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On the topological space of all orderings of a skew field

By
Tromas C. CRAVEN *)

1. Introduction. In [5] we formally define the Witt ring of a skew field by giving
a presentation for it, so that in the commutative case we obtain the usual Witt ring
of equivalence classes of symmetric nondegenerate bilinear forms (see [8]). For a
skew field which can be ordered, one then obtains a bijective correspondence between
the set of minimal prime ideals of the Witt ring and the set of all orderings. Thus the
set of all orderings of the skew field can be given the induced Zariski topology from
the prime spectrum. As for commutative fields, one obtains a compact, totally dis-
connected Hausdorff space (hereafter called a Boolean space). In [3] it is shown that
every Boolean space can be obtained as the space of orderings of some commutative
field.

In this paper we show that every Boolean space can also be obtained as the space
of orderings of a noncommutative field. In fact, we prove much more. We shall show
that any commutative field ' of characteristic different from 2 can be embedded in
a noncommutative field D such that the induced homomorphism of Witt rings
W(F)— W(D) is an isomorphism. This will be accomplished by first obtaining
results concerning the formal power series fields constructed by Mal’cev and Neu-
mann [2, 9].

Relatively little is known about ordered skew fields since they are infinite dimen-
sional over their centers. The known constructions can be found in {2]. The results
of this paper indicate that they are in some sense rather abundant since they provide
all possible spaces of orderings up to homeomorphism. The result on Witt rings
indicates that these rings may provide a useful new tool for studying skew fields.
In [5] we have shown that, for an ordered skew field, the reduced Witt ring, obtained
by factoring out the nilradical, has all the known properties of the ones obtained
from commutative fields and further, that no new isomorphism classes of rings are
obtained at least when the set of orderings is finite. For nonreduced Witt rings,
there is evidence that new isomorphism classes of Witt rings may well be obtained
from skew fields, but the problem remains open.

2. Definitions. Let D be an arbitrary skew field of characteristic different from 2.
We shall denote the multiplicative group of nonzero elements of D by DX. Write
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S(D) for the subgroup of DX consisting of all products of squares. Then §(D) is
normal in DX and D*/S(D) is abelian since each multiplicative commutator aba~1b—1
= (ab)2a?(a-2b-1)2 lies in S (D). The integral group ring of D*/S(D) will be denoted
by Z[D*%/S(D)]. Elements of the group D*/8(D) will be denoted by {(d) for d € D*.

Definition 2.1. (See [5, Section 4], [8, Chapter 2].) The Witt ring of D is the ring
W (D) defined as the quotient ring of Z[D*/S(D)] by the ideal K (D) generated by
{1> - (—1) and all elements of the form (1> - {@>)({1> — {1 + &) for d€ D,
d=0,—1..

Let X(D) denote the set of all sums of elements of S(D). Assume that D can be
ordered. This is equivalent to assuming —1 ¢ Z(D) [5, Corollary 2.7].

Definition 2.2. The reduced Witt ring of D is the quotient ring of W (D) by its
nilradical and will be denoted by Wyea (D).

Theorem 4.17 of [5] shows that Wreq(D) is equal to the quotient ring of W (D)
induced by replacing S(D) by X'(D) in the definition of W (D). The set X(D) con-
sisting of all orderings of D corresponds bijectively with the minimal spectrum of
Wrea (D) (or W (D)) and can be given the induced Zariski topology. This is equivalent
to the topology generated by a subbasis of open sets of the form

(2.3) H(d)={PeX(D)|deP} (deDx),

where P denotes the positive cone of an ordering. Furthermore, Wrea(D) can be
viewed as a subring of the ring of all continuous functions from X (D) to the integers
(with the discrete topology) by considering the image of {d) as a function giving
+1ifde Pand —1if d ¢ P. Theorem 4.15 of [5] establishes that these rings satisfy
all the general properties known for the case when D is commutative. An extensive
literature is available on their structure.

The other main concept we need is that of a formal power series field. The non-
commutative case is treated in great generality in [9]. We briefly describe the more
restricted situation given in [2, p. 20]. Let F be an arbitrary skew field and let G
be an ordered group. We denote the identity element of G by e.

Definition 2.4. The formal power series field F((G)) consists of all formal sums

p=>agg (agek)
ge@d

with well-ordered support; that is, the set
supp(¢) = {ge @ | ag == 0}

is well-ordered in the given ordering of G. ,
These formal power series are added and multiplied in the usual way: for instance,
if o= agg and y =" byg, then

(Pp)g = anbyy,
he@

which is a finite sum because the support of y is well-ordered. Detailed proofs can
be found in [9] showing that F ((G)) is again a skew field. If ¥ is ordered, then F((G))
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can be ordered in a natural way with an ordering extending the given ordering of F
and the reverse of the given ordering of G [9, Section 5], where ¢ is embedded in
F((®)) via g+> 1g. We shall generally write 1 for 1e in 7 ((G)). When F is commutative
we are able to count the number of extensions of each ordering of F in the next
section.

3. The main results. Let F be an arbitrary commutative field of characteristic
different from 2 and let G be an ordered group. Using the definitions of the previous
section, we begin by computing the Witt ring of F((G)). Let G» be the subgroup
of G consisting of all products of squares. Just as for the multiplicative group of a
skew field, we know that @ is normal in G and the quotient group is abelian. In
fact, every element of G/G» has order 2.

Theorem 3.1. With F, G and Gz as above, the Witt ring W (F((G))) is naturally
isomorphic to the group ring W (F)[G/G2].

Proof. The inclusions of ¥ and @ in F((®)) induce a group homomorphism
¥ FX[S(F) x G|G2 — F((@))*/S(F (&)

defined by ¥(a, §) = ag, for a € FX, g€ @, with G, § and ag denoting the classes
of a, g and ag modulo S(F), G> and S(F((®))), respectively. Any nonzero element
@ = ay9 in F((@)) can be written uniquely in the form
anh(l+ 2, (@5 o) (710)) = anh(t + 3 (a5 ano) 9)
g>h g>e
by choosing % to be the least element of supp (@) with respect to the ordering of G.
The last factor, 1 + Z (ay Lang) g, is a square in F((G)) by [1, Proposition 4.2], and

g>e

therefore lies in 8(F((@))). Thus the homomorphism ¥ is surjective. On the other
hand, if age S(F((#))), then, using the fact that elements of ¥ commute with
elements of & in F((G)), one can easily see that @ must lie in §(F) and g must e
in (2. Thus ¥ is an isomorphism. The map ¥’ extends to an isomorphism of integral
group rings

¥ Z[FX[8(F) X G[G2] S Z[F ()¥/S(F ()]

The domain is canonically isomorphic to (Z[F*/S(F)])[G/G>]. Let ¥, denote the
homomorphism

(ZLF*[S(F)DG[Go] = Z[F ((G)*/S(F () K (F (@) = W(F((G))) .
This is surjective since ¥ is an isomorphism. The kernel of ¥; clearly contains K (F).
Conversely, the ideal K (F((G))) is generated by (1> + (—1>, which also lies in
K(F), and elements of the form 5 = ({1> + {g>) (1> — <1 + @>). Let

¢p=ah(1 +Zagg), with a,0,eF; g,he@.

g>e .

If & > e, then 1 + ¢ is a square [1, Proposition 4.2] and (1> — (1 + ¢> = 0 = 7.
If b <e, then (@) = {ak) and {1 + ¢> = {ahd, s0 = (1> — <a2h2> = 0. Thus
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if n £= 0, we have h = ¢, so that {¢> = <(a) and (1 4 ¢) = {1 + @), and there-
fore # comes from K (F). Thus ¥; induces an isomorphism W (F)[G/Gs] = W (F ((})))-

Remark 3.2. In the proof above, we only use the hypothesis that F is com-
mutative in arguing that certain formal power series are squares. This can also be
obtained for certain noncommutative fields F (cf. [1, Section 7]).

Corollary 3.3. Let F be a commutative formally real field and G an ordered group.
(a) Wrea(F((G))) is isomorphic to the group ring Weea (F)[G/G2].

(b) Each ordering of F extends to F((G)) in |Q|Gz2| ways, where |G|Gz| denotes the
cardinality of the group G|Gs.

Proof. Part (a) follows easily from Theorem 3.1. It can also be proved directly
by the same proof with S(F) and S(F((®))) replaced by Z(F) and X (F((GF))).
Part (b) follows from (a) and an analysis of the prime ideals of Wreq(F)[G/G2] (see
(4, 7]).

Theorem 3.4. (a) Given any commutative field F of characteristic different from 2,
there exists a noncommutative field D containing F such that the induced homomorphism
W (F) — W (D) is an isomorphism.

(b) If, in addition, F is formally real, then F can be embedded in o noncommutative
field D so that Wrea (F) = Wrea(D) s an isomorphism. In particular, the mapping
X (D) — X (F) induced by restriction of orderings is a homeomorphism.

(c) Given any Boolean space X, there exists a noncommutative field D such that X (D)
2s homeomorphic to X.

Proof. For part (a) of the theorem, we can take D = F((G)) where @ is ordered,
nonabelian and 2-divisible. Then ¢ = G2 and Theorem 3.1 implies that we have
an isomorphism W(F)— W (F((G))). For the existence of such a group G, we
refer the reader to [6]. The group Ggr constructed by Dlab in [6] is nonabelian,
divisible, has a unique ordering (up to reversal) and many other interesting proper-
ties. For part (b), the same construction works for D by Corollary 3.3, with the
homeomorphism X (D) — X (F) arising from the induced mapping on the minimal
prime spectra of the Witt rings. Part (¢) follows from (b) and [3, Theorem 5] which
states that there exists a commutative field ¥ with X (¥) homeomorphic to X.

Remark 3.5. Part (c) of the theorem above can also be proved directly using the
formal power series field but not referring to Witt rings. The orderings are described
explicitly in [9, Section 5]. However, part (b) is actually a much stronger result
since it givesnot only a homeosmorphism of the spaces of orderings, but also an iso-
morphism FX/F*2 — D*/S (D) which says that the special subbasis (called the Har-
rison subbasis) described in (2.3) is also preserved. It is easy to show that this sub-
basis is closed under the operations of complementation and symmetric difference
[3, Section 3]. While the Boolean space X can be chosen arbitrarily, much stronger
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restrictions are needed on the choice of a subbasis, even when X is finite. The con-
struction given in [3, Theorem 5] and used in Theorem 3.4 (c) provides only the case
where the Harrison subbasis consists of all clopen subsets of X.
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