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Orderings of Higher Level and Semilocal Rings

Thomas C. Craven*

Department of Mathematics University of Hawaii, Honolulu, HI 96822, USA

In [1] E. Becker develops a theory of what he calls orderings of higher level in a
field. These orderings generalize the usual notion of total ordering of a field in
such a way that one can generalize many of the usual results concerning sums of
squares in formally real fields to sums of 2"-th powers. In fact, they are subsets
of the field with some of the properties of the positive cone of a total ordering,
having the usual sort of connections with real valuations and even a theory of
“real closures.” In [3], Kleinstein and Rosenberg show that there is a natural
extension of the usual Witt ring of equivalence classes of bilinear forms over a
field to a set of “Witt rings of level n.” The Witt ring of level n has essentially the
same relationship to orderings of level n (those containing 2"-th powers) as the
usual Witt ring has to the total orderings of the field.

On the other hand, the standard concepts of Witt ring and total orderings of
a field have been extended to commutative rings with identity, most successfully
for semilocal rings, beginning with the results of [2, 6, 7]. In this case one
replaces the concept of ordering by the concept of a signature on the ring A, this
being a homomorphism from the Witt ring W(A) to the ring of integers Z.

In this paper we extend the concept of higher level orderings and Witt rings
to semilocal rings. With the appropriate definitions, the Witt ring theory carries
over immediately from [3]. Even the proofs are virtually unchanged, so that in
§1 we generally only give references to the proofs in [3]. To make this
generalization useful, §2 of the paper is spent in attempting to generalize the
theorem of Kanzaki and Kitamura [2] (for local rings) and Knebusch [5] (for
semilocal rings). This theorem says essentially that for a fixed signature, the
complement of the set of elements of 4 which one might think of as positive or
negative is a prime ideal p of A; and the signature extends uniquely to an
ordering on A(p), the quotient field of 4/p. The remarkable power of this result
is shown by its usefulness in [4, 5]. We prove the appropriate generalization for
local rings, but have only partial results for semilocal rings. In §3 of the paper
we establish a generalization of a theorem of Serre [8] on extensions of
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orderings. From this we derive extensions of the results of Artin-Schreier theory
concerning existence of “signatures of level n” and sums of 2"-th powers. In the
final section we provide some examples.

1. Witt Rings of Higher Level

Let A be a connected semilocal ring with no residue class field having 2
elements; that is, 4 is a commutative ring with 1 which has no nontrivial
idempotents and only finitely many maximal ideals m,...,m, and also
|A/m;|#2 for i=1, ..., g These are the rings for which most of the theory in the
quadratic case has been developed, with the exception of [4] where the restric-
tion on residue class fields is dropped. As closely as possible we shall follow the
notation used in [3] and [4]. In particular, we denote the group of units of 4 by
A*, write G,(A)=A*/A*?" for the group of units modulo 2"-th powers, and <{a),
for a4*?" when aeA*.

Definition 1.1. The Witt ring of level n of A, denoted W, (A), is the integral group
ring Z[G,(4)] modulo the ideal J,(A4) generated by (1>, +{(—1), and all
elements of the form

2n 1
(3 ) €, =<t +iz )
= (1= A+ 430, TT (D G2,)

whenever x and 42"+ A%"x are both in 4%
1 2

Remark 1.2. The definition of W,(A) agrees with the usual definitions in the
quadratic case (n=1) [7, Lemma 1.19] and in the field case (4 is a field; n is
arbitrary) [3, Definition 1.2].

The proof of [3, Proposition 1.3] works also for semilocal rings giving us the
following:

Proposition 1.3. For any commutative semilocal ring A having no residue class
field with 2 elements, the ring W,(A) is a Witt ring for G,(A) in the sense of [7,
Definition 3.12]. :

Remark 1.4. In [7] much of the structure theory for these rings is developed in
the general setting of quotient rings of integral group rings. The ring W,(A4)
either coincides with its torsion subgroup and has no minimal nonmaximal
prime ideals or the torsion subgroup coincides with the nilradical and the
radical of W, (A). In this latter case minimal nonmaximal prime ideals do exist.
For the Witt ring of a field, these ideals are in one-to-one correspondence with
the orderings of the field, and for a semilocal ring they correspond to the
signatures. They can also be identified with certain characters of G,(A4). To
consider these, we define €, to be the group of 2"-th roots of unity in the
complex numbers and denote the ring of integers of the cyclotomic field Q(€,)
by ,.
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Let 0: 4* €, be a homomorphism which extends to a: W,(4)— 2, ; that is,
when ¢ is extended (uniquely) to a homomorphism Z[G,(A)]->A,, its kernel
contains J,(A). We shall call ¢ a signature of level n. Let P=P(c)
=Ker(g: 4*—>€)), so that we have 4*/P=~€, for some m=<n. In this case we
shall say o is a signature of exact level m. In general, we shall speak of signatures
of higher level without specifying n. When 4 is a field, these definitions coincide
with those of [3] and in this case P(c)u{0} is called an ordering of level n [1, 3].

Note that ¢(—1)=—1 since {1),+<{—1),eJ, is in the kernel of ¢. Unlike
the quadratic case, the set P does not uniquely determine ¢ if m> 1. In fact, an
obvious modification of the proof of [3, Lemma 1.5] gives us the following:

Proposition 1.5. Given any two signatures of level n, say o, t: A*>C,, the
following conditions are equivalent :
(i) P(o)=P(7).
(1) There is an automorphism n of €, such that t=nao.
(i) Ker(a: W, (4)->U,)=Ker (t: W,(4)->A,).

Corollary 1.6. There is a one-to-one correspondence between the minimal, non-
maximal prime ideals of W,(A) and subsets P A* such that A*/P is cyclic of
order 2", m<n and the group homomorphism o: A*/P —€, <G, extends to a ring
homomorphism from W,(A) to A,

Proof. This follows immediately from the preceding proposition once one
realizes that the prime ideals in 1.5 (iii) are precisely the minimal nonmaximal
prime ideals of W,(A) [7, Lemma 3.1].

We end this section by merely stating some of the more important results
about Witt rings of level n with references to the proofs for the field case which
carry over easily to our situation. For these theorems, A4 will continue to denote
a connected semilocal ring with no residue class field having two elements.

Theorem 1.7 [3, Lemma 1.9, Proposition 1.11]. For n>m, the group surjection
G,(4)>G,(A) defined by <a),—<a), induces a unique ring surjection
@, m: Wi(A)> W, (A), with kernel generated by all elements of the form (1),

2m_1

—<{x*™y, modulo J (A), xeA* and ( Y <xi>") (K1), — A"+ 23"x>,) modulo
0
J,(A) with x and 23"+ 23" x in A*.

Theorem 1.8 [3, Corollary 1.2, Theorem 1.13]. Let n>=m and let P', B be minimal
nonmaximal prime ideals of W,(K) and W, (K), respectively. Let o': W,(K)—%,
and o: W, (K)—A,, be corresponding signatures (determined up to automorphisms
of U, and W,). Then ¢, ,.(PB)=P if and only if P(¢')=P(0).

2. Extension of Higher Level Signatures to Fields

Again we assume throughout that A4 is a connected semilocal ring having no
residue class field with two elements. Also, ¢ will always denote a signature of
higher level on A. To obtain a successful extension of the theories available in
the quadratic and field cases, we must have some way of dealing with sums of
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2"-th powers. In the field case, the set P(g) solves this since sums of 2"-th powers
are again units, unless one gets zero, in which case there are no orderings of
higher level [1, Corollary of Lemma [.2]. In the case of a semilocal ring, one
wants a subset of 4 which contains P(c) and generalizes Theorem 4.8 of [5]
where a set of Q(o) is defined such that the complement in A of Q(a)u —Q(0) is
a prime ideal p of A4, and the signature ¢ extends uniquely to a signature on
A(p).

The importance of this result is seen particularly in the fundamental role it
plays in [4] where Knebusch uses it to obtain a detailed analysis of the space of
signatures (level 1) over a semilocal ring. In this section we have an extension of
this theorem to signatures of higher level when A is a local ring. Unfortunately,
we obtain only partial results when 4 is not local.

Definition 2.1. Let ¢ be signature of exact level n. Define Q(a)={> 17" a;| 1,€A,
Y 2 A=A, a;eP(a)}.

We shall often write Q instead of Q(s) when there is no confusion about
which signature is meant. Note that P(o)=0Q (o) if A is a field and Q(o) coincides
with Knebusch’s definition if n=1 [4, 5].

Lemma 2.2. For any signature o of higher level, Q(c) is closed under addition and
multiplication. If ueQ(c)nA*, then u='€Q(o).

Proof. Assume ¢ has exact level n. Closure under addition is clear. Let Y A7"a,
and ) u?"b; be in Q. Then

QAT a)Qui"b)= Z i) (a;b)),

where a;b;eP and Zi piA=y Ay u;A=) 2, A=A, so that the product also
lies in Q. IfueQr\A*, then u='=@u~1)?"-u?"~! is again in Q.

Definition 2.3. We define K,(A4) to be the ideal of Z[G,(A4)] generated by {1,
+{—1), and all elements

2n—1

n—1
(K0~ ( 3 <alda) == GO T T+ )

i j=0
whenever x=1+) A}"a,eA*, 1,€A, a,e A*.

Remark 2.4. 1t is clear that K,(A)>J,(A4). Thus the ring R,=Z[G,(A)]/K,(4) is a
quotient ring of W,(A). In fact, all of the theorems of Sect. 1 also hold for R,, the
proofs requiring only minor modifications. Let ¢ be a signature of level n of A.
In the field case and in the quadratic case [6, Lemma 2.3], we have K, (4)
cKer(o)=Ker(o: Z[G,(A)] - A,). We show below that this is true for arbitrary
n if A is local, but we have been unable to extend this to semilocal rings. The
importance of K,(A4) is shown by the following lemma and its converses,
Corollary 2.9 and Theorem 3.5.

Lemma 2.5. If Ker(0)> K, (A), then —1¢Q(0). In particular, the existence of such
a signature ¢ implies that —1 is not a sum of 2"-th powers in A.
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Proof. Assume —1e€Q(c). Then we can write —1=Y 42"a; with a,eP(c). Thus
—2=2)J7"a; so that —1=1+Y12"a,+Y A*"a,. Taking x=—1 in the de-
finition of K ,(A4), we know that

n—1
[ €D O T T+ a5, ]

is a power of 2 since ¢({x),)=0({—1),)=—1 and ag({a;y,)=1 for each i. Hence
the image of this element in 2, is nonzero and Ker (0) DK, (A).

Given a signature o of exact level n, we have seen in §1 that A4*/P =C¢,.
Choose weA so that wP generates this group of order 2". We wish to analyze

2
the set S(0)= ) ' Q(0). If 4 is a field, we have S(¢)=A* and its complement in
i=1

A is (0). The r::sult of Kanzaki and Kitamura for local rings [2] as generalized
by Knebusch in [5] shows that for a semilocal ring with n=1, the complement

of S(6)=Qu —Q is a prime ideal. The generalization of this result is our major
goal.

Lemma 2.6. (i) If i=j (mod 2", then »'Q=w’Q.
(i) If —1¢Q, then v'Q=w’Q implies i=j(mod 2").

Proof. (i) Since w is a unit, it suffices to show that if i=0 (mod 2™, then 0'Q =0Q.
Let i=2"k. We then have

oMYA a)=Y (40Y?"a;, and Y AFa; =Y (Lo,
The condition )’ 4, 4=A4 is unchanged by multiplication by a unit, hence w'Q
=Q'

(i) Again we may assume that j=0, so that ' Q=0 and also assume i%*0
(mod 2"). Then there exists a positive integer m such that im=2"-1 (mod 2").
Therefore w*" ' Q=w™Q=Q. But —P=w>"""P, this being the only element of
order 2 in A*/P. Therefore —lew?" ' Pcw?® 'Q =0, a contradiction.

Proposition 2.7. Assume —1¢Q(). Then S(0) is a multiplicative subset of A and is
independent of the choice of w.

Proof. Assume that ¢ has exact level n. Since Q is closed under multiplication by
Lemma 2.2, the lemma above shows that S() is a multiplicative set. Now let o

be another element of 4 such that «P generates A*/P. Then aP =w'P for some
2n 2n

odd integer i. Thus, using the lemma above, we obtain | )#/Q= J 0¥Q
=1 =1

2"

= |J 0’ Q, since ij goes through all residue classes modulo 2" as Jj does.

j=1
Theorem 2.8. Let o be a signature of exact level n and assume —1¢Q(c). Then the
2"

representation S(o)= | ] 0'Q(0) is a disjoint union. That is, if i£j (mod2"), then
1

o' QN Q=0. =

Proof. Since we A*, we may assume j=0. Let xew'QNQ, %0 (mod 2"). Choose
a positive integer m such that mi=2""" (mod 2"). Then " Q = —Q since w?" ' P
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= —P, so we have x"eQn —Q. Therefore 0=x"—x"eQ, so we may write 0
=Y 1"a, where Y ,,A=A and each a,eP. For each maximal ideal m,, k

=1, ..., g there exists A, such that 4, ¢m,, since otherwise ) 4,4 =my,. For each

k=1,...,8 let y,=4"a, =— Y 47"a, By the Chinese Remainder Theorem, for
i Fik

each k=1, ..., g, we can find an element €A such that ¢, =1 modulo m, and

&,=0 modulo m; if j+k. Set z=Y & y,. We have ze A* since z=y, %0 modulo
m, for each k=1,...,g. But z= Z(a,‘/llk)z"a ———Z Y (g4)*"a; lies in Qn

¥ i
—QnA* By Lemma 2.2, the element z7'eQ, so —leQ contradicting our

original hypothesis.

Corollary 2.9. Let ¢ be a signature of level n. The following statements are
equivalent :

(i) Ker(6)>K,(A)

(i) —1¢Q(0)

(iii) Q(6)nA* =P (o).

Proof. Assume ¢ has exact level m<n. The implication (i)=>(ii) is contained in
Lemma 2.5. For (ii)=(iii), let xeQNA* not in P. Since xeA*, we have xew'P
for some i with 1<i<2™—1. Thus xeQnw'Q, contradicting the previous

theorem. For (iii)=>(i), we will show that each generator of K ,(A4) lies in Ker (o).
2'l 1

This is clear for {(1),+<—1),, so consider ({1),—<{x> )n Z aly,, where x

=1+ A"a,e A* and each q,e A*. If any a;¢P, then o (3}, (af> O since a({a;>,)
is a 2"-th root of unity other than L. OtherWISe all a;e P, and hence xeQ nA*. By
(iii) we have xeP, so a({1),—<{x),)=0.

Even stronger evidence that the kernel of every signature ¢ should contain
K,(A) is given by the next result.

Proposition 2.10. Let A be a semilocal ring in which every nonzero integer is a
unit. If —1€Q (o), then Q(o)=
Proof. Consider the following polynomial identity from [1, p. 2]:

2n—1

2H x= Z (=1 ( B 1)[(x+h)2"—h2"].

For xeA* we obtain (x+h)>"—h?"eQ for each h since A*?"<=Q. Since
(2")'eQnA*, we obtain xeQ. For an arbitrary element xeA, choose eeA4 such
that e=1 modulo m; if xem, and e=x modulo m; if x¢m;. Then x=(¢+x)
—eeA¥—A* Q.

Lemma 2.11. Let A be a local ring with maximal ideal m such that |A/m|%2. Then
every element of Q(o) either lies in P(c) or is a sum of two elements of P(c)

Proof. First we note that if a, beP and a+beA*, then a+beP. This is because
we have J,(4)<Ker (o), so that

0=c[(Y<(a" b)) K1), —{1+a~"b),)]=2"(1—a({1+a""b},).
Hence o({a+b),)=0c({a),)o({l+a='b),)=
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Now let x= ) 17"a,eQ. We shall first prove by induction on r that x is a
i=1

sum of elements of P. If r=1, then xeP. Assume r> 1. Since Y 4; A=A, we may
assume 4,€A4*. We may also assume A,em, for if no 4,em, we have a sum of
elements of P. Then A}"a,+43"a,=4{"a,(1+y), where y=(1, 17 )* (aya;").
Since A,em, we have a(1+y)=1 by again applying the fact that J.(A)c=Ker (o).
Thus 2{"a,+43"a,=23"(a,(1+y))eP and we have reduced r so that the in-
duction hypothesis implies that x is a sum of elements of P. Now write x=a,
+...+a, with each g,eP. We shall show by induction that x is a sum of two
elements of P. It clearly suffices to consider the case r=3. If a,+a,¢m, then x
=(a, +a,)+a; works, since a, +a,eP as noted above. Similarly, if a, +a,¢m,
then x=(a,+a;)+a, works. If a, +a, and a,+a, both lic in m, choose an
clement aeA such that a¢m and "+ 1¢m. (This is possible since [A/m|%2)
Then x=(a, +a;(1+o*")"")+(a, +a; «*"(1+a")~!) works since each summand
can be seen to be a unit by multiplying it by 1+ «2".

Proposition 2.12. Let A be a local ring with maximal ideal m such that |A/m|=+2.
Then for any signature o of higher level, we have —1¢Q (o).

Proof. Assume —1€Q(o). Since o(—1)= —1, we cannot have — 1€P. Therefore,
the lemma implies that —1=a+b with a, beP. But then a+beA*, so that, as
noted in the proof of the lemma, we obtain a+beP. Thus g(a+b)=1, con-
tradicting o(a+b)=0(—1)= — 1.

Combining Corollary 2.9 and Proposition 2.12, we see that all signatures
work as one would expect in the case of a local ring. Our next theorem
establishes our main result.

Theorem 2.13. Let A be a local ring with maximal ideal m such that | Ajm|=%2. Let
o be any signature of higher level on A. Then the set p, equal to the complement of
S(0) in A, is a prime ideal of A.

Proof. Assume ¢ has exact level n and let weA* such that w®" '¢P (ie. wP
generates A*/P). We shall prove the theorem in several steps.

(1) The set p is closed under multiplication by w': For otherwise, we would
have xep with w'xeS (o), hence in ' Q for some j; and then xew’ ="' Q=S(s), a
contradiction.

(2) The set p is closed under addition: Assume a, bep with a+b¢p. Then a
+bew'Q for some i. Multiplying by @~ and applying (1), we may assume a
+beQ. Since 4*=( ) w' P =S(c), we have a, hbepcm. By Lemma 2.11, there exist
elements o, «,€P such that a+b=o0, +a,. Consider x= —a, +a=a, —b. Since
x is a unit, it lies in 'P for some i. But xeP implies —a, +aeP, so that aca,
+P<Q, a contradiction. And xe — P implies o,—be—P, so that —be —a,—P
< —Q, again a contradiction. Thus we must have xew'P, where i=0,
2"~ !(mod 2"). Hence there exists a positive even integer m such that x"e — P. But
X"=(—o;+af"=o+a(—a7" ' +ay) for some yeA. Since x"e — P, the element
a(—of~'+ay)e —a7—P< —Q. Since aem, the coefficient —a7~!+ay is a unit,
hence in w’P for some j. Therefore w/ae —Q, contradicting (1).

(3) The set p is closed under multiplication by elements of A: Let ac A, bep
and assume ab¢p. Again by (1) we may assume abeQ. Since bem, so is ab, and
therefore Lemma 2.11 implies that there exist elements «,, «,€P such that ab
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=o, +a,. We consider three possibilities for a. If acA*, then acw'P for some i,
and we obtain w'beQ, contradicting (1). So we may assume aem. If a¢p, then
acw'Q for some i; and again we can combine o' with b using (1), so that we may
assume a€Q. By Lemma 2.11, there exist elements f,, f,€P such that a=f,
+pB,. Then ab=p,b+p,b=0o,+0a,. Now let x=—a,+p b=a,—f,becA* and
proceed as in (2) to obtain a contradiction. The final possibility is that aep also.
In this case we write a(b—o,)+a,(@—1)=ab—a, =0a,eP. Since a,(a—1)eA*, it
lies in ‘P for some i, and therefore a—lew'P. If i=0 (mod 2"), we obtain ael
+Pc<Q, a contradiction. If i£0, 2"~! (mod 2"), we choose a positive even integer
m so that (a—1)"e — P and proceed to a contradiction as in the latter part of (2).
The remaining possibility is that a—1e—P. But then a(b—o,)=—a,(a—1)
+0,€Q with b—a,eA* and aep, a situation we have already shown cannot
occur.

(4) By (2) and (3), the set p is an ideal of A. By Proposition 2.7, its
complement is a multiplicative set, and therefore p is a prime ideal. This
completes the proof of the theorem.

The final step is to show that the signature can be extended to A(p), the field
of fractions of A/p.

Theorem 2.14. Let A be a semilocal ring with no residue field having exactly two
elements. Let o be a signature of level n and assume that p, the complement of S(o)
in A, is a prime ideal of A. Then

() Q(0)+p=0(0)

(ii) ¢ has a unique extension to a signature t of the same exact level on A(p).
By 1 extending o, we mean that if @: W,(A)— W,(A(p)) is the homomorphism
induced by the canonical homomorphism A— A/p— A(p), then P(c)=P(z¢).

Proof. In view of Theorem 1.7, we may assume that ¢ has exact level n.

(i) Since Oep, we have —1¢Q(0), so the earlier results apply. Let aeQ and
bep. If a+b is in p, so is a, giving a contradiction. If a+bew'Q with i£0
(mod 2", then choose a positive integer m such that »'™Q = — Q. We then obtain
(a+by"=a™+ce —Q where cep, and therefore ce —a™—Q < —Q, a contradic-
tion. Thus i=0 (mod 2") and a+beQ by Lemma 2.6 and Theorem 2.8.

(i) In view of (i), we see that Q induces a corresponding subset Q of A/p
defined by a=a+peQ<acQ. We extend this to A(p) by defining
ab~'eQ<ab?"~'eQ; one easily checks that this is well defined. By [3, Proposi-
tion 1.6], it suffices to show that QU {0} is an ordering of exact level n in A(p) as
defined in [1, Theorem 1.2]; that is, we must prove the statements (iia), (iib) and
(iic) below.

(iia) Q is a subgroup of A(p)*: Closure under multiplication is easily
checked. It is also closed under taking inverses, since ab®"~'eQ if and only if
ba*"~'eQ. This statement follows from the general fact that xyeQ and yeQ
implies xeQ, since it clearly cannot be in p or »'Q for i£0 (mod 2").

(iib) 0+Q<=Q: Let a,b; 'eQ, i=1,2. Then by definition a,b?"~'€Q, i=1, 2.
Let x=a, b?"~'b3"+a,b3" ' b?". Since b, ¢p, we have b, ew’Q for some i, hence
b2"eQ. Similarly b2"€Q and therefore xeQ. Thus a, by ' +a, by '€Q.

(iic) A(p)*/Q is cyclic of order 2": Let @eA(p)*. Since A(p)**"<=Q, we may
assume acA/p. Hence aew'Q and thus ae®'Q. Using Theorem 2.8 and the
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definition of Q, we see that @'eQ implies w'eQ, which implies i=0 (mod 2").
Thus we obtain an isomorphism of A4(p)*/Q with C,.

3. Existence and Extension of Signatures of Higher Level

In this section we shall begin by generalizing a theorem of Serre [8] on
extensions of orderings. From this we shall obtain extensions of the results of
Artin and Schreier on existence of orderings and sums of squares. We begin by
making precise the notion of an extension of a signature.

Let y: 4> B be a homomorphism between two semilocal rings which satisfy
our usual conditions. Note that this includes such cases as the embedding of a
semilocal domain in its field of fractions and the mapping 4 — A(p) of Theorem
2.14, which could also be proved using the results of this section.

Definition 3.1. Let ¢ be a signature of level m of 4 and r a signature of level n of
B, with m=n. Let y: W,(4)— W,(B) be the homomorphism induced by . We
say that t is an extension of ¢ if the homomorphisms

W,(4) "5 W,(B)— A, and  W,(4)2% W, (A4)—"> 2, A

have the same kernel, where the final homomorphism carries €, to the unique
subgroup of order 2" in €,. The results of § 1 show that this is equivalent to P(o)
=1y ~'(P(1). We say that the extension is faithful if ¢ and t have the same exact
level.

This definition agrees with [1] in the case of fields. Note that there is no
reasonable sense in which ¢ could extend to a signature t of lower exact level
since ¥ induces a homomorphism

A*/P(0)—>€, »C, =B*/P(1)

and m>n implies (—1), maps to {1),. A similar argument shows that P(o)
=y~ !(P(v)) is equivalent to t(y(P(a))= 1.

Let y: A— B be a homomorphism of semilocal rings. Let n>m and let ¢ be
a signature of level m on A. Define

S,(A, By={ZA"Y(a))| 2,€B, £1;B=B, a,cP(0)}.
Note that S, (4, B) is closed under multiplication and addition.
Lemma 3.2. We have — 1€S,(A, B) if and only if 0€S, (4, B).
Proof. Since 1€8,(4, B), one direction is trivial. Conversely, assume

0=Y 22"y(a)eS, (4, B).
i=1

Then clearly r=2. If any A,eB*, then we can divide by A2"\/(a,) to obtain —1 as
an element of S, (4, B). In particular, this occurs if B is a local ring. So assume B

has maximal ideals m,, ....m, with g>1. For each i=1, ..., g, we can find an
element ¢; which lies in m; for j#i such that ¢=1 modulo m;. Since X1, B=B,
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we can find, for each k=1,...,g an element A ¢m,. Let y,=A2"Y(a,)=
— Y A"Y(a) and set

iFix
(33) z=X"y=Z(gA) " V(a,)=—) (&, 4" W (ay).
k iFix
Now we have zeB* since z=4;"(a; )30 modulo m, for each k=1, ..., g. Also

z7'eS,(A, B) since z~'=(z"')*"z2"~'. Therefore multiplying Eq.(3.3) by —z~'
gives — 1 as an element of S,(A4, B).

The next theorem is due to Serre [8] for level 1 orderings of fields and has
been extended to semilocal rings for level 1 in [6, Example 4.10]. It is apparently
new for fields as well as semilocal rings in the higher level case. The faithful case
can be found on page 49 of [1].

Theorem 3.4. Let \y: A— B be a homomorphism of connected semilocal rings with
no residue class fields having only 2 elements. Let o be a signature of exact level m
on A. The signature ¢ has an extension to a signature t of level n=2m on B with
—1¢0Q(7) if and only if 0¢S,(A, B). In particular, the signature ¢ has a faithful
extension to a signature t on B with — 1¢Q(z) if and only if 0¢S,,(A, B).

Proof. The easy direction follows from Lemma 3.2. For the converse, we assume
0¢S,(4, B). Let Q be a maximal subset of B containing S,(4, B), closed under
addition and multiplication, and not containing 0. The existence of such a set is
guaranteed by Zorn’s lemma. Let P=Q n B*. We proceed to show that this gives
rise to a signature 7 of level n in a series of steps.

(1) P is a subgroup of B*: It is clearly closed under multiplication. If beP,
then

b='=(b"""b*""'eQnB*=P.

(2) If xyeQ and yeQ, then xeQ: If x¢Q, then the maximality of Q implies
that there exist elements u, veQ such that u+vx=0. Hence O=(u+vx)y=uy
+v(xy)eQ, a contradiction.

(3) If b%€P, then beP or be— P: Since b*€P, the element b is a unit. Assume
b¢P, hence not in Q; then the maximality of Q implies there exist elements
u, veQ such that u+vb=0. Therefore v(—b)=ueQ, so we obtain —beQ by (2).
Hence be—QnB*= —P.

(4) Let k be maximal such that B* 2“¢ Q. Note that 0<k<n—1 since B¥¢Q
and B*2"=Q. Let weB* such that w**"'eP and w**¢P. Then w**e—P by (3).

2k+1

We claim B*= U o' P: Note first that i=j(mod 2**!) implies w' P =’ P since

w*"'P=P. Let beB* with b?>"eP and induct on r. If r=0, then beP. Ifr> 1, we
have (b*"~")2€P, so by (3) either b*~'eP or b*" 'e—P. Equivalently, b*" 'eP or
(@2 "b)? ' =w?*b? " 'eP. By the induction hypothesis, either b or ©**"' b
lies in () o'P, hence B*=| Jw'P.
(5) B*/P is cyclic of order 2¢*! <2" by (4). Thus we obtain a homomorphism
7: B*— (€, with kernel P and image €, ,. Extend 7 to t: Z[G,(B)] > ,. We
claim Ker(t)>K,(B) and therefore t is a signature of level n: Let x=1
+ X 12"b,eB* with each b,eB*. If all b; are in P, then xeQ"B*=P, so t({1),
2n—1

—{x),)=0. If some b;¢ P, then r( > <bj>,,)=0 since 7(¢b;»,) is a nontrivial
i=0
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2"-th root of unity. By construction t(y(P(c)))=1, so t extends ¢. This completes
the proof.

Theorem 3.5. There exists a signature o on A of level n such that Ker(s)> K, (A)
if and only if —1 is not a sum of 2"-th powers in A.

Proof. Clearly we may assume A4 has characteristic zero. Apply Lemma 3.2 and
Theorem 3.4 where y is the inclusion map into A of its unique subring generated
by 1 under addition, multiplication and inclusion of inverses when they exist in
A. This is isomorphic to a semilocal subring of the rational numbers, hence has
a unique signature and every positive element is a sum of 2"-th powers.

Corollary 3.6. Let ¢ be a signature of level n on A such that the complement of
S(o) is a prime ideal. Then —1 is not a sum of squares in A, and therefore A has a
signature of level 1.

Proof. By Theorem 2.14, the signature ¢ induces an ordering of level n on the
field A(p), where p is the complement of S(c). By [, Theorem 1.9], the element
—1 is not a sum of squares in A(p), hence it cannot be a sum of squares in A
either.

Now let X(A4) consist of all elements 242" such that X4, A=A together with
elements x such that xy=z where y and z are such sums of 2"-th powers. These
latter elements are already sums of 2"-th powers if 4 is a field. This can also be
proved for semilocal rings with n=1 by using the representation criterion for
quadratic forms [6, Theorem 4.8].

Theorem 3.7. Let A be a connected semilocal ring with no residue class field
having 2 elements. Then X(A)n A* = ﬂP(o) where g ranges over all signatures of
A of level n such that —1¢Q(o).

Proof. By Corollary 2.9, a unit which is a sum of 2"-th powers lies in every P(g).
The other elements of X(4)n A* also lie in each P(o); for if xy=z with y and z
unimodular sums of 2"-th powers, we consider 4,, the ring A localized at powers
of y. Theorem 3.4 implies that each ¢ of A has a faithful extension t on 4,. In
A,, the element x is a sum of 2"-th powers, so xe P(t) " A* = P(o).

Conversely, assume xe( ) P(0), but x is not in X(A). Let r be minimal such
that x*" is in X(A). Consider T={u—rvx?"""|u, veX(A)u {0}, but not u=v=0}.
If T<Q(o) for any o, then —x?" 'eP(0) implies — 1€P(s), a contradiction. But
T is closed under addition and multiplication and contains X(A4). If 0¢ 7T, the
proof of Theorem 3.4 shows that a maximal such set containing T is one of the
Q(0). Therefore 0e T, hence there exist u, ve X (4) such that 0=u—uvx?""". That is,
x2"'v=ueX(A), so x* 'eX(A), a contradiction of our choice of r.

4. Examples

Example 4.1. Let A=R[[x]] be the ring of formal power series in one variable
over the real numbers. Then A*/A**" is a group of order 2 since a unit in 4 is a
2"-th power if and only if its constant term is positive. Therefore W,(A)=Z for
all n and A4 has only one signature. That signature corresponds to the unique
ordering of R under Theorem 2.14.
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Example 4.2. Let A=B[[x]], where B is a connected semilocal ring in which 2 is
a unit. Then one can easily check that A*/4* 2"~ B*/B*?". The identity mapping
on B, when written B-B[[x]]—B[[x]]/xB=~B, induces the identity
W.(B)- W,(B[[x]]) - W,(B). Thus W,(B)—W,(B[[x]]) is injective and
W, (B[[x]])— W,(B) is surjective. Since both of these rings are quotient rings of
Z[G,(B)]=Z(G,(A4)], the homomorphisms are all isomorphisms. In particular, if
B is a field, the signatures of 4 are in one-to-one correspondence with the
orderings of its residue field, and the ideal p of Theorem 2.14 is always the
maximal ideal.

Example 4.3. Let A=IR[x],). the ring of polynomials in x over IR localized at
the maximal ideal generated by x. The ring A has only two prime ideals, so A(p)
is isomorphic to IR or IR (x). An ordering (of any level) of R (x) corresponds to a
valuation v on R (x) with formally real residue class field by Theorems 11 and 17
of [1, Chapter 1]. Consider first the x-adic and x~'-adic (degree) valuations. For
these, one can show that since x¢ A*, there is no possible choice for an weA*
except for a signature of level 1, and thus the induced signature on A is of level
1. This is similar to the previous examples and we have p=x4 and A(p)=1R.

Next we look at any other real valuation on IR(x), say the (x—o)-adic
valuation v, for eR*. Let & be a signature of exact level n>1 corresponding to
this valuation. Then

| f(x) S (@) S\ _one n
P(a)—{g(x—)‘f,ge]l{[x],m>0 or v, (E)—Z ! (mod 2"
and %(x—a)””“‘f/g) is negative at oc}

We obtain an induced signature ¢ on A with P(c)=A*n P(G). The element w
can be taken to be x—a€eA*. The ideal p is zero and Q(6)=ANP(6). For
example, if o >0, we have xeQ(o): Since «>" ' and —(x—a)*" ' lie in P(0), we
have o«®" '—(x—a)*" '=xf(x)eQ(s), where f(x)eA* is a polynomial with
f(2)>0; thus f(x)eP(o).

References

1. Becker, E.: Hereditarily-pythagorean fields and orderings of higher level, Monografias de Mate-
matica No. 29, Instituto de Matematica Pura e Aplicada, Rio de Janeiro, 1978

2. Kanzaki, T., Kitamura, K.: On prime ideals of a Witt ring over a local ring. Osaka J. Math. 9,
225-229 (1972)

3. Kleinstein, J., Rosenberg, A.: Witt rings of higher level. Bull. Inst. Math. Acad. Sinica 8, 353-363
(1980)

4. Knebusch, M.: On the local theory of signatures and reduced quadratic forms. To appear

5. Knebusch, M.: Real closures of commutative rings I, J. Reine Angew. Math. 274/275, 61-89 (1975)

6. Knebusch, M., Rosenberg, A., Ware, R.: Signatures on semilocal rings. J. Algebra 26, 208-250
(1973)

7. Knebusch, M., Rosenberg, A., Ware, R.: Structure of Witt rings and quotients of abelian group
rings. Amer. J. Math. 94, 119-155 (1972)

8. Serre, J.P.: Extensions de corps ordonnés. C. R. Acad. Sci. Paris 229, 576-577 (1949)

Received July 19, 1980



