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On the Prime Ideal of an Ordering of Higher Level

Thomas C. Craven*
Department of Mathematics, University of Hawaii, Honolulu, Hawaii 96822, USA

1. Introduction

In this paper we continue our investigation of the properties of orderings of
higher level in semilocal rings that was begun in [6]. Roughly speaking, an
ordering of level n has the same relationship with 2"-th powers that ordinary
orderings have with squares. The next section is primarily devoted to a com-
putation of the prime ideal associated with an ordering; this is a unique prime
ideal p of the ring 4 such that the ordering extends uniquely to the field of
fractions A(p) of A/p. We show that for an integral domain, the ideal p can be
computed in terms of a certain valuation subring of the field of fractions. This
provides a very powerful technique for reducing problems involving higher
level orderings of rings to known results for fields. As an example, it is shown
that if every ordering of 4 has level one, then A satisfies SAP (cf [15]).
Section 3 contains applications to Witt rings of higher level which were defined
in [6]. Many of the results of [7] are extended from level one to higher level.
The main theorems state that if 4 is a noetherian regular local ring with 2 a
unit and fraction field F, then the kernel of the induced mapping between the
Witt rings of level n is nil and every ordering of 4 extends to an ordering of F
of the same level.

We shall now recall some of the basic notation and definitions from [6]
which will be needed for this paper. Let A be a connected semilocal ring with
no residue field having two elements; that is, 4 is a commutative ring with 1
which has no nontrivial idempotents and only finitely many maximal ideals
my,...,m,, and also |4/m;|+2 for i=1,...,g. We denote the group of units of
A by A*. In [6] we defined higher level Witt rings W,(4), n=1,2,... so that
W, (A) is the usual Witt ring of nondegenerate symmetric bilinear forms. Let €,
denote the group of 2"-th roots of unity in the complex numbers and let U,
denote the ring of integers of the cyclotomic field Q(€,). A group homomor-
phism ¢: A*—C, which extends to a ring homomorphism o: W, (4)-U, is
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called a signature of level n. We shall call the subgroup P(g)=Ker(g: 4*—>C)
an ordering of level n. We then have A*/P(s)=~C, for some m=n and we say
that ¢ (or P(g)) has exact level m. In general, we shall speak of signatures and
orderings of higher level without specifying n. Orderings of level n are in one-
to-one correspondence with the minimal, nonmaximal prime ideals of W, (4)
via P(o) corresponds to Ker(a: W,(4)—U,). The homomorphism o, however, is
only determined up to an automorphism of €, [6, Proposition 1.5]. Given a
ring homomorphism : A—B, one can speak of the extension of a signature o
of A to a signature o’ of level n of B. This means that if ¥,: W,(4)— W,(B) is
the induced Witt ring homomorphism, then o¢'{,=0, or equivalently,
¥~ Y(P(d") " A*=P(5). Using these homomorphisms, we can always restrict an
ordering or signature on B to one on A.

Since an ordering P(¢) only contains units of A, we often need a larger set
containing nonunits as well. Corresponding to an ordering P(o) of exact level

n, we define
Qo)={Y A"a;|A€A,Y };A=A,a,€P(0)}.

If weA* is chosen so that its image generates A*/P(g), then we can form the
2n

set S= U ®'Q(0). In all known cases, and in particular for all local rings [6,

Theorem 2 13], the complement of S in A is a prime ideal which we denote by

p(P), or p(o) if o is a signature corresponding to P, and refer to it as the prime

ideal associated with P or o.

For the purposes of this paper, all rings will be assumed to satisfy the
following conditions even though they will not again be explicitly stated:

(a) They are connected, semilocal and have no residue fields with only two
elements.

(b) All signatures have associated prime ideals (i.e. the complement of S
above is a prime ideal).

() Any ordering P is coinitial in the corresponding set Q in the sense that
if xeQ, then there exist yeP and zeQu {0} such that x=y+z.

We wish to point out that some of these conditions can be relaxed or
eliminated for certain results, but they are all required for the proofs of some
of the most important theorems. Conditions (b) and (c) always hold for local
rings [6, Theorem 2.13, Lemma 2.11] and for semilocal rings when the level is
one [10, Appendix B]. No examples are known in which they do not hold.

We conclude this section with a result which shows the connection between
orderings of level n and 2"-th powers.

Proposition 1.1. Let Q be a subset of A such that Q is maximal with respect to
the following properties: (a) Q is closed under addition and multiplication; (b) Q
contains all 2"-th powers of units; (c) Q contains all elements of the form } A2"a;
with a,eQNA* and Y A, A=A; and (d) —1¢Q. Then there exists a signature ¢ of
A such that Q=Q(a)Up(o).

Proof. Let P=Q n A*, a subgroup of A* since Q is closed under multiplication
and inverses arise from a~'=(a"!)?"a*"~'eQnA* whenever aeQ N A* The
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proof now continues exactly as in the proof of parts (2) through (5) of [6,
Theorem 3.4]. One concludes that there exists a homomorphism o: A*—€,
with kernel equal to P such that o extends to a ring homomorphism o:
W,(A)—U,. Thus ¢ is a signature and P(s)=P. The definition of Q(s) shows
that it is contained in Q. If k<n is the exact level of ¢ (i.e. k is minimal such
that A*2“cP), then we know that A is partitioned into the sets Q(c), ®Q(a),
®?Q(0),...,0**"'Q(0), p(s), where wP generates A*/P. Since —1¢Q and
Q(c)cQ, the set Q cannot intersect the sets w'Q(g), i=1,...,2¥—1. Thus
Q<=Q(o)up(o). Since Q is maximal and Q(s)up(o) satisfies conditions (a)
through (d) [6, Theorem 2.14], we see that Q =Q(s)up(0).

2. The Associated Prime Ideal

In this section we shall develop methods for computing the prime ideal
associated with an ordering of higher level. Such computations have already
been done by Knebusch for the level one case [9] and our results are similar,
though the proofs are necessarily more complicated. Recall that all rings are
assumed to satisfy the conditions stated in §1.

Proposition 2.1. Let ¢ be a signature of A with associated prime ideal p and
exact level m. Let ¢: A—B be a ring homomorphism. If ¢ extends to a signature
on B of exact level m, then Kerp <p.

Proof. By [6, Theorem 3.4], the signature ¢ extends to a signature of level m on
B if and only if

0¢S,,(4,B)={Y 42" ¢(a)| 4,€B, Y 4, B=B, 4, P(0)}.

Assume we can find xeKero such that x¢p. Replacing x by x*™ if necessary,
we may also assume that xeQ(o); that is, there exist elements 1,4, p,eP(0)
such that Y ,4=4 and x=) A7"p, But then ) ¢(4)B=B, so we obtain 0
=@(x)=),¢(4)*"¢(p) in S,,(4, B), a contradiction.

Definition. Let ¢: A—B be a ring homomorphism and let = be a signature of
B. We say that A is cofinal in B with respect to t (or with respect to P(7)) if for
every beQ(t), there exist ceQ(r) and aeP(t|A) such that p(a)=b+c.

Remark 2.2. (a) In the previous definition, it suffices to specify only that aeA.
Then a can be modified as follows: Let m,,...,m, be the maximal ideals of A.
By the Chinese Remainder Theorem, there exists an element AcA such that
4=0 modulo m;, for each m; not containing a and A=1 modulo m; for each m,
containing a. Then A?"+aeA* and

(A" +a)=b+(p()*"+c) with @()*"+ceQ(2).

Thus we may assume that a is a unit. Since @(a)eQ(t)nB*=P(7), we have
aeP(t|A).

(b) If A and B are fields and t is an ordering of level one, this agrees with
the well-known meaning of cofinal. For rings and level one orderings, this
definition agrees with that of Knebusch [9].
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Example 2.3. The unique (cf. [6, Example 4.1]) signature of the power series
ring A=R[[x]] is not cofinal in either of the ordinary orderings of IR((x)).
(Take b=x"2 in the definition.) On the other hand, 4 is cofinal in IR under the
natural quotient map. (Take a=b+1, c=1 in the definition.) The next lemma
shows that this behavior is determined by the fact that the associated prime
ideal of the signature is the maximal ideal of A.

Lemma 2.4 (Compare [9, Lemma 5.2]). Let A be a domain with field of frac-
tions F. Let © be a signature of F and let p be the prime ideal of A associated
with 6=1|A. Let S be a multiplicative subset of A. Then the following two
statements are equivalent:

() Snp=2.

(ii) A is cofinal in S—' A with respect to the restriction of 1.

Proof. Assume that (ii) holds. If Snp+ @, then, replacing s by s*" if necessary,
we may assume there exists an element seSnpnP(z). For all elements aeA,
we have s~ ' —a=s"1(1—as)eP(7) since s~ 'eP(r) and 1—asel+p<=Q(o) [6,
Theorem 2.14]. But then A cannot be cofinal in S~ A4: in the definition, take b
=s"! so —c=b—aeP(1), hence ¢ cannot lie in Q(1).

Conversely, assume pnS=g. Let seS, bed with s~'beP(1)=Q(r). Let
weA* be an element such that wP(c) generates A*/P(c). Without loss of
generality we may assume weS. Since SNnp=g we have se( jw'Q(0), say
sew’Q(). Replacing s by w™’/s and b by w’b, we may assume seQ(s) and
beP(r) since s~'beP(r). In fact, beQ(o)up since b¢w'Q(o) for if0(mod2"),
where n is the exact level of 6. Now write s=3Y A?"p, with p,eP(s). By our
assumption that Q(¢) is coinitial in P(s), we may assume A,=1. Let x
=pyeA. Then

L _LAP=Py

pLle"p.

lies in P(t) since both the numerator and denominator do. Multiplying by b
gives bx—bs~'eP(z), hence a=bxeA shows that A4 is cofinal in S~'4 by
Remark 2.2(a).

Proposition 2.5. Let A be a domain with field of fractions F. Let t be a
signature of F. Then p(t|A)=0 if and only if A is cofinal in F with respect to .
If these hold, then t is the only extension of T|A to F.

Proof. The first statement follows immediately from the previous lemma. The
uniqueness of 7 follows from the fact that A(p)=F when p=p(t|4)=0, so the
signature on A4 extends uniquely [6, Theorem 2.14].

Lemma 2.6. Let ¢ be a signature of A and let a be an ideal of A contained in
p(0). Let © be the unique extension of ¢ to A/a induced by restriction from
A(p(0)) (i.e. use the canonical homomorphisms

W, (4)— W, (A/a) - W,(A[p(0))— W, (A(p(0)))

Then p(t)=p(o)/a.
Proof. Trivial.
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Theorem 2.7 (Compare [9, Theorem 5.6]) Let ¢: A—B be a ring homomorphism.
Let T be a signature of B and let c=1|A. Set q=p(t), p=0¢~'(q) and let T be
the extension of t to B(q). Then the following statements are equivalent:

(@) p=p(0).

(i) A/p is cofinal in B(q) with respect to 7.
(iii) A/p is cofinal in B/q with respect to 7.
(iv) A is cofinal in B with respect to 7.

(v) For each beQ(z), there exist elements A,€B, c;eP(t), pep(t) and acQ(o)
such that b+Y A7"c;+p=@(a), where n is the exact level of 1.

Proof. Note first that we always have p<=p(s) by Proposition 2.1 applied to
A/p. Let 6=7|(A/p). The previous lemma says that p(é)=p(c)/p. In view of
this, the equivalence of (i), (i) and (iii) follows from Proposition2.5. The
implication (iv) = (v) is immediate from the definition.

Next we shall show that (v) implies (iii). Let beB such that beQ(7|B/q).
Then beQ(z), so (v) implies that there exist ceQ(z) and aeP(o) such that ¢(a)
=b+c. Thus @(a@)=>b+¢ with ¢eQ(7|B/q) and acP(5). Therefore A/p is cofinal
in B/q.

Finally, we show that (iii) implies (iv). For beQ(z), the fact that A/p is
cofinal in B/q implies that there exist elements ceQ(z), aeA and uep(z) such
that @(a)=b+c+u. But c+peQ(z) by [6, Theorem 2.14], and so A is cofinal
in B by Remark 2.2(a). This concludes the proof of the theorem.

Our most useful result in this section is an application of the preceding
theorem which will relate the associated prime ideal to valuations. Using the
next theorem, one can obtain many results by reducing problems concerning
orderings for rings to the corresponding situation in fields, where the answers
are known.

Let F be a field and let 7 be a signature of higher level on F. For any
subfield k of F, we denote by D(z,k) the convex hull of k in F with respect to
z: that is, D(t,k)={aeF|r+aeP(z) and r—aeP(z) for some rekn P(t)}. This is
a valuation ring of F with maximal ideal m(t,k)={aeF|r+acP(1r) and r
—aeP(q) for all reknP(t)} [1, Chap. I, Lemma 5]. We shall generally denote
D(r, Q) by D, and m(r, Q) by m,.

Let D be a valuation subring of F. We say that D (or its associated
valuation v) is compatible with a signature t (or with the ordering P(7)) if the
following equivalent conditions hold [1, Chap. I, §2]:

(i) 1+mcP(z), where m is the maximal ideal of D.

(ii) D =D(s,k) for some subfield k of F.
(iii) {a+m|aeP(z)nD} is an ordering of the residue field D/m.
(iv) D is convex in F with respect to 7.

If 7 is the signature on the residue field ®/m corresponding to the ordering
in (iii), then its restriction to D is 7|® in the sense of §1 and homomorphisms
of Witt rings. All valuation rings compatible with a given signature t contain
D,=D(r,Q), so these rings are totally ordered by inclusion. Moreover, any
subring of F containing D, is a valuation ring compatible with .
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Theorem 2.8. Let A be a domain with field of fractions F. Let t be a signature
of F and a=t|A. Set D=AD, and let m be its maximal ideal. Then p(o)
=mnA. The signature T of D/m extends the signature & of A(p(0)).

Proof. By the corollary to Theorem 10 in [1, Chap. I], the ring D is the convex
hull of any maximal subfield of D. On the other hand, the induced ordering of
D,/m, is archimedean (of level one), so D, is the convex hull of Z. It follows
that ® is the convex hull of 4. Thus Theorem 2.7 implies that p(e)=mnA.

Moreover, ¢ has a unique extension to & on A(p(c)) and this equals the
restriction of T defined on D/m.

This theorem can be applied to an arbitrary semilocal ring 4 by using the
sequence of homomorphisms A—A/p—A(p). Our proof of the next lemma
illustrates this, but first we need some additional background information.

Let A be a semilocal ring satisfying our usual conditions, and let X be the
set of all signatures of level one of 4. We shall adopt the terminology of [9]
for fans and associated concepts; for further information on fans and their
importance, see [1] and [4] for fields and [9] for rings. A subgroup T of A* is
called saturated if there is a subset Y of X such that T={aeA*|o(a)=1 for all
ogeY}. Given any subset S of A* there is a minimal saturated subgroup
containing it and it consists of all units of the form ) t;a, where each ¢; is a
sum of squares and each q; is a product of elements of § [9, Theorem 3.2]. A
saturated subgroup T is a fan domain if and only if for every acA* with a¢—T
we have (T+aT)nA*=TuaT Afan V of 4 is a subset of X consisting of all
(level one) signatures ¢ such that P(s)> T for some fixed fan domain 7. Since
signatures are equivalent to orderings in level one, we shall also think of a fan
as a set of orderings. Knebusch has shown that the fans of A are all induced
from the residue class fields A(p) [9, Theorem 7.4]. More precisely, if a fan V
has at least four elements, then all of the signatures in V have the same
associated prime ideal which we shall denote by p(V), and the set of induced
signatures on A(p(V)) forms a fan of that field.

Lemma 2.9. Let V be a fan of A with associated prime ideal p. Let V be the
induced fan of A(p) and let v be the finest valuation of A(p) compatible with all
orderings of V. If A(p) has an ordering P’ of exact level n compatible with v,
then the restriction P of P’ to A is an ordering with associated prime ideal p and
exact level n.

Proof. Assume first that A is a domain and p=0. It follows from Brocker’s
characterization of fans in fields [4, Theorem 2.7] that any ordering compatible
with v induces an archimedean ordering on the residue field of v. Thus we may
denote the valuation ring of v by D,=D(r,Q) where v is any signature
compatible with v. By Theorem 2.8, all such signatures have the same as-
sociated prime ideal. Since the prime is zero for those in the fan V] it is also
zero for P If A is not a domain, we can apply the above argument to A/p and
use Lemma 2.6 to conclude that P has associated prime ideal p in 4. Finally, P
has exact level n by [6, Theorem 2.14] since its extension to A(p) has exact
level n.

It is well known that the set X of level one signatures of A has a natural
topology on it defined by taking sets of the form {ceX|acP(0)}, acA*, as a
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subbasis for the open sets. This is equivalent to the Zariski topology on the set
of prime ideals {Kero|oceX}. One says that 4 satisfies the strong approxima-
tion property (SAP) if for any clopen subset Y of X, there exists an element
acA* such that Y={oeX|aeP(0)}. This is a very strong condition and many
equivalent properties are known. Some of these, especially related to semilocal
rings, can be found in [15]. Our next theorem generalizes results of [1] for
fields in which every ordering has level one. Before stating it, we recall some
notation from [6]. The set X, (A) consists of all elements of the form ) A2" such
that all ; lie in A and ) 2, A=A together with elements x such that xy=z
where y and z are such sums of 2"-th powers. If 4 is a field or if n=1, these
latter elements are already sums of 2"-th powers.

Theorem 2.10. Consider the following conditions on A.
(i) Every ordering of A has level one.

(i) 2, (A)=2Z(a) for every n.

(iii) Every fan has at most two elements; if a fan has two elements with
associated prime ideal p, then the unique extensions of the two orderings to A(p)
induce the same valuation on A(p) and they induce different orderings on the
residue class field.

(iv) A satisfies SAP.

(v) Every fan has at most two elements.

The first three conditions are equivalent, the last two are equivalent and the
first three imply the last two; i.e., (i) < (ii) <> (iii) = (iv) <> (V).

Proof. The equivalence of (iv) and (v) is well known; see, for example, [13,
Theorem 7.4]. The implication (iii) = (v) is trivial. The equivalence of (i) and
(ii) follows from [6, Theorem 3.7] which shows that A* X, (4)= (B where P
ranges over all orderings of level n. Finally, we must prove the equivalence of
(i) and (iii). Assume first that (iii) holds and that there is an ordering P of exact
level n greater than one with associated prime ideal p. Let P’ be the extension
of P to A(p). Let v be the finest valuation compatible with P’, let I, be the
value group and k, be the residue field. From Corollary 2.6 of [2] we obtain a
bijection between orderings of A(p) compatible with v which induce the same
(archimedean) ordering on k, as P’ does and characters of I,, where for m>0,
the character maps onto 2™-th roots of unity if and only if the ordering has
exact level m. Let x be the character corresponding to P’. Then the characters
x*" and y?"”' correspond to orderings of level one on A(p) compatible with v
and inducing the same ordering on the residue field. This contradicts condition
(idi).

Conversely, assume that (i) holds. Assume A4 has a fan V which does not
satisfy (iii) and let V be the induced fan on A(p), where p=p(V). Let v be the
finest valuation of A(p) compatible with ¥ By hypothesis, if V has exactly two
orderings, then their extensions in ¥ induce the same ordering on the residue
class field of v. If V has four or more elements, then ¥ does also and it follows
from [4, Theorem 2.7] that there are at least two orderings in V which induce
the same ordering on the residue class field of v. Let R, P/ denote two such
orderings of A(p). Then, if I, denotes the value group of v, we have
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|I/v(Fy " P}|=2 and it follows from [2, Corollary 2.6] that A(p) has an order-
ing of level greater than one compatible with v. Applying Lemma 2.9, we
obtain a contradiction of (i).

Note that if, for each prime ideal p of A, the orderings of A(p) are all of
level one, then A also has only orderings of level one. The converse is not true.
For example, the ring A=R[[x]] has only one signature [6, Example 4.1],
thus necessarily of level one, while 4(0)=IR((x)) has orderings of all levels [1,

p. 43].

3. Witt Rings

In the first section we defined Witt rings of higher level. In this section we
shall apply the results of the previous section to the homomorphism ¥,:
W, (4)- W,(B) induced by a ring homomorphism y: 4—B. We shall be es-
pecially interested in the situation where A4 is a semilocal domain and B is its
field of fractions. Many results for the level one case can be found in [7]. Since
we have only presentations of the Witt rings to work with, rather than an
extensive theory of forms as in level one, the problems tend to be much more
difficult to solve. For this reason, most of our results are for reduced higher
level Witt rings where our theory of orderings can be applied to help analyze
the structure of the rings. For any ring R, we shall denote the nilradical by
NilR. We shall call a ring A4 real if it has an ordering of any level. This is
equivalent to —1 not being a sum of squares [6, Theorem 3.5 and
Corollary 3.6]. Otherwise we shall say that 4 is nonreal.

Recall that for n>m, there is a canonical ring homomorphism ¢, ,:
W,(A)— W, (4) with the property that if g,: W,(4)—»U, and o,;: W, (4)—Y,, are
signatures, then ¢, .(Kero,)=Kero, if and only if P(s,)=P(c,) [6, Theo-
rems 1.7, 1.8].

Lemma 3.1. Let y: A— B be a ring homomorphism and let ¢ be a signature of A
of exact level m with m<n, n an integer. The following statements are equiva-
lent:
(i) o extends to a signature ¢’ of B of level n.
(ii) P(o) extends to an ordering of B of level n.
(iii) The kernel of ¥,: W,(A)— W,(B) is contained in Kero.

Proof. The equivalence of (i) and (ii) is trivial. Assume that ¢ has an extension
a: W, (B)-»,. Then we have o =0c"{,, from which we see that Kery, cKero.
Conversely, assume that o(Kery,)=0. Let R be the image of , in W,(B). Then
there exists a homomorphism ¢: R—U, such that ¢y,=0. Let P=Kero.
Then B is a minimal prime ideal of R, so there exists a minimal prime ideal '
of W, (B) such that P'nR="P [3, Proposition 16, p. 74]. Then the correspond-
ing signature o’: W,(B)—, with kernel P’ is an extension of o.

Proposition 3.2. Let A be a real ring, let y: A—B be a ring homomorphism and
let m<n be positive integers. The following two statements are equivalent:
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(i) Every ordering of level m of A extends to an ordering of exact level less
than or equal to n of B.

(i) @, .(Kery,) generates a nil ideal in W, (A).

In particular, every ordering of level m of A extends to an ordering of level
m of B if and only if Kery,, is nil.

Proof. First we recall that for any m, the kernels of the signatures on W, (A) are
precisely the minimal, nonmaximal prime ideals of W, (4) [6, Corollary 1.6].
Thus (\Kera, where ¢ ranges over all signatures of level m, is the nilradical of
W,(A), hence is the set of all nilpotent elements of W, (4). Next we apply
Lemma 3.1 to the following commutative diagram:

W,(4)—2 W, (B)
Pn,m Pn,m

W, (A)—2" W (B).

m

a

A

m

First assume that every ordering of level m extends to an ordering of level
at most n on B. Then

Kery, = (o, s(Kere) (o a signature of level m).

By the comment above, ¢, ,.(Kery,) is contained in the nilradical of W, (A4), so
it generates a nil ideal.

Conversely, assume that ¢, . (Kery,) generates a nil ideal in W, (4). Then
¢,.m(Kery,) is contained in Kero for each signature ¢ of level m, hence Kery,
is contained in the inverse image of those prime ideals in W,(4). By Lem-
ma 3.1, each ordering of level m extends to an ordering of B of level n. This
completes the proof.

In Theorem 3.20 and the following example of [2], it is shown that there
exist fields 4 and B and a signature of A which extends to signatures of all
exact levels greater than or equal to some fixed one. Thus, given m in the
previous proposition, there may not exist an n making the conditions hold,
even though all signatures extend.

Propeosition 3.3. Let y: A— B be a ring homomorphism and assume that the kernel
of the induced homomorphism y,: W,(A)—W,(B) is nil. Then on the reduced
rings,

Vi W,(A)NilW,(4)— W,(B)/Nil W,(B)
is injective.
Proof. If A is nonreal, then W,(A4) and W,(B) each have a unique prime ideal
[12, Proposition 3.16] so the result is trivial. Now assume that A is real. We
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must show that if ¥,(x)eNilW,(B), then xeNilW,(4). Let # be a minimal
prime ideal of W,(4). By Proposition 3.2 the corresponding signature extends
to B, so there exists a minimal prime ideal Q of W,(B) such that ¥, '(Q)=%.
By hypothesis, ¥,(x)eQ, so xeP. Therefore x lies in every minimal prime ideal
of W,(A), hence in NilW,(A).

Proposition 3.4. Let A be a valuation ring with field of fractions F. Then every
signature of A extends to F with the same exact level.

Proof. Assume the contrary. By [6, Theorem 3.4], there exists a signature o of
exact level n on A and elements A,eF*, a,eP such that 0=) A2"a,. Clearing
denominators, we may assume all 4, lie in 4. If ,€A* for any i, then we obtain
0eQ(o), which is impossible. Therefore all 4; lie in the unique maximal ideal of
A. That is, if v denotes the valuation, then »(1,) >0 for each i. Choose j so that
v(4;)=minw(4). Then 0=Y(4; *4;)*"a; where 3 A7 '4,A=4 and v(4; '4)=0 for

all i. Thus again we obtain the contradiction 0eQ(0).

Corollary 3.5. Let A be a valuation ring with field of fractions F. Then
(i) Ker[W,(4)— W,(F)] is nil for all n.
(i) The reduced map W,(A)/Nil W,(A4)—- W, (F)/Nil W, (F) is injective.
(iii) If A is a discrete valuation ring with maximal ideal m and p(c)=m for
some signature o of A of exact level n, then there exist exactly n+1 orderings of
F of level n extending P(o).

Proof. Part (i) follows from Propositions 3.2 and 3.4. Part (ii) follows from (i)
and Proposition 3.3. For (iii), let te 4 such that m=At. Any extension 7 of g to
F is clearly determined by the value of t(t). By [6, Theorem 3.4], any choice in
€, works. By [6, Proposition 1.5], two extensions 7, and t, are equivalent (i.e.,
P(t,)=P(z,)) if and only if 7,(t) and 7,(z) have the same order, so that the
same subgroup of €, is generated by them. Thus there are exactly n+1
different extensions of P(o) for the n+1 orders 1, 2, 2%, ..., 2"

Remark 3.6. (a) The special case of the corollary above in which n=1 can be
found in [11, Example 2.13].

(b) For a rank one discrete valuation ring, the cokernel of the homomor-
phism W,(4)— W,(F) has been computed by Freeland [8, Theorem 3.14].

(c) For the situation in (iii) above, Proposition 2.5 implies that A cannot be
cofinal in F with respect to the extensions of a.

Proposition 3.7 (Compare [7, Proposition 2.1]). Let A be a noetherian regular
local ring with maximal ideal m and 2€A*. Then the kernel of ¢: W, (A)—
W,(F)/NilW,(F) is contained in the kernel of W,(4)—W,(A/m)/Nil W,(4/m).

Proof. We induct on the Krull dimension of 4. If dimA4 =0, then A=F so the
result is trivial. Suppose dim 4 >0 and let ¢t be a member of a regular system of
parameters for A [16, p. 301]. Let p=At. Then A=A/p is a regular local ring
with dimA=dimA4 —1 [16, Theorem 26, p. 303 and Corollary 2, p. 291], and
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thus p is a prime ideal. Also, the localization A, is a regular local ring of
dimension one, hence a discrete valuation ring [14, 4.7-4.8, pp. 73-76]. Now
consider the following commutative diagram:

W, (4) —"— W, (F)/Nil W, (F)

n N 4

Wo(4) W.(4,)

dl \ \
W, (4/m)/Nil W, (4/m) W,.(A(p))/Nil W, (A(p)).

Let xeKergo=Keryn. Then nxeKery. By Corollary 3.5, we have nxe
NilW,(A4,) since A, is a valuation ring. Therefore nx is nilpotent and so
enx is equal to zero; that is, txeKer{. We can then apply the induction
hypothesis to { to conclude that nxeKer§, so that xeKerdr as desired.

Corollary 3.8. Let A be a noetherian regular semilocal domain. Then the kernel
of @: W (4)- W, (F)/NilW,(F) is equal to

K= sﬂ AKer[W,.(A)—’W.(A(p))/NﬂW,.(A(D))]-
peSpec
Proof. Since zero is a prime ideal of 4, we have Kerpo> K. Let p be an

arbitrary prime ideal of A and let xeKerg. Let ¢ denote the homomorphism
W, (A)>W,(4,). Then

Y(x)eKer[W,(4,)— W, (F)/NilW,(F)],
which is contained in
Ker[W,(4,)— W, (A(p))/NilW,(A(p))]
by Proposition 3.7. But then
xeKer[W,(4)— W, (A(p))/Nil W,(A(p))].
Since p was arbitrary, x lies in K.

Theorem 3.9 (Compare [7, Theorem 2.4]). Let A be a noetherian regular local
ring with 2 A*. Then the kernel of ¢: W,(A)—W,(F) is nil.

Proof. If A is nonreal, then Ker¢ is contained in the unique prime ideal of
W,(A), so the theorem is clear. Now assume A is real and let xeKerp. We
shall show that x lies in every minimal prime ideal B of W,(A). Let p be the prime
ideal of A associated with the signature having kernel 9. This signature
extends uniquely to A(p), so there exists a minimal, nonmaximal prime ideal Q
of W,(A(p)) such that P is the inverse image of Q under the homomorphism
W,(4)— W, (A(p)). By Corollary 3.8, the image of x in W,(A(p)) is nilpotent,
hence lies in Q. Therefore we have xe, completing the proof.
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An application of this theorem together with Proposition 3.2 gives us the
following theorem on extension of orderings.

Theorem 3.10. Let A be a noetherian regular local ring with 2e A* and field of
fractions F. Then every signature of A extends to F with the same exact level.

Corollary 3.11. Let A be a noetherian regular local ring with 2e A* and assume
that the field of fractions F has a unique minimal real valuation ring. Then all
orderings of A have the same associated prime ideal.

Proof. By hypothesis the ring D,(z, Q) is independent of the signature 7, so the
corollary follows immediately from Theorem 2.8 and the fact that all signa-
tures of 4 extend to F.

Example 3.12. Let F be a superpythagorean field; ie., the Witt ring of F is an
integral group ring. Then F has either exactly one or exactly two places into
the real numbers [5, Corollary 6]. If it has only one such place, then F has a
unique minimal valuation ring, so the conclusion of the corollary above
applies to any subring of F satisfying the stated hypotheses. An example of
such a field is the field of iterated Laurent series in any number of variables
over a Euclidean field.

Example 3.13. Let A be the ring R [x, y]/(x*+ »?) localized at the maximal ideal
m generated by x and y. The map A*—(4/m)*=R*->{+1} is a signature of
level one on A but the field of fractions F has no orderings (of any level). More
generally, the ring 4 =(K[x, y]/(x*+ y?),, will have orderings of all levels if the
field K does, defined via A*—»K*—C,, but none can extend to the field of
fractions of A since it is not formally real. The same holds for the n variable
case A=(K[xy,...,x,JY.x})),, where m is generated by x,,...,x,; if n25, this
ring is a noetherian unique factorization domain [3, Exercise 5, p. 564]. This
shows the need for the hypothesis that 4 be regular in our applications to Witt
rings above.
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