  such that 

for all real W-valued *-places T .  Now if P E A ,  (3.10) yields IX(P)(d)-11 < 1, 

whence X(P)(d)  > 0 ,  d E P and d is a unit in A ( P ) .  And if Q E B ,  (3.10) 

yields IX(Q)(d) + 1) < 1, so t,hat X(Q)(d)  < 0,  d E -Q and d is a unit in 

A(&) .  

(+) If X(A) n X ( B )  # 0 ,  there exist P E A and Q E B such that X(P)  = 

A(&). By hypothesis, there exists d, a unit in both A ( P )  and A ( Q ) ,  with 

d E P and d E -Q. But then 0 < X(P)(d)  = X(Q)(d)  < 0, a contradiction. 

PROPOSITION 3.11. For any two preorderings TI and T2 in D, we have 

MT1nT2 = M T ~  U M T ~ .  

PROOF: Every *-ordering containing TI or T2 contains TI nTz, hence X n  

XTInT, (i = 1 '2 ) .  Applying gives MT, U M T2 M T, " T ~ .  Assume 

there exists P E XTInTz such that X(P) @ M T l  iJ M T ~ .  By Proposition 
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3.9, there exists d E P which is negative with respect to any *-ordering in 

xrl U XTz .  Since any preordering equals the intersection of all *-ordering 

containing it, -d lies in n { P  I P E X T , )  fl n { P  / P E XT,) = TI fi Tz C P,  

a contradiction. I 

An important special class of ~reorderings are the fans. A preordering is 

said to be a fan if for any 6 E S ( D ) X  with b @ -T, we have 1 + b E T U bT. 

Their importance and several characterizations of them are shown in [C3; 

C4]. We shall see that one method of obtaining fans is via the wedge product 

introduced earlier. We write T ,  for the preordering T A P,. 

THEOREM 3.12. Let T be a preordering of D and cl(.;r) E M r .  

(1) The preordering T, is a fan. 

(2)  For any P E -YT, we have P E STn iff X(P) = c!(n).  

(3)  MT,! = { 4 ~ ) 1 .  
( 4 )  T ,  = n { P  E XT ( X(P) = ~ ( ( 7 ; ) ) .  

( 5 )  T = n { T ,  1 & ( T )  E J U T )  and no cC(17) can be omitted from the 

intersection. 

( 6 )  X r  is the disjoint union of the sets X T T ,  one .rr from each equivalence 

class in M 7. 

PROOF: (1 )  We know that T, is fully compatible with the valuation v as- 

sociated with T and that T, pushes down to the *-ordering P,. By [C4, 

Proposition 2.91, this implies that T,  is a fan. 

(2) First assume that P E XT,. Then X(P) = ct(.rr) b y  Lemma 3.1. 

Conversely, if X(P) = c t ( x ) ,  then P = P, in the residue *-field, so i7-'(Pip) C 
Pe.  Therefore T, = { C t , u ,  / t ,  E T e , u ,  E l IS(D)  fl 7;-'(P,)) n S ( D )  2 

T e  . Pe = Pe ,  and hence P E Xr,. 

(3) ,  ( 4 )  and ( 6 )  follow immediately from (2). 
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2808 CRAVEN 

( 5 )  The equation T = n T, follows from (4). The remainder follows from 

(3) and Proposition 3.11. 1 

4. Places and valuations. Let T be a preordering of ( D ,  *). There is a 

natural choice for an associated *-valuation v,, namely the valuation asso- 

ciated with the valuation ring 

It is shown in [C4] that v, is fully compatible with T: i.e. v, is compat- 

ible with each *-ordering P containing T. Furthermore, T I ,  is the finest 

*-valuation which is fully compatible with T. Let D be the residue *-field of 

v, and let a : D -+ D U {m) be the associated place. In this section we shall 

study the relationship between the W-valued *-places of D and those of D. 

PROPOSITION 4.1. Let T be a preordering and let T : D -+ R U {m} be as 

above. For each P E X T  and each a. E X(P), there exists a place a1 E X(P) 

such that a0 = a$ o a, where a: : D U {co} -+ H U {a) extends a1 by 

mapping oo H m. 

PROOF: By [C4, Proposition 2.61, we have A ( P )  = ;4(P). Writing m, 

(resp., m,) for the maximal ideal of AT (resp., Ap),  we have m, C m,. 

Hence there exists a canonical mapping A(P) -4 A(P)/m, whose kernel is 

mp, the maximal ideal of A(P). The inclusion of the residue field A(P)/m, 

into H determined by a0 thus induces an inclusion of A(P)/m, into W ,  which 

in turn induces the desired place a1 on D. I 

THEOREM 4.2. Let T be a preordering with associated valuation v, and 

place T : D -+ D LJ {m). Let T be the pushdown preordering of D. Then 

composition with a induces a homeomorphism between M T  and M T .  
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P L A C E S  ON *-  F I E L D S  AND T H E  R E A L  HOLOMORPHY R I N G  2809 

PROOF: Given any H-valued *-place in an equivalence class in M T ,  compos- 

ing with T yields an H-valued *-place on D. It is clear that this composition 

respects equivalence classes, giving us an injection Mi. -+ MD. By [C4, 

Theorem 2.21, the image lies in iMT and by Proposition 4.1, the mapping is 

onto M T .  We thus have a commutative diagram 

where the top mapping is a surjection onto a quotient space by [C4,  Theorem 

2.21 as are the vertical mappings (Proposition 2.7). It is then clear that 

the bottom mapping and its inverse are both continuous, whence it is a 

homeombrphism. 

COROLLARY 4.3. lMTl = 1 iff T is a *-ordering of D. 

PROOF: If T is a *-ordering, then /XT/  = lMTl = 1, from which it follows 

that lMrl = 1 by Theorem 4.2. Conversely, assume ( , M T l  = 1. Again 

using Theorem 4.2, we have (/MTl = 1, so that all valuation rings of *- 
ordering~ in X T  are equal. Therefore, for each P E XT,  we have .4(P) = AT, 

which equals D by [C4, Proposition 2.61. This says the *-orderings of D 

are archimedean orderings of the center of D. If two of them differed, the 

induced *-embeddings of D into H would differ on a symmetric element of 

D, contradicting (MTI = 1. Therefore T is the only such *-ordering. I 

For any *-valuation 2) with value group I', we write S(r) for the set 

V ( S ( D ) ~ ) .  This is a subgroup of I' if v is real since v ( a )  + v(h) = v(ab + ha) 

for a, b S ( D ) X  [C2, Lemma 1.41. 
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2810 CRAVEN 

LEMMA 4.4. Let T = P n Q for two distinct *-orderings P,Q E X D .  Let 

u p  : D X  -+ r be the canonical *-valuation associated with A(P) .  

(1) I f  X(P) # X ( Q ) ,  then u p  ( T )  = S ( r ) .  

( 2 )  If X(P) = X(Q), then [ S ( r )  : v p ( T ) ]  = 2. 

PROOF: Note first that v p ( T )  is a subgroup of S(I'), closed under addition 

in the value group for the same reason as S(!?). 

(1) Let .irp E A(P), no E A(Q). Since X(P) # A ( & ) ,  we may apply 

Proposition 3.5 to obtain an element a E S ( D )  n A(T)  such that n,(a) # 
.irQ(a) in W. Relabelling and adding a rational number if necessary, we may 

assume 7rQ(a) < 0 < .ir,(a). Thus a E P, a $ Q and therefore a $ T .  Now 

T = P n Q implies [Pe n n S ( D )  : T e  n IIS(D)] = 2 (cf. [C3,  Proposition 

6.51, [C4, 52]), so that the group IIS(D) is generated by Te n rIS(D), -1 

and a. Now vp(a)  = u p ( - 1 )  = 0, so v,(T) = vp(ITS(D)) = S(I'). 

(2) Since X(P) = A(&), we have A(P)  = A(Q) and therefore v, is fully 

compatible with T .  Furthermore, P = Q = T in the residue *-field D of v,, 

so [C4, Theorem 2.51 implies 

[S(r) : v p ( T ) ]  = [IIS(D) : TenI IS (D)] / [ I IS (D)  : T e n n s ( D ) ]  = 4/2 = 2 1 

In Theorem 3.12, we have seen that for the special fans T,, the associated 

subsets of M D  have only one element. 'iYe conclude this section by looking 

at the situation for an arbitrary fan. 

PROPOSITION 4.5. Let T be a preordering of (D, *). Then T is a fan if and 

only if 

( 1 )  IMT1 < 2 and 

( 2 )  for c e ( ~ , )  E M T ,  i = 1.2, T . U,, and T . U,; are equal subgroups 

of IIS(D), where we write LT, for the multiplicative group W ( D )  n 
n- l (WX).  
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PROOF: First assume that T is a fan. By Theorem 4.2, we have j M ~ l  = 

IMP\,  where the bar now denotes reduction to the residue *-field of v,. But 

lMrl 5 lXrl which is at  most two by [C4, Theorem 2.131, whence ( 1 )  holds. 

For ( 2 ) ,  we first note that U, depends only on c 4 ! ( ~ )  since I I S ( D ) f l n - ' ( H X )  = 

I I S ( D )  n-/r-l(WX); indeed, any unit in I I S ( D )  can be written as the product 

of a symmetric unit and a unit in C ( D )  [C4. Lemma 2.41. both of which 

necessarily push down into R ' .  

Next we show that the subset T.U, of I I S ( D )  is actually a subgroup. Since 

U ,  contains commutators of elements of I I S ( D ) ,  the set ( T e  n l I S ( D ) )  . U ,  is 

closed under multiplication and contains T .  U,. It will suffice to show these 

are equal. Let t  = s l . .  .s, be a product of symmetric elements with t  E T e .  

Let u  E U,. Then t u  = ( t + t * ) u l  where t+ t*  E T and u' = ( t+ t* ) - l t u  E U, 

since ( t  f t*)- ' t  E IIS(D) with n ( ( t  + t * ) - ' t )  # 0 jC2, Lemma 1.41. 

Now let i fZ  be the places on D corresponding to the places x, as given 

by Proposition 4.1. We may assume d(?il) # cl(??z) since ( 2 )  is trivial 

otherwise: then we also have /X.Tl = 2, so T is the intersection of two *- 
ordering~. The place D -+ D u { ~ }  induces surjections U,, -+ U*, . Applying 

Lemma 4.4(1) to D, we have T . lJ,, = I I S ( D ) ,  i = 1,2 .  Let u  E U,,. 

Then G in UR, can be written as u = kz, for some t E T n AT and some 

uz E U,, . Write m = u  - t u 2 ,  an element of m, , the maximal ideal of AT. 

Since t # 0, t  is a unit in AT and therefore uz + t-'m E T ; ' ( H ~ ) .  Also 

uz + t - l m  = t - l u  E I I S ( D ) ,  so u  = t ( u 2  + t - ' m )  E T .  U,,. The reverse 

inclusion is similar, so we obtain T . U,, = T . U,, . 

For the converse, assume ( 1 )  and (2) hold. From ( I ) ,  we know ~ J M ~ I  5 2. 

If jMTl = 1,  then T is a fan by [C4, Proposition 2.91. Assume as above 

that M T  = { c t ( ~ ~ ) , c C ( ~ ~ ) } .  If each place ?it has only one compatible *- 
ordering, then T is the intersection of two *-ordering~ and T is a fan by [C4, 
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2812 CRAVEN 

Theorem 2.131. Thus we may assume TI has two compatible *-orderings 

and there exists an element a E D which is positive in one and negative 

in the other. Also, we have .4,, . A,, = AT, which in turn equals D [C4, 

Proposition 2.61, so the corresponding valuations are independent. As in 

the commutative case, there is an approximation theorem (see. for example, 

[MI) which guarantees the existence of an element d E D such that ,  writing 

P, for the valuation associated with %,. 61(d - a )  > 0 and i j2(d - 1) > 0. 

But then d E T . U,, and d 6 T . U,, , contradicting (21, which implies these 

two groups must be equal. Therefore each place %, has only one compatible 

*-ordering and T is a fan. I 

5 .  The holomorphy ring. As in the previous sections, we shall continue 

to work with the more general class of rings A(T)  associated with preorder- 

ings. In Lemma 3.3, me determined a few properties of these rings. In this 

section, we shall find an explicit characterization of the elements of A(T)  

and determine some of its ring theoretic properties. 

Our next theorem differs in an essential way from the standard theory (see 

[L, $11.41). However the complications arise not from the fact that D may be 

noncomniutative. but from the situation where * # identity. This forces us 

to use part (2) of Lemma 3.3 rather than part (1)  as the main characteristic 

of our rings A(T) .  

SSTe follow Grater [Gr] in generalizing the notion of Priifer ring to the 

noncommutative setting. Let A be a left Ore domain with field of fractions 

D.  SS'e say A is a Prufer rzng if for every maximal left ideal m of A, the 

set S = =I \ III is a left denominator set and S- 'A is a total subring of D. 

Our interest is only in the case where A is invariant. Then it is easily seen 

that every ideal is 2-sided and we require no distinction between left and 

right. 111 this case, [Gr, Lemma 2.11 shows that  for any completely prime 
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PLACES O N  *- F I E L D S  AND THE REAL HOLOMORPHY R I N G  2813 

ideal p, the localization .4p is a total subring. For further information on 

noncommut ative localizations, see [ C o l ] ,  [Co2,  31.21, [ M ,  pp. 39-40], [PI 

and Proposition 5.6 below. 

THEOREM 5.1. Let D be a *-field with -1 not a norm. Let S be the set of 

all elements of the form 

Then any subring A of D containing S is a Priifer domain with D as its field 

of fractions. 

PROOF: We must show that the localizations of A at prime ideals are total 

subrings of D. So we may assume that A is a local ring with maximal ideal rn. 

Let d E D and assume d $! A. Since d ( l +  dd*)-I E -4, we know 1 + dd* 6 A. 

But ( I  + dd*)-I E A and therefore it lies in m. Then d d * ( l  + dd*)-I = 

1-(l+dd*)-'  E l + m ,  which is contained in the units of A. n'ow d*(l+dd*)-I  

also lies in A, hence so does d-I = [ d * ( l  + d d * ) - l ] [ d d r ( l  + dd*) - ' ] - I .  I 

COROLLARY 5.2. For any preordering T of ( D ,  *), the ring A ( T )  is a Priifer 

domain. 

PROOF: This follows immediately from Lemma 3.3 and Theorem 5.1. 

In analogy with the way in which A(P)  was defined, we might also consider 

the ring 

R = { d  E D I n - dd* E T ,  for some n E Z') 

associated with the preordkring T. 

By definition of R, if d E R, then there exists a positive integer n such 

that n - dd* E T = nPEXT P. In particular, we have d E A(P) for every 
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2814 CRAVEN 

*-ordering P containing T,  and hence d E A(T) = npGx, A(P) .  Thus we 

see that R C A(T). When * = identity, one has R = A(T). We could show 

that R is a Priifer domain directly from Theorem 5.1, and we could then 

prove R = A(T) if we knew that the maximal ideals of R were *-closed, as 

then each localization of R would contain some A(P)  for P E XT. Rather 

than analyzing maximal ideals, we shall prove R = A(T) by proving directly 

that any symmetric element in D which is bounded by some positive integer 

with respect to each P E XT is actually uniformly bounded. 

THEOREM 5.3. For any preordering T,  we have 

A(T) = { d  E D I n - dd* E T, for some n E Z'} 

PROOF: Assume that d E A(T); i.e., for each P E X T ,  there exists an n E Z 

such that dd* < n. To show d E R, we must show there exists an n E Z 

which bounds dd* for all P E X T .  Set s = dd*. If * = identity, the result is 

well-known [L, Theorem 11.21. Now F = Z D  n S ( D )  is a subfield of D (with 

identity involution) and every P E X T  restricts to some ordering P n F with 

respect to which s is bounded. We claim that s is bounded with respect 

to every ordering of F containing the preordering T n F and therefore s is 

uniformly bounded with respect to all orderings of T containing T n F ,  and 

hence with respect to all *-orderings of D containing T .  

To prove the claim, assume that Q > T n F  = n P E x T ( P n F )  is an ordering 

of F which does not extend to a *-ordering of D. Note, in particular, that 

Q is not among the orderings of F in the intersection. Applying parts (5) 

and (6) of Theorem 3.12 to T n F ,  we see that some P n F has the same 

associated real place as Q. Thus s is also bounded with respect to Q. I 

We can use the preceding theorem to obtain an explicit form for all ele- 

ments of A(T) .  

D
ow

nl
oa

de
d 

by
 [

T
ho

m
as

 C
ra

ve
n]

 a
t 1

2:
08

 0
2 

A
pr

il 
20

13
 



PLACES ON 9- FIELDS AND THE REAL HOLOMORPHY RING 2815 

COROLLARY 5.4. A(T) = {nd*(l + dd* + t)-' 1 d E D ,  t E T , n  > 0 in Z) 

PROOF: All elements of the given form lie in A(T) by Lemma 3.3. Let 

x E A(T) be an arbitrary nonzero element. Since A(T) is *-closed, we have 

2x* E A(T). By Theorem 5.3, this implies there exists a positive integer 

n such that to = n2 - 4x*x E T .  Then to(4x*x)-' = n2(4x*x)-' - 1, or 

Setting d = nz-'/2 and t = to(4x*x)-', this yields nx-Id* = 1 + dd* + t ,  
or x = nd*(l + dd* + t)-', where t = t* follows from equation (5.5) SO that 

t E Te fl S(D) = T. I 

Note that, since any *-valuation ring contains all elements of the form 

d'd-' , d E D X ,  the ring A(T) also contains these elements. We next collect 

a few elementary facts about such rings. 

PROPOSITION 5.6. Let A be a subring of(D, *) containing {d*d-I I d E D X ) ,  

and let 63 be a prime ideal of A. Then 

(1) A is *-closed. 

(2) A contains [ D X , D X ] .  

(3) A is an invariant subring of D. 

(4) Any left (or right) ideal of A is *-closed and 2-sided. 

(5) is a completely prime ideal. 

(6) S = A \  p is a denominator set; i.e., 0 $ S,  S is multiplicative1.y closed 

and S satisfies the Ore condition: 

for a E A, s E S, there exist b E A, t  E S such that at = sb. 
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(7) If A is Priifer, the localization 

is a *-valuation ring. 

PROOF: (1)-(4) are contained in [Hl ;  2.21. 

( 5 )  Let x, y E A with sy E $3. To show that x or y lies in $3. it suffices 

to show that (x)(y)  = (xy) and use the fact that  53 is prime. But for any 

a E A,  xay = zya[ap1, y-'1 E (xy) by (2). yielding the desired equality of 

ideals. 

(6) S is multiplicatively closed because p is completely prime. The Ore 

condition follows from (3); indeed, b = s- 'as E A, so a s  = sb yields the 

desired result. 

(7) Since A is Priifer, A, is a total subring of D. But then Ap is a *- 
valuation ring since it contains A which contains all d'd-I for d E DX.. I 

THEOREM 5.7. Let T be a preordering of (D ,  *) and let (E, *) be any other 

*-field. There exists a natural one-to-one correspondence between the set of 

*-places from D to E U {m} compatible with T and the set Hom(A(T), E) 

of *-ring homomorphisms from A(T) into E. 

PROOF: Let x : D -i E u { ~ )  be a *-place compatible with T. Compatibility 

says that .rr is finite on A(P) for some P E X T .  and hence x is finite on A(T). 

Therefore the restriction of T to A(T) is a *-preserving ring homomorphism 

A(T) + E. To see that  this correspondence is bijective, let f : .4(T) -+ 

E be any *-homomorphism; we shall show that f extends uniquely to a 

*-place T : D -, E ci {oo) and that T is compatible with T. Since the 

image of f is a domain, p = lier f is a completely prime ideal in A(T). 
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PLACES ON 2k- FIELDS AND THE REAL HOLOMORPHY RING 2817 

By Proposition 5.6, we can form the localization A(T),, a *-valuation ring. 

The usual universal property for localizations [Co2] implies that f extends 

uniquely to a homomorphism fl : A(T)k, -t E; it is easily seen that f l  is 

again a *-homomorphism. Now extend f l  to D by setting fi(d) = ca for any 

d E D \ A(T),. This is a *-place extending f .  

To show compatibility with T, let m = pA(T),. By [C3, Proposition 

4.51, if T is not compatible with A(T),, then there exists t E T such that 

1 + t E m. But (1 + t)-l  E A(T) by Lemma 3.3, so this cannot happen. 

To prove uniqueness, let T : D -+ E U {m) be any other *-place extending 

f .  Certainly n must agree with fl on A(T),. Consider any d E D with 

d-I E m. Write.d-l = as-' with a E p, s E A(T) \ p. If ~ ( d )  # co, then 

K(S) = i7(d)i7(a) = 0, contradicting s $ p = kerf. Thus ~ ( d )  = m and so T 

agrees with f l  on all of D. I 

When we specialize this theorem to E = H and T = S(C), the ring A(T) 

becomes the real holomorphy ring 'H(D). The *-places D -i H U {m) com- 

patible with S(C) are precisely the real H-valued *-places. This set, modulo 

our usual equivalence relation from 52, yields M D .  Via the previous theo- 

rem, this induces an equivalence relation on Hom('H(D), W); this is obtained 

by restricting the places to X(D) in the definitions of 52. 

Since the classes of homomorphisms are actually distinguished by their 

actions on the symmetric elements, it is natural to consider 

A standard construction [ZSSS, p. 521 makes Hs into a special Jordan 

algebra over Q by giving it a new operation 

a O b = (ab + ba)/2 
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2818 CRAVEN 

to replace multiplication. In particular, a is commutative and distributive 

over addition. If we view R as a Jordan algebra in which a coincides with 

the usual multiplication, restriction of homomorphisms gives 

Hom(%(D), H) -+ Hom ~('Fts,  W). 

Combining this with the correspondence of Theorem 5.6 and using our knowl- 

edge of the equivalence relation we have on places, we obtain a well-defined 

map 

M D -, H o m ~ ( X s ,  R), 

which is injective by Proposition 3.5. Unlike the situation when * = identity, 

we cannot expect this to be surjective as 3-Is generally has homomorphisms 

to W which do not extend to homomorphisms of X(D) into H. 

The evaluation mapping of $3 gives a canonical (Jordan algebra) homo- 

morphism of 3-Is into C(M n, W) whose image is &s(c) (defined in Proposition 

3.5). We can compute the kernel of this mapping. 

PROPOSITION 5.8. With the notation above, 

where C(X(D)) = {CdidTci I d; E X(D), ci E [DX,S(D)X]) .  

PROOF: We first note that C(X(D)) = X(D)  n C(D). Assume that h = 

C didfci (d; E D,  c; E [DX,  S(D) is an arbitrary element of X(D)  n 
C(D). For any P E X D ,  we have v, ( h )  > 2 min v, (d;). Assume the mini- 

mum occurs for i = 1 and v, (h) > 2v,(dl). Then D
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PLACES ON >':- FIELDS AND THE REAL HOLOMORPHY R I N G  2819 

where ci = [ d l ,  (did:)- ']c;  E [ D X ,  S(D)']. Reducing to the residue field 

of up yields 0 = 1 + aiar for some elements a,; E W, a contradiction. 

Therefore 0 _< v, ( h )  = 2 min(vp (di)) and so each d;  lies in E ( D ) .  

Now assume a E IHs with 6 = 0. That is, X ( P ) ( a )  = 0 for each P E X D ,  

or equivalently, 0 < a2 < q2 (with respect to P) for all q E Q+. This implies 

q i a E C ( D )  n X ( D )  = C(E(D))  as desired. I 
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