A CLASS OF FINITE COMMUTATIVE RINGS
CONSTRUCTED FROM WITT RINGS

THOMAS CRAVEN AND MONIKA VO

ABSTRACT. Motivated by constructions of Witt rings in the algebraic theory of
quadratic forms, the authors construct new classes of finite commutative rings and
explore some of their properties. These rings are constructed as quotient rings of a
special class of integral group rings for which the group is an elementary 2-group.
The new constructions are compared to other rings in the literature.

1. INTRODUCTION

Finitely generated reduced Witt rings of a formally real field are quite well under-
stood. It was proved in [3, Theorem 2.1] that they can all be constructed by a very
concrete recursive process. This has the advantage that theorems about them can
be proved by induction via that recursion. These rings, as well as more general Witt
rings of equivalence classes of quadratic forms, are prominent in the algebraic theory
of quadratic forms (see for example [10, 11, 13]). By beginning with finitely generated
reduced Witt rings (and generalizations thereof from [8]), and considering a type of
finite quotient ring (which does not arise naturally in quadratic form theory), we are
led to a large class of previously undescribed finite commutative rings.

We begin with the general ring theoretic setting of [8, 9] and specialize in the final
section to rings which occur in quadratic form theory. In [8], Knebusch, Rosenberg
and Ware define a class of commutative rings which are certain quotients of integral
group rings. The aim of that paper was to provide a ring-theoretic approach to
the study of Witt rings of equivalence classes of anisotropic quadratic forms over
a field of characteristic not 2. The purpose of this paper is to develop a special
class of finite rings within the general context of [8] which do not naturally occur
in quadratic form theory. These will be called QWitt rings. A special subclass of
these, called SQWitt rings, will be those which occur as quotients of Witt rings of
fields. In spite of this, the majority of this paper is self-contained and requires no
knowledge of the theory of quadratic forms. There are other quotient constructions
in the literature for somewhat different classes of rings. We shall see in Section 4
how the quotient construction by Marshall in [13] fits with ours. It is not clear how
the quotient construction of [6] fits with ours. The class of rings they begin with
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intersects ours in essentially the finitely generated Witt rings of formally real fields.
It would be interesting to see what rings are generated by their quotient construction
in the cases in which it fails to give back a ring in the class they begin with; however
the abstract axiomatic form they use is so different as to make the comparison to
ours quite nontrivial.

Definition 1.1. [8, Definition 3.12], [9, §3], [7, §1] Let G be a group of exponent 2.
A Witt ring for G is a quotient ring R = Z|G|/K such that R has only 2-torsion.

Several equivalent conditions are given in [8, Theorem 3.9]. The Witt ring of a
field F' is a ring of equivalence classes of nondegenerate quadratic forms where the
group G can be taken to be the square factor group F / F2. In general, these rings
naturally break into two disjoint cases [8, Propositions 3.15, 3.16]: Either the ring
R is torsion or the torsion subgroup equals the nilradical Nil R. We work only with
the latter class of rings here, as in [9]. All Witt rings of formally real fields are in
this class. We will factor out the torsion and assume that our rings are all torsion
free and have nilradical equal to zero (i.e., the ring is reduced). We shall later restrict
to finite groups G in order to construct finite rings, but for now we work in greater
generality. These rings have a very concrete description.

For any Witt ring R = Z[G]/ K, let X denote the set of ring homomorphisms from
R to Z. These are in bijective correspondence with the set of minimal, nonmaximal
prime ideals of R [9, Lemma 3.3]. We shall follow the terminology coming from
quadratic form theory and refer to Xy as the set of signatures of R. (When the Witt
ring comes from a formally real field, it can also be viewed as the set of orderings of the
field.) Giving Xg the induced Zariski topology makes it into a Boolean topological
space (compact, Hausdorff and totally disconnected). In particular, it will be discrete
when it is finite, so topology will play a minimal role in our considerations. When
R is torsion free, it can be viewed as a subring of C(Xg,Z), the ring of continuous
functions from Xg to Z, where Z is endowed with the discrete topology; indeed, the
element r € R induces the function 7#: Xp — Z via 7#(x) = z(r). As a subring of
C(Xkg,Z), the ring R is generated by 1 and all elements of the form 2y,,, where x,, is
the characteristic function of the set U, and U ranges over the subsets of Xy of the
form

H(a)={z € Xgr|z(a)=1} (a € G)

and their complements H(—a). Furthermore, the sets U above form a subbasis for
the topology of Xg, usually referred to as the Harrison subbasis [9, Section 3|. For a
given ring R, we shall denote the collection of sets of the Harrison subbasis by Hg.
Notice that the set Hp, is closed under symmetric difference of sets: H(—a)+H(—b) =
H(—ab). Conversely, given any subbasis of clopen (both closed and open) sets H for
a Boolean space X, which is closed under symmetric difference and complementation,
one obtains a Witt ring in this way, where the group G is given by { 1—-2x,, | H € H }
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[9, Proposition 3.8]. Since Hpg is a group of exponent 2, we shall often think of it as
a vector space over the two element field F,.

This gives us two rather different, but equivalent, ways of viewing these rings as the
following proposition shows. It will be important to us to have both ways available
in this paper. We include a proof because this does not seem to have ever been made
explicit in the literature.

Proposition 1.2. Let R = Z[G]/K be a reduced Witt ring and let X be the space
of signatures of Z|G]. The canonical surjection ¢: Z[G] — R induces an injection
o: Xr — X¢g. Considering R and Z[G| as rings of continuous functions, the mapping
@ 18 just restriction of functions from Xg to Xg.

Proof. If we view the spaces as sets of prime ideals, the mapping ¢ is defined in the
usual way, namely by ¢(P) = ¢~ 1(P). Since ¢ is surjective, this mapping is injective.
The final claim comes from the fact that the following diagram commutes

Z[G) —— R

l l

C(Xg,2) —=— C(Xg,7)
where the vertical maps are the injections defined above and the bottom mapping is
restriction of functions. U

It should probably be emphasized here that, even though we begin with a well-
studied class of rings, the quotients we work with, as in both Proposition 1.2 and what
follows, are very different than the quotients studied previously (see, for example, [7,
Proposition 1.8], [9, Lemma 4.15]). The results cited come from naturally occurring
homomorphisms induced by field (or ring) extensions. Only very complicated field
extensions would induce a homomorphism such as that in Proposition 1.2, and in most
cases such an extension would not even be possible. This is because it is difficult to
eliminate a subset of orderings which does not comprise a Harrison subbasic set.
This issue is addressed explicitly for rational function fields in [4, Section 5]. Our
interest for this paper is in the quotient rings R = C(Xg, J,cx Z/(n.)), where f € R
means f(z) € Z/(n,) for each x € X. As defined in [9], we say a subring of C(X,Z)
satisfying Definition 1.1 is a Witt subring of C(X, Z).

Definition 1.3. A QWitt ring is a ring R formed by taking the quotient ring of a
Witt subring R of C(X,Z) with |X| < oo, defined by taking the function f € R to
a function f: X — (JZ/(n,) such that f(z) € Z/(n,) for each x € X. That is, the
restriction mapping to each point x € X is composed with the quotient mapping
Z — Z./(n,). We shall refer to the set of numbers {n,} as the data associated with R.

The rings defined by Knebusch, Rosenberg and Ware are somewhat more general
than Witt rings of fields. The ones which do come from fields give us a more special
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class of rings. The following special subclass of QWitt rings, more closely associated
with quadratic form theory, will be considered in Section 5.

Definition 1.4. An SQWitt ring is a ring R formed by taking the quotient ring of
a torsion free Witt ring W (F') (for some formally real field F), viewed as a subring
of C(Xp,Z) with | Xr| < 0o, defined by taking the function f € W(F') to a function
f: Xr —JZ/(n,) such that f(z) € Z/(n,) for each x € Xp. That is, the restriction
mapping to a point x € X becomes the signature at the ordering associated with x
composed with the quotient mapping Z — Z/(n,).

Studying quotient rings of the sort mentioned here gives yet another way in which
a Witt ring R can be obtained from the group ring as shown below. The observation
is interesting, but its proof is immediate from our definitions. We shall improve this
result in Section 4.

Proposition 1.5. Let Z|G| be a group ring with space of signatures X¢, and let S
denote the image of its injection into C(Xg,Z). Let Y be any closed subspace of Xg.
The ring R obtained by restricting functions in S to the subspace Y is isomorphic
to the quotient of S obtained by replacing any function f: Xqg — Z with a function
which agrees with f(x) if x € Y and is zero otherwise. In terms of Definition 1.3,

0, ifreY

this means taking n, =
g L, ife gy

Example 1.6. We consider the quotient of Z[Zy|, where | X| = |{x,y }| = 2 and we
take n, = 4, n, = 8. Then we view R as a subring of Z/(4) x Z/(8). If we write
the group Zy = {e, g}, then the homomorphism to €(X,Z) is Z[Z,] % R defined by
r-e+s-gw ([r+ sl [r—s]s). This makes p(g) = (1,7) and

R :{ (07 0)7 (]-a 1)7 (27 2)7 (3a 3)7 (07 4)7 (L 5)7 (27 6)7 (37 7) } (the image of Z)

U {(1,7):(2,0),(3,1),(0,2),(1,3),(2,4),(3,5),(0,6) },

where 2¢(g) = (2,6) = (—2, —2) is back in the image of Z inside Z/(4) x Z/(8). The
first set in (1.1) is isomorphic to Z/(8) and the second set is obtained by adding ¢(g)
to each element of the first set. Thus, since R must be a quotient of Z/(8)[{e, g}| and

it has 16 elements, it must be isomorphic to Z/(8)[{e, g}]/(2 + 2g). This ring has 16
elements since the ideal (2 + 2g) = {0,2 + 29,4 + 49,6 + 6g } has four elements.

(1.1)

This example shows that we are getting rings beyond the scope of [13], in which
an attempt is made to capture Witt rings of fields in an axiomatic way. Indeed, the
small Witt rings are all known [13, §5.5]; for characteristic 8, these rings must have
order an odd power of 2. Thus the example above is among the most general rings
considered in [8]. In particular, it is a Witt ring for G = Z, it has a unique maximal
ideal and it has no other prime ideals [8, Proposition 3.16]. By [8, Lemma 3.21], the
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units have 2-power order. These are precisely the elements outside the maximal ideal

m = {(0,0),(2,2),(0,4),(2,6),(2,0),(0,2),(2,4),(0,6)} = ((2,0), (0,2)).
Replacing g by x, we can view this ring as a quotient of a polynomial ring, namely
Zg|x]/(z* — 1,2 4 2z), in which the maximal ideal is generated by {2,z — 1}, where
Z denotes the image of z in R.

Example 1.7. More generally, we consider the quotient of Z[Zs], where |X| =
H{z,y}| = 2 and we take n, = 2", n, = 2" with m < n. Now we view R as a
subring of Z/(2™) x Z/(2"). If we write the group Zs = {e, g} as above, then the
homomorphism Z[Zy] %> R is defined by 7 - e + s - g +— ([r + 8]om, [r — 8]on). This
makes

R=7/(2") U(Z/(2") + ¢(9) U~ U(Z/(2") + 27 *o(9)),

where 2" 1p(g) = (21 —2m7 1) = (—2m~1 2™~y = —2m~1(1 1) is back in the
image of Z. Thus, since R must be a quotient of Z/(2") and it has 2™"~1 elements,
it must be isomorphic to Z/(2")[{e, g}]/(2" (1 + g)). The ideal (2"~ (1 + g)) has
2=+ elements.

The previous two examples are sufficiently simple that they are included in the
generalizations found in both sections 3 and 4.

We conclude this section with the following generalization of [2, Lemma 3.7]. It is
a combinatorial result which will be needed at various times in the sequel to obtain
independence and counting results.

Proposition 1.8. Let H be a subbasis of clopen subsets of a Boolean space X which
15 closed under symmetric difference and complement.

(1) Assume that the collection T = {Hy,..., H.} of sets in H has the property
that for any T C T, there is a point x in every set in T and in none of the
sets in the complement T°¢. Then the collection of all intersections of sets in

T,

k=1

is linearly independent in the Fy-vector space H. (Following the usual con-
vention, an empty intersection is the space X.)

(2) If Hy,...,H., X are Fy-linearly independent and come from a group ring Z|G],
with |G| = 2" = |X|, then |(i_, Hi| =2"".

Proof. If r = 0 or r = 1, then § = {X} or 8 = {H;, X} and we clearly have linear
independence. Now assume that r > 1 and assume there is a dependence relation;
write it in the form (", H;, = > © | A;, where the left hand side is chosen so that
m is the maximal number of sets in any intersection in the relation and each A;,

s=0,... ,r} , (H;, distinct sets in 7T)
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i=1,...,p, is some intersection of (at most m) sets from T. Intersect this equation
with the intersection of all other sets H; not among the H;, (if any), obtaining

(1.2) A:hmzi&,
i=1 i=1

where all intersections on the right hand side (denoted B;) are now less than r-
fold, since if the original A; was an m-fold intersection, then some member of T is
duplicated in the intersection. We shall show the impossibility of equation (1.2),
eliminating one k at a time, where the intersections are k-fold in the right hand sum.

We first note that X does not occur in the sum, for by hypothesis (with 7' = (),
there exists an element z € X not in any H;, which would then lie in the right hand
side of equation (1.2) but not the left. This is the £ = 0 case. Next we claim that the
sum of all 1-fold intersections must be empty. Otherwise, assume H;, say, actually
occurs in the sum. Choose an element x € H; such that x ¢ H;, i > 1. Then x lies in
the right hand side since it is found in precisely one term of the sum, but not the left.
This argument continues. Having eliminated intersections of k& — 1 subsets of T, the
sum of the k-fold intersections must be empty since if ﬂle H;, say, actually occurs

on the right, we know there exists an element z € ﬂle H;, but not in (J;_,,, H;.
Then x will lie in the right hand side but not in the left. This reduces the equation
(1.2) to A = (), contradicting the hypothesis that A is nonempty.

The second claim is just [2, Lemma 3.7(b)]. O

2. THE DATA FOR QWITT RINGS

We show in this section that the only case in which interesting new rings occur is
when the data are all powers of 2. It is well known that every finite commutative
ring is a product of local rings [12]. Consequently, we are really interested only in
the connected QWitt rings. Throughout this section R will denote a QWitt ring and
X will be written for Xg.

Theorem 2.1. Let R be a QWitt ring with data n,, v € X. The ring R is local if
and only if either every n, is a power of 2 or | X| =1 and n, is a power of a prime.

The only part that is clear, a priori, is that if | X| = 1 and n, = p" for some prime
p, then R is the local ring Z/(p™). The remainder of the cases will be handled in a
series of lemmas.

Lemma 2.2. If some n, is divisible by distinct primes p # q, then R is not local.

Proof. Viewing R as a subring of €(X,J,cy Zn,), We construct the homomorphism

¢: R — Z, as the composition R 2 L, — Z, where the first homomorphism is
restriction of functions to the point x and the second is the canonical surjection.
Similarly, we have a surjective homomorphism ©: R — Z,. Since ker ¢ and ker ¢ are
distinct maximal ideals of R, the ring cannot be local. U
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Lemma 2.3. If there exist x,y € X such that n, = p" and n, = ¢° for primes p # q
and integers r,s > 1, then R s not local.

Proof. The proof is similar to the previous lemma. We consider the homomorphisms
0: R ™= 72, — Z,and ¢: R —> Ly, — Z. Since ker ¢ and ker®) are distinct
maximal ideals of R, the ring cannot be local. U

Lemma 2.4. If | X| > 2 and each n, is a nonzero power of an odd prime p, then R
s not local.

Proof. In this case, we shall construct a nontrivial idempotent in R, showing that R
is not connected and hence not local. By Definitions 1.1 and 1.3, there is a group
G of exponent 2 such that R is a quotient of a Witt ring S for G. That is, we have
vertical surjections and horizontal injections in the commutative diagram

Z[G]

|

(2.1) S —  CX,Z)

| !

B —— C(X,U,ex Zn.)

Furthermore, we may assume that no element of G maps to a constant function +1

in C(X,Z), as we could then obtain S as a Witt ring for a quotient group of G.

Since | X| > 2, the group G is nontrivial, so let g € G, g # e; our assumption on

G implies that H(g) # 0, X. Let r be the maximum exponent of p for z € H(g)
pr+1 pr+1

and consider the image f € R of the group ring element e+ 5 9 We
obtain f(z) =p"+1=1 (mod n,) for all x € H(g) and f(z) =0 for all z ¢ H(g).
Therefore f is a nontrivial idempotent element of R. U

Lemma 2.5. If each n, is a power of 2, then R is a local ring. If we write n, = 2™,
the maximal ideal of R is contained in

(2.2) {f:X—> Ungx f(z)=0 (mod 2) foralleX}.

rzeX

The units of R are contained in

(2.3) {f:XHUZQ”mm f(z)=1 (mod 2) forallIEX}.

zeX

Proof. We again assume the situation of the commutative diagram (2.1). Since the
elements of G have order at most 2, each g € G can take on only the values +1 at any



8 THOMAS CRAVEN AND MONIKA VO

point € X. Therefore any element of the group ring > n;g; maps to an element
> n;g; of C(X,Z) with a parity condition:

angz(:c) = angl(y) = an (mod 2) for any z,y € X.

This parity carries over to elements of R as well since all n, are powers of 2. From
this it is clear that any element of R induces a function in one of the sets in (2.2) or
(2.3). If an element of R induces a function f in the set in (2.3), then it is a unit in
each Zom. and so some power of f is 1, making it a unit in R. On the other hand,
the set of elements of R which map into the set in (2.2) is clearly an ideal, and hence
must be the unique maximal ideal. O

3. FINITE QUOTIENTS OF SAP WITT RINGS

The purpose of this section is to look at one of the two extreme cases of the
definition, that where S = Z + C(X,27), which is a Witt ring of maximal size for
the set X. These rings can be characterized in many ways, not the least of which is
the strong approximation property (cf. [9, Theorem 3.20], [7, Proposition 1.23]), so
we shall call them SAP rings. The importance of this case stems from the fact that
every finitely generated Witt ring is a subring of one of these rings.

Theorem 3.1. Let X be a finite Boolean space and let R be a finite quotient of the
associated SAP Witt ring with data 2™ > 1 for x € X. Then

(1) R consists of all functions f on X with the parity condition f(x) = f(y)
(mod 2) for all x,y € X.

(2) The function f is a unit in R if and only if its values are congruent to 1
modulo 2, and f is in the unique maximal ideal otherwise.

(3) The cardinality of R is given by

(3.1) 2 ]2

reX
Proof. Statements (1) and (2) follow from Lemma 2.5 and the fact that R is a QWitt
quotient of Z 4+ C(X,27). For statement (3), we use that fact that each quotient
ring Z/(2™) has 2™~ units and 2™~ nonunits. Thus the group of units, which is the
product of the units in each ring Z/(2"=), has [], .y 2™~ ! elements and the maximal

ideal, which is the product of the maximal ideals, has the same number. Together,
these give |R| = 2[[,cx 2™ 1. O

Since every QWitt ring is a subring of a ring described in the previous theorem
by Lemma 2.5, we obtain a general description of the units and maximal ideal of a
QWitt ring.

Corollary 3.2. Let R be a QWitt ring with associated set X and data 2™+ > 1 for
r € X. Let m = max,ex m,. Then
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(1) char R = 2™.

(2) There is a one-to-one correspondence between units of R and elements of the
unique maximal ideal M given by m < 1 +m for any m € M.

(3) |M] = |R|/2.

Proof. The value of char R is clear. The rest follows from the fact that R/M is
isomorphic to Z/2Z. O

Products of QWitt rings. We can define products in the category of QWitt rings
as follows: Give two QWitt rings, Ry and Rs, let the maximal ideals be M7, M, and
the groups of units be Uy, Us, respectively. (We know U; = 1 + M; by the previous
corollary.) Form the new ring R = M; x My U U; x Us. The set Xg is then just
the disjoint union of Xpg, and Xg,. It is well known that the (finitely generated)
SAP Witt rings are products of copies of Z in the category of reduced Witt rings
[3]; therefore the quotients of SAP Witt rings are products of the rings Z/(2™) as
defined in this section. We return to products in Section 5.

4. FINITE QUOTIENTS OF INTEGRAL GROUP RINGS

The purpose of this section is to look at the other of the extreme cases of the
definition, that where Z[G] is an integral group ring over a finite group G of exponent
2. This is the case where the size of the Harrison subbasis is as small as possible
for a given cardinality of X. The importance of this case stems from the fact that
every finitely generated Witt ring is a quotient ring of one of these rings. We begin
by improving Proposition 1.5, seeing in the process that integral group rings are, in
fact, the general case as well as one extreme.

Theorem 4.1. Let S be a Witt ring for a group G, with corresponding spaces of
signatures Xg C Xg. Let R be a QWitt quotient of S. Then R is canonically
isomorphic to a QWitt quotient Ry of Z|G|] for which Xgr, = X¢.

Proof. With R, we have the data n, for x € Xg. For x € Xg \ Xg, set n, = 2. The
ring R, is defined by extending the functions in R to all of X as follows: Given
feR, et a= deG nyg be a preimage of f in Z[G]. Since each g must map to %1
in Z, we have a parity condition: a(x) = a(y) (mod 2) for all z,y € Xg, and these
values are clearly independent of how we lift f. Thus we can extend f to z € Xg\ X
in only one reasonable way, defining f(z) to be 0 or 1 according to the value of a(x)
modulo 2. Therefore we obtain a QWitt quotient Ry of Z[G], which is isomorphic to
R since the extension of each function was uniquely determined. U

We now consider an integral group ring Z[G], where |G| = 2". Viewing the group
G as a Fy-vector space, it has a basis gy, ..., 9,. We wish to explicitly compute the
QWitt quotient ring R by determining the kernel of the homomorphism Z[G] — R.
The ultimate goal is to compute the cardinality of R in terms of the data n, which
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determine it. This seems to be very difficult in general. Until now, we have been able
to ignore a potential ambiguity. In a general Witt ring for a group G of the form
R = Z|G]/ K, the element —1 may or may not be identified with an element of the
group GG. This is not an issue for the integral group ring, but will be for counting
elements in finite quotient rings. We now explicitly assume for the remainder of this
paper that G is always the minimal choice for a group for a Witt ring R; in particular,
—1 is not an element of GG, so the elements of order 2 in R have the form £¢ for g € G.
Note that for Z|G], if |G| = 2", then also | Xs| = 2" and each Harrison subbasic set
H other than () and X¢ has cardinality 2"~! [2, Theorem 3.8].

We shall need the concept of a fan from the quadratic form theory of formally real
fields. For group rings, this has a particularly simple form. From [14], particularly
Corollary 4.4(i), and [2, Section 3], one sees that the fans for X are precisely the
nonempty intersections of sets in H = { H(£g) | g € G }. We shall need the following
special case of a very general theorem. For completeness, we include a proof here.

Proposition 4.2. [14, Theorem 5.5] A function f € C(Xg,Z) is in the image of Z|G]
if and only if

(4.1) Zf(y) =0 (mod |Y]) for all fans Y C X with |Y| > 4.

yey

Proof. For any g € GG, we see from Proposition 1.8 that, as a function on any fan
Y, either g is constantly 1, constantly —1 or |[H(g) NY| = |Y|/2, so that g is 1 on
exactly half of the elements. In any case, > .y g(y) =0 (mod [Y]). It follows that
any f =3 congg € Z|G] satisfies this congruence as well.

Conversely, let f € C(X,Z). We write yx, for the characteristic function of the
point {z} An element g € G, viewed as a function X — Z, is 1 — 2y, so the
element e +x(g;)g; — 1+2(g;)(1 —2x,,_,,) which is equal to 2 on the set H(z(g;)g:)
and 0 on its complement. Therefore, the function induced by [, (e + z(g;)g;) is
2"y, We compute

f= %;{f(x) 2",
= % > f@ (e + x99
(42> ) zeX i=1
=52 @ > []alag:
zeX SC{1,2,..,n} i€S

:2%2(

Sg{17277n}

(1) 1)

reX €S 1€S
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We see from this that if Y _ f(x) x(g) is divisible by 2" for every g € G, then f is
in the image of Z[G]. This is true by hypothesis of g = e. Otherwise, H(g) is a fan
with |H(g)| = 2", so we can write

Y@= Y f@)- S f@)
) )

zeX z€H (g z€H(—g
=2 Z f(x)—Zf(x)E() (mod 2")
z€H(g) reX
by hypothesis. U

Lemma 4.3. For any fan Y = (., H(cia;), a; € G, g; € {£1}, the function
2"x, can be written as a Z-linear combination of functions of the form 2™y, where
Z =Ney H(gi,), 7 < m, and where the g;, are among the basis elements for G.

Proof. Each a; can be written as a product of basis elements for G. The elements of
H can be expanded with the formula H(—g192) = H(g1) + H(g2). Minus signs can
be eliminated with H(—g) = H(g) + X. The characteristic function for a symmetric
difference satisfies x,,, = X, + X5 — 2X,X- It follows that we can write 2™y, =
I 2X 4 (e,a;) S AN m-fold product of sums (with coefficients being positive or negative
powers of 2), which can then be expanded into a sum of m-fold products of the
specified form, using x, = 1. O

Definition 4.4. In the context of quadratic form theory, the functions 2™y, of the
previous lemma are derived from Pfister forms. For this reason, we shall refer to
them as Pfister functions. An ideal is called a Pfister ideal if it is generated by the
Pfister functions contained in it. For any ideal I of Z[G], we shall refer to the ideal
generated by the Pfister functions contained in I as the Pfister subideal of I.

When the quotient data n, is sufficiently large, the kernel of Z[G] — R is always
a Pfister ideal, but this is not true in general. The next example and theorem show
the current state of our knowledge.

Example 4.5. This example is an easy modification of an example of Elman, Lam
and Wadsworth in [5]. Let R be the image of Z|G] in C(X,,cx Zn,) Where |G| =
|X| = 16. To be explicit, let G’ have a basis g1, ..., g4 as a Fo-vector space. Think
of X as the dual space G*, with dual basis z1, ..., x4; that is, signs are chosen so
that z;(¢;) = +1 and z;(g;) = —1 if j # ¢. This makes, for example, H(g;) =
{0, 21, X235, Loy, T3Tq, T1T2X3, T1T224, T123%4 . Now define the data to be

N — 2, if x € {2179, D374, 12273, T1T3Ty, T1T2T4, ToT3T4 )
T T 4 .
2% ifx e {0,931,352755&I4,$1I3,I1$47$2$3,$25B4,$1I21’3$4}

The effect of this, by Theorem 4.1, is basically to restrict attention to the set Y of the
10 points for which n, = 16. Let p be the kernel of Z[G] — R. One can check that
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f=(e+ag1)(e+g2)— (e+g3)(e+gs) lies in p. It is basically shown in [5, Proposition
6.8] that f is not in the ideal generated by the Pfister functions in p. The difference
is that we also have in our ideal the 4-fold products associated with each of the 10
elements of Y, but the essence of the proof in [5] is that the ideal p contains no 1-fold
or 2-fold Pfister functions. The higher degree functions have no effect.

Next we look at the condition that the data be large enough to guarantee a Pfister
ideal. In this case we obtain rings which Marshall refers to as Pfister quotients of
Z|G] [13, §4.7]. Indeed, it is easy to see that any finite Pfister quotient of a reduced
Witt ring can be obtained via our construction. These rings have particularly nice
properties as they are all SQWitt rings [13, Prop. 4.24].

Theorem 4.6. With the notation above, let R be the image of Z[G] in C(X, U,c x Zn, ),
where n, = 2™ > 1 for each v € X = Xg. If each m, > n = log, |G|, then the
kernel of Z|G| — R is generated by N = max,cx n, and the Pfister functions

n

(4.3) 2m [ [e+2(g)g:)  (weX).

=1

Therefore, in this case the kernel is a Pfister ideal and we can write the quotient ring
as R Z[G]/ (27 T, (e + (g.)g). @ € X).

If the m, > 0 are not otherwise restricted, then the Pfister subideal of the kernel
s generated by the 3" elements of the form

T

(4.4) 2° H(€ + €i9i;);

j=1

where 0 < r < n, ¢; € {£1}, the subscripts i; are distinct integers in 1,...,n, and
s = (max,ey my) —r, where Y = ﬂ;l H(gigij)'

Proof. As in the proof of Proposition 4.2, the function obtained from [];_, (e+x(g:)g:)
is just 2™y, . It follows that the elements of (4.3) all lie in the kernel. The fact that
they generate the kernel is also clear as any element in the kernel must be an integral
combination of these functions in order to be zero at each point of X.

For unrestricted m,, we need more generators. A similar argument shows that
all elements of (4.4) are also in the kernel as the value at each z is at least 2=.
Furthermore, the condition on the exponent s clearly gives the minimum value so
that each of the Pfister functions is congruent to zero at all the points where it is not
actually equal to zero. O

For purposes of counting the elements of the quotient ring R, we shall use a different
way of expressing the kernel. We shall deal only with the constant n, case. The
following corollary does this for us.
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Corollary 4.7. Let R be as above and assume that each n, = 2™ for all x € X with
m > n. Then the kernel of Z|G] — R is generated by the elements

(4.5) 27" T (e - g). (ogrgn; 1§k§(:)>

where G ranges over the r-subsets of {g1,92,...,ga} as k = 1,..., (Z) In this
case, we have

(4.6) |R| = 2@m—m)

Proof. By Theorem 4.6, we have R = Zom[G]/ (2™ " [, (e + z(g:)g:), v € X). We
need to show that the ideal J = (2" [, (e + x(g:)g:), = € X) is the same as the

ideal
n
[={(2mT" —q); 0<r< 1<k<
< [[e—9; 0<r<n 1< _(r>>

geGrk

anl

It is clear that the generators of I take values in 2™Z, hence are contained in J.
Therefore it will suffice to show that each of the generators of J lies in I.

So consider the element p = 2" [["_,(e + €;9;). We prove this lies in I with an
induction on n. If n = 1, we have 2" (e —g) € [ and 2" }(e+g) = —2™ 1 (e—g) +
2me € I. If all ¢; = —1, then p is among the generators for /. Otherwise, we may
assume that ¢ = 1. Then

2" e+ g1) H(€ +eigi) = —2"""(e — q1) H(e +eigi) +2m H(€ +€igi),

i=2 i=2 =2
in which the last two terms are in I by the induction hypothesis since they involve a
smaller group generated by g, ..., gy.

In order to count the number of elements in R we will first show that the generators
in (4.5) are linearly independent over Z. Assume there is a dependence relation

> an lzm-f IT (- g)] = 0.

9€Grk

Without loss of generality, we may assume that the integers a,, have no com-
mon prime factor. Now view this equation as a functional equation on X, re-
placing each 2™~" nggrk(e — g) by 2™ ngGrk X,y Divide by 2™ and we obtain
> ark [lyeq., Xu,y = 0. Modulo 2, this gives a relation on the subbasic sets of
the form > @k [ cq,, H(—9g), where @z € {0,1} and sum and product are inter-
preted as symmetric difference and intersection, respectively. Applying Proposition
1.8, with T = {H(—¢1),...,H(—gn)}, we conclude that all a,, must be even, a
contradiction. Removing 2™ from the generating set gives us a set of generators
for I, the image of I in Zym[G], and these generators are linearly independent over
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Zom. We have |Zym[G]| = 2™2"; an arbitrary element of I is a sum of terms of the
form a,j [Qm‘r 11 geGM(e — g)| where the coefficient a,; can take on any one of 2"

values in Zsm. There are (f) such terms, and r runs from 1 through n, so we have
|I| = H:ZI(T’)(:) — 9xir(}) = g2t Putting this together with the value for
|Zym [G]| gives |R| = 2m="2""" a5 desired. O

5. SQWITT RINGS

This section is devoted to elucidating some of the ways in which SQWitt rings
differ from QWitt rings. For one thing, one might expect some sort of recursion can
be used in their construction as in the case of finitely generated reduced Witt rings
(see [13, 3]). It is not quite so nice because of the problem of computing the quotients,
but there is a result of this sort. We conclude with a theorem and example showing
how the powers of the maximal ideal behave much more nicely for SQWitt rings.

Let R be an SQWitt ring; that is, the quotient of a torsion free Witt ring S =
W (F), for some pythagorean field F' with space of orderings X. By [3], the ring S
can be constructed recursively from the ring of integers Z using two operations:

(1) Group extension: given a ring Ry, form the group ring Ry[Zs].

(2) Direct product (in the category of torsion free Witt rings): given two rings
in the category R; = Z + M;, i = 1,2, the product is Z + M; x M,. Here
M; denotes the unique maximal ideal of R; and is viewed as a subset of the
functions C'(X;,2Z). The space X for the product is the disjoint union of X
and Xs.

Thus any such ring is a subring of the largest possible allowed collection of func-
tions, that of a SAP Witt ring defined in Section 3. We refer the reader to [1] for
a much more general discussion of the torsion free rings and generalizations. Most
expositions of [3, Theorem 2.1], such as that in [1], emphasize the effect on the sets
of minimal prime ideals. For group extension, the space X is duplicated, with the
nontrivial group element being 41 on one copy and —1 on the other. For the product,
one obtains the disjoint union of X; and X,.

This recursive construction is almost unique. The only non-uniqueness arises in
forming the group ring Z[Z], which also occurs as the product of Z with itself in this
category. That is, there are two ways to form the ring with |X| = 2, whose quotients
were carefully analyzed in Example 1.7.

It is now somewhat clear that a recursive construction can be used to create any
SQWitt ring, but there are complications. For example, we can take n = max,cx n,
begin with Z,, in place of Z and use the constructions above. Then at the end, factor
out the additional amount needed at each point x € X. We cannot, however, build
the SQWitt ring R with all factorizations in place as we go. This is not a problem
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for products, as the product construction commutes with our sort of quotient ring
construction. But the group ring construction does not. For example, if we work with
S = Z[Zs X Zs], the set X has four elements. Forming R from a quotient of Z, then
forming a group ring will make all values n, the same, and forming it from a quotient
of Z[Z5] will make them equal in pairs. We can only obtain the full generality we want
by making an additional quotient construction at the end. While this largely loses any
uniqueness for our constructions, it does still allow most of the power of the recursive
construction for proofs and for computations. There is one further complication as is
evident in the special case of Example 1.7; group ring constructions do not inject into
the ring of functions, but rather have elements such as ©2% (¢ + g) inducing the zero
function. This is a fundamental fact of our situation since we cannot distinguish the
group elements modulo 2, as they are functions taking values +1. More generally,
one can check that the kernel consists precisely of the elements {a € R | 2a = 0}.
This discussion, together with the exposition of products in Section 3, now gives us
the following theorem.

Theorem 5.1. The collection of all SQWitt rings with only 2-torsion is precisely the
set M of rings constructed as follows:
(1) The rings Z/2"Z € M for eachn=1,2,....
(2) Given any R € M, the quotient of the group ring R[{e,g}]/{a € R | 2a =
0} eM.
(3) Given R; = Zyn, + M; € M, the product, Zax(n, ny) + M1 X My € M.
(4) Given R € M, any further quotient as in Definitions 1.3 and 1.4 is in M.

The restriction to having only 2-torsion is a technicality which was mentioned in
Section 2. Any SQWitt ring is a ring-theoretic product of a finite set of rings in M
and a finite set of rings Z,,, n odd, where either of the sets may be empty.

In order to illustrate the special nature of SQWitt rings, we end this section with a
result for these rings which does not hold in general for QWitt rings. Let S be a Witt
ring for a group G of exponent 2. The kernel of the augmentation mapping Z[G| — Z
followed by reduction modulo 2 contains the kernel of Z|G] — S by [8, Theorem 3.9].
Thus we obtain an induced homomorphism S — Z/2Z, the kernel of which will be
called the augmentation ideal of S and denoted by Ig. If S can be realized as the
Witt ring of a field, then the n-th power of this ideal, viewed as functions on Xg,
consists precisely of the elements of S N C(Xg,2"Z) [3, Theorem 4.1]. Therefore we
have the following proposition for SQWitt rings.

Proposition 5.2. Let S be a finitely generated torsion free Witt ring of a field with
SQWitt quotient R. Then the mazimal ideal Ir of R satisfies

Iy = RNC(Xp, | J2'Z,,) n=12,. ..

Furthermore, if we have all n, = 2™ for some m > 0, then the kernel of the surjection
S — Ris Ig. 0
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In general, this result fails for QWitt rings, though the construction of examples is
somewhat complicated. We shall see that it holds for QWitt rings for n = 1,2, but
fails for n = 3.

Proposition 5.3. Let S be a Witt ring for a group G of exponent 2. Then

(5.1) SN e(Xs,QZ) = IS and
(5.2) SNC(Xs,4z) = I% .

Proof. We know that C(Xg,2Z) is the unique maximal ideal in C(Xg,Z) containing
2. Since the maximal ideal Ig is contained in the proper ideal SN C(Xg, 2Z), we have
equality (5.1).

We clearly have I3 C SNE(Xg,47). On the other hand, f € SNE(Xg,47Z) implies
that f € Ig, so we can write f = Y na 2x,, where ny € Z and A € Hg. Since
dx, = 2-2x, € I3, we obtain f = >77 2y, (mod I3). Furthermore, x, + x, =
Xars + 2X, X, implies that 2y, + 2x, = 2x,,, (mod I%). Therefore f = 2X5 4,
(mod 7%). But f(z) = 0 (mod 4) for all x € X5, so we must have Xs-a, = 0, and
thus f € I2. O

We now turn to a specific example which shows that it is not always true that
SNCe(Xs,8Z) =1I2.

Example 5.4. Let Y = {0,1}° and for : = 1,...,6, set M; = {y € Y | y(i) =0}.
Let Z = MyNMy+ MsNMy+ MsN Mg C Y, where as usual, sum denotes symmetric
difference, and set X =Y \ Z. Let H; = XN M, for i = 1,...,6. One can check that
the subbasis H generated by these sets under complement and symmetric difference
consists of all subsets of X with 0, 16, 20 or 36 elements. Let S be the subring of
C(X,Z) generated by Z and the functions 2x,, for H € H. Then S is a Witt ring for
the group of exponent 2 with 64 elements. We claim that I3 C SN C(X,8Z).

Indeed, note that ﬂle H; = {(0,0,0,0,1,0),(0,0,0,0,0,1),(0,0,0,0,1,1)} and
consider the element

J = 8Xu, Xty Xty Xy, = X, Xty + X0, Xty — Xty 11y 1511,

2.3
(5:3) = 4Xy, Xy, T AN, Xor, — X, Xy, € SN C(X,82Z)

Suppose that f € I3. Then f can be written in the form

(54) f = 28712')(14“ XAZ'2XA2'3 (AZ] € j‘f, n; € Z) .

We set the equations (5.3) and (5.4) equal and divide by 8. Now each A;; can
be written as a sum of the generating sets H; and possibly X. Using the formula
Xars = Xa T Xz — 2X4 X5, We expand the right hand side to obtain an equation of
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the form

3 2
X Xot Xong Xty = D [ X, + 2 1] X, + D X, +6 427,
n=1 n=1

where 0 is zero or one depending on whether x, ends up in the sum and 7 is a sum
of products of characteristic functions arising from using the formula to break up
characteristic functions of symmetric differences. Modulo 2, this gives us an equation
in the Fy-vector space H

3 2
HiNHyNHsNHy =Y (VHi, +> () Hj, + > He+6X .
n=1 n=1

This equation contradicts Proposition 1.8, proving our claim.

[1]
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