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PLACES ON =FIELDS AND
THE REAL HOLOMORPHY RING

THoMas C. CRAVEN

Department of Mathematics
University of Hawaii

Honolulu, HI 96822

1. Introduction. By a *-field, we mean a skew field D together with an
involution *. Many ideas and results from the theory of formally real fields
can be extended to *fields [C1-4; H1-2]. In this paper, our primary interest
will be in real places and the real holomorphy ring (intersection of all real
valuation rings). This should be thought of as a prelude to extending the
concepts of real algebraic geometry to *-fields. For an ordered skew field D,
A. A Albert showed that the center of D must be algebraically closed in D.
Essentially the same is true of *-fields. Chacron (cf. [H2]) has shown that
the existence of a *-ordering (definition below) on (D, *) implies that either
(D, *) is a standard quaternion algebra or the center of D is algebraically

closed in D (i.e., every noncentral element is transcendental over the center).

Briefly, the paper is organized as follows. After a quick overview of the
entire paper, this section introduces the basic definitions and notation needed
for the remainder. Section two studies places in the context of #-fields. The
emphasis will be on places into the real quaternions H, which takes the role of
R in the theory of formally real fields. Since we would like to have a unique
H-valued place corresponding to an ordering, we introduce an equivalence

relation on the set of H-valued places. Omne of the main results of §2 is
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that the equivalence classes depend only on the action of the place on the

symmetric elements of D, namely S(D) = {d € D | d* = d}.

The third section works with the set of all real places, giving it a topology
and studying the evaluation mappings induced by symmetric elements of the
holomorphy ring. It is also shown how the places induce a decomposition
of the space of orderings. Section 4 deals with a specific place, namely the
finest one through which all other places factor. This provides techniques for

dealing with local behavior.

The final section analyzes some of the properties of the real holomorphy
ring. The main results show that it is a noncommutative Priifer domain and
that its elements are precisely those for which there is some positive integer
which bounds the element with respect to every ordering. Homomorphisms

on the holomorphy ring are shown to correspond to real places.

In addition to S(D), we require notation for several other distinguished
subsets of (D, ). The center of D will be denoted by Zp. For any subset
S C D, the notation §* will be used for S ~ {0}, the subset of nonzero
elements of S, except where explicitly stated that it denotes the set of units
of a ring. By [D*,S(D)*], we shall mean the multiplicative subgroup of
D* generated by all mixed commutators [d,s] = dsd~'s~! for d € DX,

s € S(D)*. Elements of the form dd*, d € D™, will be called norms.

DEFINITION 1.1: We write £ or I(D) for the set of sums of products of
nonzero norms and elements of [D*, S(D)*]; and we write S(X) = S(2(D))
for (D) N S(D).

These two sets, T and S(X), play the role of sums of squares in the theory
of formally real fields and thus are extremely important to our theory. It is

not hard to see that, when 0 ¢ ¥, then ¥ is a normal subgroup of D*.
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An ertended *-ordering (called “strong ordering” in [H2]) is a *-closed
subset P of D satisfying P+ P C P; 1 € P; dPd* C P, for all d € D*;
PU-P2S(D); PN—P=0and P-P C P. A x-ordering is the set of
symmetric elements in an extended *-ordering. Each x-ordering P is con-
tained in a maximal extended x-ordering, denoted P¢ [C1]. The intersection
of all extended *-orderings is £(D), and so the intersection of all x-orderings
is S{X). Furthermore, *-orderings exist iff —1 ¢ S(3) [H2]. We denote the
set of all #-orderings of D by Xp.

A subring 4 of D which contains either d or d™! for each d € D*, will
be called a total subring of D. If it is also invariant (i.e. dAd™! = 4
for all d € D¥*), then we call A a valuation ring. A x-valuation ring is a
valuation ring closed under the involution *, or equivalently, a total subring
containing d*d~?! for each d € D* [H1]. The associated valuation v is called
a *-valuation and is characterized by the fact that v(d) = v(d*) for any
d € D*. All valuations will be written additively. Given a *-valuation v,
the valuation ring, maximal ideal, group of units, value group and residue
x-field will be denoted by A,, m , U,, I, and D,, respectively. Following
[C2; C4], a *-valuation v will be called real if [D*, S(D)*] (contained in U,,)
has image contained in some extended *-ordering of the residue *-field D,,.
This condition guarantees that all *-orderings of D, lift to D [C4, Theorem
2.2]. We shall also say that the associated valuation ring A4, is real.

A *-valuation v is said to be compatible with a *-ordering P if 0 < a < b
with respect to P implies that v(a) > v(b) in the value group. We shall
also say v is compatible with A4,. Associated with any x-valuation we have
a *-place, namely a place = which preserves the involution and such that
m(d*d™1) # oo, for all d € D* [H1, p.22]. We shall say that a *-place =
is compatible with a x-ordering P if its associated valuation ring is. When

the valuation is not explicit, we shall write A., Uy, D, etc. for the objects



Downloaded by [Thomas Craven] at 12:08 02 April 2013

2794 CRAVEN

associated with the place. A x-place m will be called real iff the associated
valuation ring is real. This is equivalent to checking that w([D*,S(D)*])
is contained in some (equivalently all [C4, Proposition 2.1]) extended *-

ordering of the residue *-field.

Finally, we can define one of the main objects of study for this paper. The
real holomorphy ring of (D, *) is the subring H(.D) equal to the intersection
of all real *-valuation rings of D. This generalizes the case where * = identity,

which has a rapidly growing literature (cf. [L,§9]).

2. H-valued places. For any *-ordering P, we have the order valuation
vp, a *-valuation compatible with P and having associated #-valuation ring

A(P)={de D |0 < dd* <n with respect to P for some n € 7},

maximal ideal
m,={deD|0<Ldd" <yq, fora11q€Q+}

and residue #-field D = A(P)/m,. (The induced involution on D will also be
denoted by #.) The induced -ordering P on D makes D into an archimedean
ordered #-field, * and order isomorphic to a subfield of R, C or H [H1; H2].
Since R and C can be thought of as subfields of H, we obtain an induced

x-place 7, : (D,*) —» HU {oo}. The valuation ring is a real *-valuation ring.

Unlike the situation for R-valued places on formally real fields, the *-place
7, is not uniquely determined by P. Indeed, we obtain other choices by
composing 7, with any automorphism of H which fixes R. For example, C
has a unique *-ordering R¥, but there exist two *-places onto C (identity

and conjugation) and many into H.
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Let Mp be the set of equivalence classes of H-valued real *-places on
a *-field D modulo the equivalence relation w; ~ w2 iff there exists a *-

automorphism ¢ of H such that

D —Z s HU {0}

H L

D = HU{oo}

commutes. Note that this differs from the usual notion of equivalence of
places in that the residue *-fields may be isomorphic via an isomorphism

which does not extend to H.

We shall write c#(n) for the equivalence class in M p containing an H-
valued real x-place 7. We shall eventually see that the importance of these
equivalence classes is that each is the set of all H-valued *-places under which

some *-ordering P of D is nonnegative

PROPOSITION 2.1. Let 7 : D — HU {oc} be a *-place and let P € Xp. If

n(P) > 0 (where by convention, oo > 0), then m and P are compatible.

ProOOF: By [C3, Theorem 4.2], = and P are compatible iff the pushdown
P on the residue *-field is a *-ordering. Since P = (P NU,) C R, this
holds. i

Note that we do not use w(P) > 0 as the definition of compatibility.
We find it better to follow Lam [L] in making the definition for places in
agreement with the definition for valuations. This means that the residue
*-field may have embeddings into H in which P is not contained in Rt and
these induce places also considered compatible with P. We can strengthen

the previous proposition considerably.
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ProOPOSITION 2.2. Let P € Xp. Ifa x-place 7 : D — HU {co} satisfies
n(P) > 0, then its valuation ring is A(P).

PrROOF: Assume w(P) > 0 and write A, m, U and v for the valuation ring,
maximal ideal, group of units and *-valuation associated with 7. Let a €
#~YR¥T) N S(D), so in particular, a € U. If a ¢ P, then —a € P and

0 < 7(—a) = —n(a), contradicting our choice of a. Therefore
(2.3) PNnU=="YRY)NS(D)

Using (2.3) plus the fact that 7(1+ m) = 1, we obtain 1 + (m N S(D)) C P,
so that v is compatible with P, and, in particular, A is convex with respect
to P [C3, Theorem 4.2]. Since A contains @, this implies A contains dd* for
any d € A(P). But, as A is a valuation ring, either d € 4 or d™' € A4; if
d™' € A, then d* = d=1(dd*) € A, and hence d € A since A4 is closed under
*. Thus A contains A(P). On the other hand, assume d € A and let n € ZF
such that 7(dd*) < n. Then the unit n — dd* lies in P by (2.3), so d € A(P).
Therefore A = A(P). i

REMARK 2.4. We note that one fact established in the preceding proof was
that if a x-valuation ring A is compatible with a *-ordering P, then A(P) C
A. Thus the rings A(P) are the minimal real x-valuation rings. Therefore

we can write

H(D)= () A(P)

PeXp

The next result will be very important in dealing with elements of Mp.
THEOREM 2.5. In Mp, cf(ny) = cl(nz) iff w1 and 7y agree on S(D).

ProOOF: If cb(mry) = cl(m;), then 7; and 7o mustbe equal on any element of
D mapping into R U {oc}. In particular, this applies to S(D). Now assume

w1 and 7, agree on S(D).
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Let A=7'(H)={d€D|0<m(dd*) <oo}={d€ D |0 m(dd*) <
oo} be the common valuation ring of 71 and 7,. Let m be its maximal ideal
and U its group of units. If d ¢ A, then =1(d) = m2(d) = oo so we need
not be concerned with such elements. Let d € A and write d = s + k where
s = (d 4 d*)/2 is the symmetric part and k = (d — d*)/2 is the skew part.
Since A4 is *-closed, s and k both lie in A. We now distinguish three cases

depending on the image D = 7;(A4/m) in H.

Case 1+ D C R. Since m; preserves *, each skew element of I maps to 0
or co. Since w2 can differ from #; only on nonsymmetric elements of U, we

have 7y = m,.

Case 2: D C C (or isomorphic commutative subfield of H), but D ¢ R.
We claim that =m; either equals m; or equals 7y followed by conjugation in
C, so that cf(m;) = cf(w2). From the initial part of the proof, we know
that it suffices to consider skew units; assume z € U with z* = —z and
m1(z) # my(x). Since 2% € S(D), we have m(z)* = m3(z)? in R, so that
mi(z) = —m(x). If m; and my are not related by conjugation, there exists
y e U, y* = —y, with m1(y) = m2(y). But then m1(zy +yz) = —mz(zy + y2).

1

As zy + yz € S(D), we must have zy + yz € m. But then zyz ™'y~ = -1

modulo m and the valuation is not real, a contradiction.

Case 3: D is not commutative. By a result of Dieudonné [D1, Lemma

.1; D2, §14], either D is generated by its symmetric elements (not possible

since they are all central) or D is a generalized quaternion algebra (%}2) with
standard involution, where F = DN R and a,b € F. Let 7,7 be generators
of D with 22 = a, j2 = b and let 2,y € D be skew elements with 71(z) = 7,

22) also, with generators my(z) and m2(y).

71(y) = §. Now mp(A/m) =
Using the fact that 7 and 7, agree on S{D), the vector space isomorphism

defined by 1 +— 1, mi(z) = ma(z), mi1(y) — m2(y) and m(zy) — ma(zy) is
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easily seen to be an automorphism of D. By the Skolem-Noether theorem,
it is an inner automorphism, so we have mi(d) = amy(d)a™! for d = =,
y or zy and some o € D € H. We claim that conjugation by o is the
desired automorphism of H connecting m; and m2. If not, there exists u € U,
u* = —u, such that my(u) # amp(u)a™; say m1(u) = ame(u)a™! +¢ for some
€ # 0in D. Since a nonzero ¢ cannot anticommute with all of Z, § and 7,

we may assume T + T¢ # 0. Then we have

1l

(aﬁg(z)a—l)(aﬂ2(u)a’_l)

+ Fe + (amy(w)a ™ amy(z)a™) + ez

m1(zu + uz)

= amg(zu +ux)a™? + Fe 4 £F
= my(au +uz) + (Te + &)
# ma(zu +uz),
a contradiction of zu + uz € S(D). Therefore ¢f(7y) = cl(r3). 1

COROLLARY 2.6. Let P € Xp and let 7y, 7o be H-valued x-places.

(1) Ifny(P) > 0 and 7o(P) > 0, then cb(m) = cl(72) in Mp.
(2) If cb(my) = cl(m2) and m(P) > 0, then 72(P) > 0.

PRrROOF: (1) Assume /() # cf(nz). By Theorem 2.5, there exists a € S(D)
such that 71(a) # me(a). By Proposition 2.2, we may assume a lies in their
common valuation ring A(P), and thus we may assume 71{a) < m3(a) in R.
Choose ¢ € @ such that m1{a) < ¢ < 7z(a). Consider now the symmetric
element ¢ — ¢ € P U —P. The fact that m;(a — ¢) < 0 and 73(a — ¢) > 0
contradicts the hypothesis that ;(P) > 0 for both s = 1, 2.

(2) Since P € S(D), the claim follows from Theorem 2.5. §

From this proposition, we see that, given a *-ordering P in Xp, there

exists a unique equivalence class in M p consisting exactly of all H-valued
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#-places © with 7(P) > 0. We denote this element of M p by A(P) and write
X for the induced function A : Xp — Mp.

PROPOSITION 2.7. The mapping X : Xp — Mp is surjective.

PROOF: Let 7 : D — HU {oc} be a #-place. The residue *-field D has a
+-ordering P = DNR*. By [C4, Theorem 2.2}, there exists a *-ordering P €
Xp such that 7(P NU,) = P. In particular, 7(P) > 0, so ¢f(7) = A(P). R

Any H-valued real x-place comes from a *-ordering by the previous propo-
sition and hence carries the mixed commutator group [D*, S(D}*] to 1 by

[H2, Theorem 35.6).

Therinverse image under A of an element of M p is the set of all x-orderings
in X p which push down to the *-ordering P of the residue #-field defined in
the previous proof. This set is completely described by [C4, Theorem 2.2]
or [C2, Theorem 3.4].

3. Topological spaces of H-valued places. The set X p has a topology on
it making it a Boolean space (compact, Hausdorff and totally disconnected)

with a subbasis for the clopen sets consisting of all sets of the form

H(a)={P € Xp|ae€ P}, a€ S(D)*
(see [C2, §4] for details). We give M p the quotient topology induced by this
topology on X p. Since Xp is compact, Mp is a compact space also. Our
goal for this section is to see how much more can be said about this topology
on M p. The elements of H(D) will play an important role here. It will be
useful to prove our theorems in somewhat greater generality as this can be
done with essentially no extra work. We begin by recalling the concepts of

preordering and extended preordering from [C3, §3].



Downloaded by [Thomas Craven] at 12:08 02 April 2013

2800 CRAVEN

An extended preordering is a *-closed subset T in D* satisfying T+T C T,
dTd* CTforallde D*, (D) CT,-1¢Tand T-T CT. A preordering
is the set of symmetric elements in an extended preordering. An algebraic
description can be found in [C3]. It is also characterized by the fact that it
equals the intersection of all x-orderings containing it. For any preordering
T, the minimal extended preordering containing it will be denoted by T

[C3, Theorem 3.6]. Associated with a preordering T we have
XT={P€XDIT§P},

a Boolean subspace of X p in the relative topology. We say T is compatible
with a valuation v (or with the associated valuation ring 4,) if some P € X1
is compatible with v and T is fully compatible with v (or A,) if every P € X1
is compatible with v. We shall write Mp for the image A(X7), a closed
subspace of M p. We say A(P) € Mp is compatible with T if the associated
valuation ring A(P) is compatible with T

We require the notion of a “wedge product” from [C3, §4]. Let v be a *-
valuation on (D, *), T a preordering of D and Q a preordering of the residue

x-field D, containing T. Then we define
TAQ={> tw |t €T u; € IS(D), with T; € Q*} N S(D)

The set TAQ is a preordering of D, fully compatible with v, with (TAQ)NT,
mapping to @ in the residue *-field [C3, Theorem 4.4]. In particular, if
7(T) > 0, for Q we can use Py, the unique *-ordering D, N R induced on
the residue *-field D, by its embedding in H.

LEMMA 3.1. Let #(T) > 0 and set T = T A P,. If P € Xr,, then cf(rw) =
AP). '

PROOF: Since P D T, we have P D TA P, = P,, so P = P, and hence
7n(P) 2 0. Then ¢f(7) = M P) by definition. 1
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PROPOSITION 3.2. For any preordering T' and any real x-place m, we have

clr)e My iff x(T)20

PROOF: By Proposition 2.7, there exists a *-ordering P such that ¢f(7) =
MP). If () € My, then T C P. Since n(P) > 0, we have #(T) > 0.
Conversely, assume 7(T') > 0. Let P be any *-ordering containing T' A Pr.

By Lemma 3.1, ¢é(n) = A(P). Since P 2 TAP, 2 T, we have cl(m) € M. I

This proposition shows that the *-ordering P, of the residue *-field de-

pends only on the equivalence class of 7 in M.

The real holomorphy ring H(D) = (\pecx, A(P) is a special case of a class
of rings associated with preorderings. For any preordering T, we write A(T)
for the intersection of all *-valuation rings compatible with T. By Remark
2.4, we have

ATY= () AP)

PeXr
If we take T to be the preordering S(Z), then we recover the real holomorphy
ring H(D). Note that A(T) is an invariant subring of D since each A(P) is

invariant.

LEMMA 3.3. Let T be a preordering. Let d € D, v € [D*,S(D)*] and
te T°U {0}. Then

(1) (u+t)~ € A(T);

(2) d(1+dd* + 1)1, d*(1 + dd* + 1)~ € A(T);

(3) A(T) is a (right and left) Ore domain with D as its field of fractions.

PROOF: Let A be a x=valuation subring of D compatible with T having
maximal ideal m. For (1) and (2), it suffices to show that the elements lie in

A.
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(1) If (u+1¢)"1 ¢ A, then u +t € m. Pushing down to the residue *ficld
yields —a € T¢, a contradiction of compatibility with T

(2)Ifd € A, then d(1+dd* +)71, d*(1 +dd* +t)"" liein A by (1). Now
assume d ¢ A. Then d~!, d71* € m. For the first element, a computation

shows
d(1+dd* + = ([d=**,dd*] + d~*d™ + d= 1 ¢d~ Y~ La— i,

where [d~1*,dd*] € [D*,S(D)*] and d=**d~! + d~1*td™* € T*¢, so again we
are done by (1). Similarly, d*(1+dd*+¢)7! = (1+d~1d 1 +d~1td1*)"1d~!
lies in A by (1).

(3) To show that A(T) is a right Ore domain, we must show that for
nonzero a,b € A(T), we have aA(T) N bA(T) # 0 [Co2, p. 8]. Since
A is invariant, b71ab € 4 and so 0 # ab = b(b71ab) € ad(T) N bA(T).
Similarly, A(T) is a left Ore domain. Its field of fractions is thus unique
{(up to isomorphism) and is equal to D because any d € D can be written

[d(1+dd*)™1]/(1 4 dd*)™" as a quotient of two elements of A(T). I

For each element a € S(D), we have an evaluation map
a: Mp—RU{x} CHU {o0},

defined by é(cf(n)) = w(a) for all cf(w) € M. Note that this is well-defined
since all places in ¢f(7) map the symmetric elements of D into the symmetric

elements of H, viz. R, which is fixed by all *-automorphisms of H.

THEOREM 3.4. For a € S(D), the evaluation map d : Mg — R U {co} is

continuous.

PROOF: First consider the case where the image of & is contained in R (i.e.

a € A(T)). Because Mt has the quotient topology induced by A : X7 —
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M, it will suffice to show that the composite function f = a0k : Xr — Ris
continuous. Consider the inverse image under f of the open interval (g, oc)

for ¢ € Q. For any P € X, one easily obtains from the definitions that
Pe f ¢, 00) <> a—q > qo with respect to P for some positive ¢o € Q,

and therefore f~}(g,00) = queQ+ H{a—q—qq)is an open set in X 7. For any

real number 7, the set f7(r,oc) = |J, .. f (g, c0) is also open. A similar

q>r
argument shows f~!(—occ,r) is open for any r € R. Since these intervals

form a subbasis for the topology of R, we have shown that f is continuous.

Next consider an arbitrary element ¢ € S(D) and let ¢l(w) € Mr. If
7(a) # oo, write a = be™!, where b = a(1+a?)! and ¢ = (1+a?)77, both in
A(T) by Lemma 3.3. Then b and ¢ are continuous on M1 by the preceding
paragraph. Since n(a) # oo, we have w(c) s 0 and therefore @ = bjé is
continuous at the point ¢f(7) in Mp. On the other hand, if 7(a) = o,
then a/’\l(ﬂ') = 0, so the preceding case shows a-1 is continuous at clm).
Specifically, given any ¢ > 0, there exists a neighborhood N of cb(n) in M
such that |mg(a™)| < ¢ for all 7y € A, That is, |7o(a)] > e~ forall mg € N,

which implies & is continuous at ¢f(r). We have seen that & is continuous at

each element of M7, hence is a continuous function. il

PROPOSITION 3.5. The set of evaluation maps
Er={a|aec S(D)NAT)}

separates points of M.

PROOF: Let cf(m;) # cf(my) in Mp. Then there exists an element a € S(D)
such that 7m;(a) # m2(a) by Theorem 2.5. Since these are elements of RU{ec},

we may assume 71(a) < ma(a).
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Case 1: ma(a) # oc. Choose ¢ € @ such that m1(a) < g < m2{a) and set
b= a—gsothat 71(b) < 0 < m2(b). Then b(1+5*)! lies in A(T) by Lemma

3.3 and clearly separates 7; and ma.

Case 2: ma(a) = oo. Let n > |ny(e)| be a natural number. Then 0 <
mi{a+n) < ma+n)=o0oandso 0 =my({a+n) ) <m((a+n)™1) < 0.
Now apply Case 1 to (a +n)™! to obtain an element of A(T) separating 7

and 7o. B
COROLLARY 3.6. The space Mt is Hausdorff.

PROOF: Let cl(m) # cl(7m2) in M. Apply Proposition 3.5 to obtain a €
A(T) such that w1(a) # 72(a) in R. Choose two open intervals I, j = 1,2,
such that 7;(a) € I; and I; NI, = §§. By Theorem 3.4, we have disjoint open

neighborhoods a~(I;) and a71(I;) in My separating cf(7;) and cf(75). 1

THEOREM 3.7. The topology on My is the weak topology (cf. [GJ, §3.3])

induced by Ep. A subbasis for the topology is given by the sets

Hr(a) = {cl(r) € M7 | n(a) > 0} (a € A(T)N S(D))
={cl{7) € My | a(cl(r)) > 0} (a €&r)

ProOOF: Denote the quotient topology on M ¢ by 7 and the weak topology
by Te. By Theorem 3.4, we know that 7 is a finer topology than Tg, so
the identity map (M, T) — (M, 7T¢) is continuous. Therefore (M1, T¢)
is a compact space. The argument presented in the proof of Corollary 3.6
applies equally well to (M, 7¢) since the continuous maps of Er separate
points by Proposition 3.5. Thus Myt is compact and Hausdorff in both
topologies; but a bijective continuous map between two such spaces is always

a homeomorphism, hence 7 = T¢. A basis for T¢ is given by the sets a7'(r, s)
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for any open interval (r,s)in R, a € S(D)NA(T). Asin the proof of Theorem
3.4, it suffices to assume r, s € Q. But then, as a7 1(r,s) = Hr(a—r)NHp(s—

a), the sets Hr(a) form a subbasis. i

Let C(Mr,R) be the ring of continuous real-valued functions on M. We
note that £7 is a subring of C(Mr, R) since, for a,b € S(D)NA(T'), we have
&b =[(ab+ ba)/2]" Since 7 contains the constant 1 and separates points
of My, the Stone-Weierstrass Theorem [GJ, §16.2] implies that E7 is dense
in C(Mr,R).

We shall write A(T)* for the group of units in the ring A(T).

THEOREM 3.8.

(1) &r is dense in C(M 7, R) with respect to the sup-norm.

(2) For a € S(D)N A(T), the function & is positive definite iff g+ a €T
for all g € Q.

(3) For a € S(D)N A(T), the function & is identically zero iff g a € T
forallge QY ifaem, forall Pe Xr.

4) TOATY ={a€ A(T)NS(D) | a(Mr) >0} and S(D)N A(T)* =
{ae A(T)NS(D) | 0 ¢ a(Mr)}.

PROOF: (1) was proved above. For (2), let a € S(D)NA(T). Assume g+a €
T for all ¢ € Q*. Then for any A € My, we have ¢+ &(\) = ¢+ A(a) 2 0
for all ¢ € Q1, and therefore 4(\) > 0. Conversely, assume a is positive
definite, ¢ € @+ and P € Xp. Then M(P)(q + a) = g + MP)(a) > 0 and
hence g4+ a € P. Thisholdsforall P€ Xr,s0¢q+a €T = mPeXT P.

The first part of (3) is immediate from (2). The second part follows from
the definition of m, since @ is symmetric. Statement (4) follows easily from

the observation that A(T)* = (\pecx, A(P)*.
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We conclude this section with a look at the relationships between M p and

Xp and their subspaces M7 and X.

PROPOSITION 3.9. Let A and B be disjoint closed sets in X p. The sets A(A)
and A(B) are disjoint in Mp iff there exists an element d € S(D)* NH(D)
such that d is a unit in the valuation ring at any place in A\(A U B), d is in
Pforall Pe Aanddisin—~Q forall Q € B.

PROOF: (=) The sets A and B are closed and hence compact in Xp. Thus
their images A(4) and A(B) are compact subsets of a Hausdorff space and
hence are closed in M p. Assuming they are disjoint, Urysohn’s Lemma says
there exists a continuous f: Mp — R which is 1 on A(4) and ~1 on A(B).
By Theorem 3.8, there exists d € S(D)* N 'H(D) such that

(3.10) ld(el(m)) — fletlr))| < 1

for all real H-valued *-places 7. Now if P € A4, (3.10) yields |M(P)(d)—1f < 1,
whence A(P)(d) > 0, d € P and d is a unit in A(P). And if Q € B, (3.10)
vields |AN(@)(d) + 1] < 1, so that A(Q)(d) < 0, d € ~Q and d is a unit in
A(Q).

(<) If A\(A) N A(B) # 0, there exist P € A and @ € B such that MP) =
AM@). By hypothesis, there exists d, a unit in both A(P) and A(Q), with
d € Pand dé —@Q. But then 0 < A(P)(d) = M(@Q)(d) < 0, a contradiction. §i

ProposITION 3.11. For any two preorderings Ty and Ty in D, we have
Mpnn =Mp UMp,.

PROOF: Every *-ordering containing T} or T, contains 7y N T4, hence X1, C
Xrar, (¢ = 1,2). Applying ) gives Mqy, U Mg, C Mpan. Assume
there exists P € X ap such that A(P) ¢ Mp U Mrp,. By Proposition
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3.9, there exists d € P which is negative with respect to any *-ordering in
X7, UX7,. Since any preordering equals the intersection of all *-orderings
containing it, —d liesin ({P | Pe Xn}N({P | PeXn}=ThNnTH C P,

a contradiction. i

An important special class of preorderings are the fans. A preordering is
said to be a fan if for any b € S(D)* with b ¢ —T, we have 1 +b € T U bT.
Their importance and several characterizations of them are shown in [C3;
C4]. We shall see that one method of obtaining fans is via the wedge product

introduced earlier. We write T, for the preordering T A Pr.

THEOREM 3.12. Let T be a preordering of D and c{(w) € M.
(1) The preordering Ty is a fan.
(2) For any P € Xr, we have P € Xp, iff \(P) = cl(n).
(3) Mr, = {cl(7)}.
(4) Tn =[P € X7 | M(P) = cl(n)}.
(8) T = T | ¢b(x) € My} and no cl{w) can be omitted from the
intersection.

(6) X7 is the disjoint union of the sets Xr,, one m from each equivalence

class in M.

PRrOOF: (1) We know that T is fully compatible with the valuation v as-
sociated with 7 and that T, pushes down to the *-ordering Pr. By [C4,
Proposition 2.9], this implies that T is a fan.

(2) First assume that P € X7,. Then AMP) = cf(r) by Lemma 3.1.
Conversely, if A(P) = cf(x), then P = P, in the residue x-field, so 7 ~}(Pr) C
Pe. Therefore Tp = {3 tu; | t; € T¢u; € IS(D)N (P} NSD) C
T¢. P = P¢, and hence P € X7,.

(3), (4) and (6) follow immediately from (2).
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(5) The equation T = ()T, follows from (4). The remainder follows from
(3) and Proposition 3.11. §

4. Places and valuations. Let T' be a preordering of (D, *). There is a
natural choice for an associated *-valuation v, namely the valuation asso-

ciated with the valuation ring

Ar= ] AP

PeXry

It is shown in [C4] that v, is fully compatible with T; i.e. v, is compat-
ible with each *-ordering P containing 7. Furthermore, v, is the finest
*-valuation which is fully compatible with T. Let D be the residue *-field of
vy and let  : D — DU {oc} be the associated place. In this section we shall

study the relationship between the H-valued *-places of D and those of D.

PROPOSITION 4.1. Let T be a preordering and let © : D — D U {0} be as
above. For each P € X and each my € A(P), there exists a place m; € \(P)
such that mo = nj o, where 7] : DU {co} — HU {oo} extends m, by

mapping oo — 0o,

PROOF: By [C4, Proposition 2.6], we have A(P) = A(P). Writing m,
(resp., m,) for the maximal ideal of Ar (resp., Ap), we have m, C m,.
Hence there exists a canonical mapping A(P) — A(P)/m, whose kernel is
m,, the maximal ideal of A(P). The inclusion of the residue field A(P)/m,,
into H determined by 7o thus induces an inclusion of A(P)/m, into H, which

in turn induces the desired place 7; on D. I}

THEOREM 4.2. Let T be a preordering with associated valuation v, and
place 7 : D — D U {oc}. Let T be the pushdown preordering of D. Then

composition with 7 induces a homeomorphism between M and M.
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PRrOOF: Given any H-valued *-place in an equivalence class in M+, compos-
ing with 7 yields an H-valued -place on IJ. It is clear that this composition
respects equivalence classes, giving us an injection Mz — Mp. By [C4,
Theorem 2.2}, the image lies in My and by Proposition 4.1, the mapping is

onto M. We thus have a commutative diagram

Xy —— Xr

! !

J\/IT — MT

where the top mapping is a surjection onto a quotient space by [C4, Theorem
2.2} as are the vertical mappings (Proposition 2.7). It is then clear that
the bottom mapping and its inverse are both continuous, whence it is a

homeomorphism. §
COROLLARY 4.3. |[My|=1iff T is a x-ordering of D.

ProOOF: If T is a x-ordering, then |X7| = |Myz| = 1, from which it follows

that |[My] = 1 by Theorem 4.2. Conversely, assume [Mp{ = 1. Again

using Theorem 4.2, we have |[Mp| = 1, so that all valuation rings of *-
orderings in X are equal. Therefore, for each P € X7, we have A(P) = Az,
which equals D by [C4, Proposition 2.6]. This says the *-orderings of D
are archimedean orderings of the center of D. If two of them differed, the

induced *-embeddings of D into H would differ on a symmetric element of

D, contradicting M 7| = 1. Therefore T is the only such *-ordering. B

For any #-valuation v with value group I', we write S(I") for the set
v(S(D)*). This is a subgroup of I if v is real since v(a) + v(b) = v(ab + ba)
for a,b € S(D)* [C2, Lemma 1.4].
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LEMMA 4.4. Let T = PN Q for two distinct #-orderings P,Q € Xp. Let
vp : DX — T be the canonical *-valuation associated with A(P).

(1) If MP) # MQ), then v, (T) = S(T').

(2) IFA(P) = NQ), then [S(T) : v (T)] = 2.

PROOF: Note first that v, (T) is a subgroup of S(I'), closed under addition

in the value group for the same reason as S(T).

(1) Let 7, € MP), 7y € AQ). Since A(P) # A(Q), we may apply
Proposition 3.5 to obtain an element a € S(D) N A(T) such that 7,(a) #
mo(a) in R. Relabelling and adding a rational number if necessary, we may
assume m,y(a) < 0 < 7,(a). Thus a € P,a ¢ Q and therefore a ¢ T. Now
T = PNQ implies [P°NILS(D) : T*NIIS(D)] = 2 (cf. [C3, Proposition
6.5), [C4, §2]), so that the group IIS(D) is generated by T¢ NIIS(D), —1
and a. Now v, (a) = v,(=1) =0, so v, (T) = v, (IS(D)) = S(I).

(2) Since MP) = M@), we have A(P) = A(Q) and therefore v, is fully
compatible with 7. Furthermore, P = Q = T in the residue *-field D of Vs

so [C4, Theorem 2.5] implies

[S(T) : v (7)) = [IS(D) : T*NILS(D)}/[IS(D) : T*NUS(D)) =4/2=2 &

In Theorem 3.12, we have seen that for the special fans T}, the associated
subsets of M p have only one element. We conclude this section by looking

at the situation for an arbitrary fan.

PROPOSITION 4.5. Let T be a preordering of (D, ). Then T is a fan if and
only if
(1) (M7l <2 and
(2) for cl(ri) € Mr,i=1,2,T Uy and T - Uy, are equal subgroups
of 11S(D), where we write U, for the multiplicative group 11S(D) N
T HHX).
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PRrRooF: First assume that T is a fan. By Theorem 4.2, we have |Myp| =
M4, where the bar now denotes reduction to the residue *-field of v,.. But
|Mp| < |X 7| which is at most two by [C4, Theorem 2.13], whence (1) holds.
For (2), we first note that U, depends only on cf(x) since ILS(D)Nx ~1(H*) =
IS(D)Nn=~YR*); indeed, any unit in I1S(D) can be written as the product
of a symmetric unit and a unit in E(D) [C4, Lemma 2.4], both of which

necessarily push down into R*.

Next we show that the subset T-U, of ILS(D) is actually a subgroup. Since
U, contains commutators of elements of ILS(D), the set (T¢NILS(D))-Ux is
closed under multiplication and contains T - U,. It will suffice to show these
are equal. Let ¢ = s7 -+ s, be a product of symmetric elements with ¢t € T°.
Let u € U,. Then tu = (t+t*)u’ where t+t* € T and u' = (t+t*)"'tu € U,
since (t +t*)~1 € ILS(D) with =((¢ +t*)7*t) # 0 [C2, Lemma 1.4].

Now let #; be the places on D corresponding to the places w; as given
by Proposition 4.1. We may assume cf(%;) # cl(F2) since (2) is trivial
otherwise; then we also have |[Xp| = 2, so T is the intersection of two *-
orderings. The place D — DU{oo} induces surjections Uy, — Uz,. Applying
Lemma 4.4(1) to D, we have T - Ux, = IIS(D), © = 1,2. Let u € Un,.
Then @ in Uz, can be written as & = #dz, for some t € TN A7 and some
uy € Uy,. Write m = u — tuy, an element of m,, the maximal ideal of Ar.
Since T # 0, t is a unit in A7 and therefore uy + t™'m € 7y {(H*). Also
g+t tm =t~y € TIS(D), so u = t(ug +t7'm) € T U,,. The reverse

inclusion is similar, so we obtain T - Uy, =T - Usg,.

For the converse, assume (1) and (2) hold. From (1), we know |[M#| < 2,
If |Mz| = 1, then T is a fan by [C4, Proposition 2.9]. Assume as above
that Mp = {cf(m),cl(m2)}. If each place %; has only one compatible *-

ordering, then T is the intersection of two *-orderings and T is a fan by [C4,
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Theorem 2.13]. Thus we may assume 7; has two compatible *-orderings
and there exists an element a € D which is positive in one and negative
in the other. Also, we have Az - Az, = A, which in turn equals D [C4,
Proposition 2.6], so the corresponding valuations are independent. As in
the commutative case, there is an approximation theorem (see, for example,
[M]) which guarantees the existence of an element d € D such that, writing
¥; for the valuation associated with 7y, o1(d — a) > 0 and #3(d — 1) > 0.
But then d € T - Uz, and d ¢ T - Us,, contradicting (2), which implies these
two groups must be equal. Therefore each place #; has only one compatible

x-ordering and T is a fan. I

5. The holomorphy ring. As in the previous sections, we shall continue
to work with the more general class of rings A(T') associated with preorder-
ings. In Lemma 3.3, we determined a few properties of these rings. In this
section, we shall find an explicit characterization of the elements of A(T)

and determine some of its ring theoretic properties.

Our next theorem differs in an essential way from the standard theory (see
[L, §11.4]). However the complications arise not from the fact that D may be
noncommutative, but from the situation where * # identity. This forces us
to use part (2} of Lemma 3.3 rather than part (1) as the main characteristic

of our rings A(T).

We follow Gréter [Gr] in generalizing the notion of Priifer ring to the
noncommutative setting. Let A be a left Ore domain with field of fractions
D. We say A is a Prifer ring if for every maximal left ideal m of A, the
set § = A~ mis a left denominator set and ST1A is a total subring of D.
Our interest is only in the case where A is invariant. Then it is easily seen
that every ideal is 2-sided and we require no distinction between left and

right. In this case, [Gr, Lemma 2.1] shows that for any completely prime
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ideal p, the localization 4, is a total subring. For further information on
noncommutative localizations, see [Col], [Co2, §1.2], [M, pp. 39-40], [P]

¢

and Proposition 5.6 below.

THEOREM 5.1. Let D be a *-field with —1 not a norm. Let S be the set of

all elements of the form
d(l—i—dd*)—l, d*(1+dd*)™!, or (14 ddH™, de D.

Then any subring A of D containing 8 is a Priifer domain with D as its field

of fractions.

PROOF: We must show that the localizations of A at prime ideals are total
subrings of D. So we may assume that 4 is a local ring with maximal ideal m.
Let d € D and assume d ¢ A. Since d(1+dd*)™! € A, we know 1+4dd* ¢ A.
But (1 + dd*)~! € A and therefore it lies in m. Then dd*(1 + dd*)™! =
1—(14dd*)~! € 1+m, which is contained in the units of 4. Now d*(14-dd*)™!
also lies in A, hence so does d~! = [d*(1 + dd*)"!|[dd*(1 +dd*)~']~". &

COROLLARY 5.2. For any preordering T of (D, ), the ring A(T) is a Priifer

domain.

PROOF: This follows immediately from Lemma 3.3 and Theorem 5.1. 1

In analogy with the way in which A(P) was defined, we might also consider

the ring
R={deD|n—dd* €T, for somen e Z*}

associated with the preordering 7.

By definition of R, if d € R, then there exists a positive integer n such

that n — dd* € T = (pex, P In particular, we have d € A(P) for every
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s-ordering P containing T, and hence d € A(T) = Npex, A(P). Thus we
see that R C A(T). When » = identity, one has R = A(T). We could show
that R is a Prifer domain directly from Theorem 5.1, and we could then
prove R = A(T) if we knew that the maximal ideals of R were *-closed, as
then each localization of R would contain some A(P) for P € X7. Rather
than analyzing maximal ideals, we shall prove R = A(T) by proving directly
that any symmetric element in D which is bounded by some positive integer

with respect to each P € X7 is actually uniformly bounded.

THEOREM 5.3. For any preordering T, we have

AT)={deD|n—dd*cT, for somen € 2%}

Proor: Assume that d € A(T); i.e., for each P € X, there existsann € Z
such that dd* < n. To show d € R, we must show there exists an n € Z
which bounds dd* for all P € X7. Set s = dd*. If x = identity, the result is
well-known [L, Theorem 11.2]. Now F = Zp N S(D) is a subfield of D (with
identity involution) and every P € X restricts to some ordering PN F with
respect to which s is bounded. We claim that s is bounded with respect
to every ordering of F containing the preordering 7 N F and therefore s is
uniformly bounded with respect to all orderings of T containing T'N F, and

hence with respect to all x-orderings of D containing 7.

To prove the claim, assume that @ 2 TNF = (\pcy, (PNF) is an ordering
of F' which does not extend to a x-ordering of D. Note, in particular, that
@ is not among the orderings of F in the intersection. Applying parts (5)
and (6) of Theorem 3.12 to T N F, we see that some P N F has the same

associated real place as . Thus s is also bounded with respect to @. N

We can use the preceding theorem to obtain an explicit form for all ele-

ments of A(T).
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COROLLARY 5.4. A(T) = {nd*(1+dd*+t)"'|de D,t€T,n>0inZ}

PROOF: All elements of the given form lie in A(T) by Lemma 3.3. Let
z € A(T) be an arbitrary nonzero element. Since A(T) is *-closed, we have
2¢* € A(T). By Theorem 5.3, this implies there exists a positive integer
n such that o = n? — 4z*z € T. Then to(42*z)™? = n(4e*z)™' =1, or
equivalently,

(5.5)

2727 *0?/2 = n¥(4z*e) "+ n(de) T = 1+ n?(4z*z) ™! + to(da*z) L

Setting d = nz~1/2 and ¢ = #,(4z*z)™!, this yields nz7'd* = 1 + dd* + ¢,
or z = nd*(1 4+ dd* + ), where t = t* follows from equation (5.5) so that
teTenNSD)=T. 1

Note that, since any #-valuation ring contains all elements of the form
d*d~1, d € D*, the ring A(T) also contains these elements. We next collect

a few elementary facts about such rings.

PROPOSITION 5.6. Let A be a subring of (D, ) containing {d*d™' | d € D*},
and let p be a prime ideal of A. Then

(1) A is x-closed.

(2) A contains [D*,D*].

(3) A is an invariant subring of D.

(4) Any left (or right) ideal of A is x-closed and 2-sided.

(5) g is a completely prime ideal.

(6) S = A\p is a denominator set; i.e., 0 ¢ S, S is multiplicatively closed

and S satisfies the Ore condition:

fora€ A, s € S, there exist b€ A4, t € S such that at = sb.
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(7) If A is Prifer, the localization
Ag={as'lac 4, seb5}

is a *-valuation ring.

PROOF: (1)~(4) are contained in [H1, 2.2].

(8) Let z,y € A with 2y € p. To show that z or y lies in p, it suffices
to show that (z)(y) = (zy) and use the fact that g is prime. But for any
a€ A, way =azyala~!,y7 € (2y) by (2), yielding the desired equality of

1deals.

(6) S is multiplicatively closed because p is completely prime. The Ore
condition follows from (3); indeed, b = s7%as € A, so as = sb yields the

desired result.

(7) Since A is Prifer, 4, is a total subring of D). But then Ap is a %

valuation ring since it contains 4 which contains all d*d~! for d € D*. §

THEOREM 5.7. Let T be a preordering of (D, ) and let (E, *) be any other
+-field. There exists a natural one-to-one correspondence between the set of
*-places from D to E U {co} compatible with T and the set Hom(A(T), E)

of *-ring homomorphisms from A(T) into E.

PRrOOF: Let 7 : D — EU{co} be a #-place compatible with 7. Compatibility
says that 7 is finite on A(P) for some P € X7, and hence 7 is finite on A(T).
Therefore the restriction of 7 to A(T) is a *-preserving ring homomorphism
A(T) — E. To see that this correspondence is bijective, let f : A(T) —
E be any *-homomorphism; we shall show that f extends uniquely to a
#+-place 7 : D — E U {oo} and that 7 is compatible with 7. Since the

image of f is a domain, p = ker f is a completely prime ideal in A(T).
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By Proposition 5.6, we can form the localization A(T),, a *-valuation ring.
The usual universal property for localizations [Co2] implies that f extends
uniquely to a homomorphism fi : A(T), — E; it is easily seen that f; is
again a *-homomorphism. Now extend f; to D by setting f1(d) = oo for any

d € D~ A(T),. This is a *-place extending f.

To show compatibility with T, let m = pA(T),. By [C3, Proposition
4.5], if T is not compatible with A(T),, then there exists ¢ € T such that
1+tem But (141¢)~! € A(T) by Lemma 3.3, so this cannot happen.

To prove uniqueness, let 7 : D — EU {oo} be any other *-place extending
f. Certainly 7 must agree with fi on A(T),. Consider any d € D with
d-1 € m. Write'd™! = as™! with a € p, s € A(T)\ p. If n(d) # oo, then
7(s) = n(d)m(a) = 0, contradicting s ¢ p = ker f. Thus 7(d) = co and so =
agrees with f; on all of D. 1

When we specialize this theorem to E = H and T = S(X), the ring A(T)
becomes the real holomorphy ring H(D). The x-places D — HU {co} com-
patible with S(£) are precisely the real H-valued *-places. This set, modulo
our usual equivalence relation from §2, yields M p. Via the previous theo-
rem, this induces an equivalence relation on Hom(H(D),H); this is obtained

by restricting the places to H(D) in the definitions of §2.

Since the classes of homomorphisms are actually distinguished by their

actions on the symmetric elements, it is natural to consider
Hs =H(D)NS(D)={a € H(D) | a* =a}

A standard construction [ZSSS, p. 52] makes Hg into a special Jordan

algebra over @ by giving it a new operation

a®b=(ab+ba)/2
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to replace multiplication. In particular, ® is commutative and distributive
over addition. If we view R as a Jordan algebra in which ® coincides with

the usual multiplication, restriction of homomorphisms gives
Hom(H(D),H) — Hom j(Hs, R).

Combining this with the correspondence of Theorem 5.6 and using our knowl-
edge of the equivalence relation we have on places, we obtain a well-defined
map

Mp — Hom j(Hs,R),

which is injective by Proposition 3.5. Unlike the situation when * = identity,
we cannot expect this to be surjective as Hg generally has homomorphisms

to R which do not extend to homomorphisms of H(D) into H.

The evaluation mapping of §3 gives a canonical (Jordan algebra) homo-
morphism of H s into C(M p, R) whose image is £5(z) (defined in Proposition
3.5). We can compute the kernel of this mapping.

PROPOSITION 5.8. With the notation above,
ker(Hs — C(Mp,R)) = {a € Hs | gt a € Z(H(D)) for all g € Q*},

where £(H(D)) = {Z did¥e; | d: e H(D), ¢; € [DX,S(D)X]}.

Proor: We first note that (H(D)) = H(D) N (D). Assume that h =
> did¥e; (d; € D, c¢; € [D*,5(D)*]) is an arbitrary element of H(D) N
%(D). For any P € Xp, we have v,(h) 2 2minv,(d;). Assume the mini-

mum occurs for ¢ = 1 and v, (k) > 2v,(d;). Then

(did})Th=ci+ Y (did})'didfes
i>1
=c1+ ) (A7 di)(d7 i) e,
i>1
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where ¢} = [di,(did}) e € [D*,S(D)*]. Reducing to the residue field
of v, yields 0 = 1+ 3, a;a} for some elements a; € H, a contradiction.

Therefore 0 < v, (k) = 2min(v,(d;)) and so each d; lies in H(D).

Now assume a € Hg with & = 0. That is, A(P)(a) = 0 for each P € Xp,
or equivalently, 0 < a? < ¢? (with respect to P) for all ¢ € @T. This implies
gxaec (D)YNH(D)=X(H(D)) as desired. I
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