THE TOPOLOGICAL SPACE OF ORDERINGS OF A
RATIONAL FUNCTION FIELD

THOMAS C. CRAVEN

Given a formally real field F, its set of orderings X(F) can be topologized
to give a Boolean space (i.e., compact, Hausdorff and totally disconnected).
This topological space arises naturally from looking at the Witt ring of the
field, and has been studied by Knebusch, Rosenberg and Ware in the more
general case where F is a semilocal ring and one considers signatures rather
than orderings [7]. In this paper, the space of orderings X (¥) is investigated
in the case in which F is a rational function field. It is proved that in this case
X (F) is always perfect, which leads to a characterization of the rational function
fields for which X (F) is homeomorphic to the Cantor set. An elementary
topological proof is given for the rational function field case of a theorem dis-
covered independently by Elman, Lam and Prestel [5]; their proof involves a
long analysis of the behavior of quadratic forms. It is proved that the rational
function field F(z) satisfies the strong approximation property iff F' is heredi-
tarily euclidean, a class of fields studied in depth by Prestel and Ziegler [11].

1. Notation. All fields in this paper will be formally real; i.e., they can be
ordered in at least one way. If F is an ordered field, F will denote the real
closure of F with respect to its ordering, and F will denote the multiplicative
group of nonzero elements of F. The field F(z) will always be the rational
function field in one indeterminate x over F.

The topological space of orderings of F' will be denoted by X (F), where the
topology is generated by the subbasis consisting of all sets of the form We(a) =
{< €EX(F)|a<0}foraec F (cf. [9] or [8]). The collection of all such subsets
of X(F) will be denoted by 3¢(F) and will be called the Harrison subbasis.
When the field is clear, we shall write W(a) and 3C for We(a) and 3¢(F). Since
the complement of W(a) is W(—a), these sets are all clopen (both closed and
open). Also, W(ab) = W(a) + W(b), where + denotes symmetric difference,
since ab is negative iff a or b is negative but not both.

2. General Results. We say that F satisfies SAP (strong approximation
property, originally defined in [8]) if given any two disjoint closed sets 4,
B C X(F), there exists an element a € F such that B C W(a) and A € W(—a).
The importance of this property is that it leads to an explicit computation of
the reduced Witt ring of F [7, Cor. 3.21]. It is generally easier to use the follow-
ing equivalent forms of SAP:
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ProrositioN 1. The following conditions on a formally real field F are equiv-
alent:

(1) F satisfies SAP;

(2) 3C(F) us closed under finite intersections;

(3) 3C(F) conststs of all clopen subsets of X(F).

Proof. The equivalence of (1) and (3) is Corollary 3.21 of [7]. It is clear
that (3) implies (2). We show that (2) implies (1). Let 4, B be closed and
disjoint. Since X (F) is compact and Hausdorff, it is normal; hence there exist
disjoint open sets U, , Up such that U, 2 4 and Uz D B. Since 3¢ is closed
under finite intersections, it is a basis, so U, can be written as a union of sets
in 3¢. Since A4 is closed and thus compact, we can find a finite collection of

sets W(a1), --- , W(a,) € 3 such that A is contained in the union of W(a,),
1 =1, --- , n, which is contained in U, . Since 3¢ is closed under finite inter-
sections, the union \J; W(a,;) where ¢ = 1, --- , n can be written as a union of

2" — 1 pairwise disjoint sets W(c;). But then \U W(c;) = W(d) where d =
1 ¢; as pointed out above since the disjoint union is the same as the symmetric
difference. Then A € W(d) and B C Uz C U,* C W(—d).

If F © K are formally real fields, there is a canonical restriction mapping
p : X(K) — X (F) which restricts each ordering on K to one on F. The function
p is continuous since p (W r(a)) = Wx(a) fora & F. Thus X is a functor from
the category of formally real fields to the category of Boolean spaces and con-
tinuous mappings. We shall not need the following fact here, but it is interesting
to note that the relationship between this work and quadratic forms is that X
assigns to the field F the set of prime ideals Spec (Q ®z W (F)) with the Zariski
topology, where W (F) is the Witt ring of F, Q is the field of rational numbers,
and Z is the ring of integers [7, Lemma 3.3].

Next we look at two cases in which a field can be shown to satisfy SAP by
putting conditions on its subfields.

TaeorREM 2. Let F C K be formally real fields such that the canonical restric-
tion map p : X(K) — X(F) s injective. Assume also that F satisfies SAP. If
U C X(K) is a clopen set, then there exists an element b & F such that W (b) = U.
In particular, K satisfies SAP.

Proof. Since p is a continuous mapping from a compact space to a Hausdorff
space, p is a homeomorphism of X (K) onto Y = o(X(K)) € X (F) [14, Theorem
E, page 131]. Since U is closed, hence compact, p(U) is compact in X (F)
and clopen in the relative topology on Y. Let W be open in X(F) such that
W NY = p(U). Since F satisfies SAP, 3¢(F) is a basis for X(F), so W =
U {Wg(a) | @ € A} for some subset A C F. The set p(U) & W is compact,
so there exist @, , - , a, € A such that p(U) C Wg(a,) U -+ U Wa(a,).
Again, since F satisfies SAP, U {Wy(a,) |71 =1, --- ,n} = W) C W for
some b € F. Therefore Wy(b) N\ Y = p(U ). Since p is injective with image
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Y,wehave U = p ' (o(U)) = o '(W(b) NY) = p ' (Wr(b)) = Wk(b). Finally,
K satisfies SAP since we have shown that condition (3) of Proposition 1 holds.

THEOREM 3. Assume F is a formally real field and F = lim_, F, where {F,}
18 a collection of subfields of F, each of which satisfies SAP. Then F also satisfies
SAP.

Proof. We show that 3¢(F) is closed under finite interesctions. Leta, b & F
and consider W(a) N W(b). Since F = lim_, F, , there exists an F; containing
a and b. Since Fj satisfies SAP, we have Wg,(a) M Wgy(b) = Wp,(c) for some
element ¢ € F3 C F. Then Wr(a) N\ We(b) = ps  (Wey(a)) N ps~ (W, (b)) =
08" (Wey(@) N W e,()) = 05~ (Wry(e) = We(e), 50 we are done.

CoroLLARY 4. If every formally real finite extension of a formally real field F
satisfies SAP, then every formally real algebraic extension of F satisfies SAP.

We conclude this section with a theorem which completely describes the
structure of the Harrison subbasis in terms of the field. Recall that the weight
of a topological space is defined to be the minimum cardinality of any basis of
the space. For any set S, we denote the cardinality of S by # 8.

THEOREM 5. Let F be a formally real field, o(F) the subgroup of F consisting
of all sums of squares in F, and w the weight of X(F). For a & F, the function
a — W(a) induces a group isomorphism F/a(F) = 3¢(F) where 5¢(F) is a group
under the operation of symmetric difference. In particular, # F/o(F) = # 3e(F).
Furthermore, if X(F) is infinite, w = # 3(F) = # F/o(F).

Proof. Fora, b € F, W(a) = W(b) iff @ and b have the same sign in all
orderings of F, iff ab™" is positive in all orderings of F, iff ab™' € ¢(F) by the
Artin-Schreier theorem [1, page 35], iff @ = b in F/¢(F). Thus a — W(a)
induces a bijection F/¢(F) — 3¢(F). This mapping is a group homomorphism
since W(ab) = W(a) + W(b). Now assume X(F) is infinite, so it contains
infinitely many open sets; thus w and # 3¢(F) are both infinite. By definition,
w is less than or equal to the cardinality.of the basis & generated by 3C(F).
But # ® = # 3¢(F) since ® is obtained by finite intersections of elements of
3C(F). Now let 8 be any basis of X (F) such that # 8§ = w; let @ be the set of
all finite elements of the power set of 8. For any W & 3(F), we have W =
U 8., 8. &€ 8since W is open. Since W is closed and hence compact, W =
Ui{S. |8, &€82=1---,n}. Let Sy = {8,, ---, 8.} € @, and definea
function f : 3¢(F) — @ by f(W) = Sy . The function f is clearly injective.
Therefore # 3(F) < # @ = # 8 = w, and the theorem is proved.

COROLLARY 6. The group F/o(F) is countable if and only if X (F) is a second
countable topological space (i.e., has a countable basis).

3. Rational Function Fields: The Space of Orderings. We now restrict
ourselves to orderings of rational function fields and consider the structure of
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the spaces which arise. We begin by describing all orderings of a rational
function field over a formally real field F.

Lemma 7. Let F be a real closed field. There is a bijective correspondence
between the orderings of F(x) and subsets A C F satisfying the condition

aE A, b<a implies b E A.

The set A corresponds to the ordering of F(x) such that A is the set of elements of F
which are less than x.

Proof. See [1, Section 2, Exercise 24] or [2].

If F is not real closed, let {F, [i € I} be the set of all real closures of F con-
tained in some fixed algebraic closure F of F, one for each ordering of F indexed

by some set I. For each ¢, restriction of orderings gives a continuous map
pi : X(Fi(x)) — X (F(2)).

Lemma 8. For F as above, each p; is injective. Thus we identify X (F(x))
with a subset of X (F(x)), which is closed. The subsets X (F;(x)) are disjoint and
X(F) =V (X(F.@) | € I).

Proof. By [10, page 208], given any ordering of F, the orderings of F(z)
extending the given ordering on F extend uniquely to F,(z), where F, is the
real closure with respect to the given ordering of F. Thus p; is injective. Since
any ordering of F(x) induces some ordering on F, it is contained in X (F;(z))
for some ¢ € I; hence X(F(z)) = \J X(F.(x)). Fori = j, F, and F; induce
different orderings on F, so X(F.(x)) N\ X(F;(x)) = &. Finally, since p; is
continuous and X(F.(z)) is compact, the image of X(F.(z)) in X(F(z)) is
closed.

COROLLARY 9. Let F be a formally real field and let K = F(x).

(@) Fora,b E F, Wg(x — a) = Wg( — b)iff a = b.

(b) ¢(K) = {Wx(f) | f € Flz] and { is square free}.

(c) If F is real closed, 3¢(K) = {W(ef) | f is a square free monic polynomial
with no irreducible quadratic factors, ¢ = =+1}.

Proof. (a) follows from Lemma 7. For (b), use the fact that W(f/g) =
W ((f/9)g") = W(fg). For (c), take f € F[x] and factor it into irreducible factors
f@) =d@ — a1) -+ (@ — an)q:(x) - - g.(x) where each g; is of the form x> +
br + ¢, b® — 4¢ < 0[1, Section 2, Prop. 9]. Thusgq;(x) = (z + b/2)* + ¢ — b*/4
must always be positive and so does not affect the sign of f. The factord € F
is a square or the negative of a square so it can be changed to 1.

With Lemmas 7 and 8 we can completely describe the orderings of F(x)
whenever we know the orderings of F. In particular, we note that F(x) is
formally real whenever F is. We now put this description to use in describing
the topological space X (F(x)).
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TueorEM 10. Let F be a formally real field, F(x) the field of rational functions
in one variable over F. Then X (F(x)) is a perfect topological space; i.e., X (F(x))
has no isolated points.

Proof. First assume F is a real closed field so that, in particular, F has a
unique ordering. Let < be any ordering of F(z) andlet A = {¢a €E F | a < z}.
Assumex — a; > Ofore =1, --- ;m (le,a, € A)andxr — b; < Oforj =
1, -+ ,n (e, b; & A). We will show that there exists another ordering <’
in which each * — a, and # — b, has the same sign. Since a; < b; for all 7, j,
we can choose r € F, max (¢;) < r < min (b;). Let A(r) = {a EF |a <1}
unless this equals A;if A = {a E F|a < r},let A(r) = {a EF |a < r}.
The ordering <’ corresponding to A(r) by Lemma 7 will give each x — a;
and z — b; the same sign as <; the ordering <’ 3 < since A(r) #= A.

Now if < is an isolated point of X (F(z)), we can write {<} = MN,.," W({.),
fi € F(x), since {<} is an open set and 3¢(F(z)) is a subbasis. By Corollary
9(c), the sign of each f; is determined by the signs of a finite number of terms
of the form ¢ — a, . But then the above argument implies that we can find
another ordering giving the same sign as < to each f; and hence MN;.," W({.)
cannot contain just one point.

If F is not real closed, we can write X(F(x)) = U X (F;(z)) as in Lemma 8.
Since each X (F(z)) is perfect, so is X(F(z)), and the proof is complete.

Using Theorem 10, we can characterize the fields F for which X (F(x)) is
homeomorphic to the Cantor set. We shall denote the Cantor set by €.

TueorEm 11. Let F be a formally real field and let K = F(x). Then X(K)
18 homeomorphac to the Cantor set iff F is a countable field.

Proof. A Boolean space is homeomorphic to € iff it is perfect and second
countable [6, Cor. 2-98, Thm. 2-43 and Cor. 2-59]. By Theorem 10, the space
X (K) is perfect, so X(K) is homeomorphic to € iff X(K) is second countable.
By Corollary 6, X(K) is second countable iff K/o(K) is countable. If F is
countable, so is K [12, pp. 41-2], and thus K/o(K) is countable. Conversely,
if F is uncountable, the isomorphism of Theorem 5 implies K/o(K) is also
uncountable since Wx(x — a) = Wx(x — b) foralla £ bin F.

Example. Theorem 11 shows that X(Q(x)) but not X (R(z)) is homeomorphic
to €, even though both spaces in fact have the same cardinality: Using Lemmas
7 and 8, it is easily seen that R(z) has two orderings corresponding to each
Dedekind cut (i.e., element of R) plus the two infinite orderings (corresponding
to A = &, R). The field Q(x) has one or two orderings corresponding to each
Dedekind cut depending on whether or not the corresponding real number is
in Q, plus the two infinite orderings.

4. Rational Function Fields: Approximation Properties. In this section
we shall characterize the fields F for which F(x) satisfies SAP. We begin by
looking at the case where F is real closed.
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ProrositioN 12. Let F be a real closed field. Then F(x) satisfies SAP.

Proof. In view of Proposition 1, we need only show that 3¢(F(x)) is closed
under finite intersections, so consider W(f) M W(g). By Corollary 9(c), we
may assume f(z) = ¢ H,-_l’" x — a;),g() =d H;_l” (x — b;), wherec = =+1,
d = #1. Since f is negative iff an odd number of factors are negative, we have
W@ = Y Niaa™ W(es(x — a;)) where the union is taken over all choices of
(1, *** , €n), €& = =1 such that an odd (resp., even) number of +1’s occur if
¢ = +1 (resp.,, ¢ = —1). We also get a similar expression for W(g). Therefore,
we can write W(f) N\ W(g) as a union of (m + n)-fold intersections of sets of
the form W (e;(x — c;)). Thus we shall be done if we can show that intersections
of pairs of these sets again lie in 3¢. There are three cases, each of which follows
from a straightforward examination of the inequalities involved:
D We—a)N\WE—0b =Wk —a)ifa<bd,
Wk —0b)ifb < a.

Q) Wa—x)N\NWoH —2) =Wbd —2z)ifa < b,
W — x)if b < a.

B Wx—a)N\Whb—2)=ifa <b,W(x — a)ix — b))
ifa > b.

LemMa 13. Let F be an ordered field with real closure F, and let f € Flx],
If {(q) # 0, ¢ € F, then the following conditions are equivalent:
@) f(@ > 0;
(i) f(xr) ds positive in F(x) in the ordering corresponding to A.(q) =
{a € F|a < q} (¢n the sense of Lemma 7);
(iii) f(x) s positive in F(x) in the ordering corresponding to A_(q) =
{fa€ Fla<dq}.
Note that x — q ts positive in the ordering of (ii) and negative in the ordering of
(iii). We shall use <* to denote either of these two orderings.

Proof. Factor f over F to obtain f(z) = ¢ [[:-" @& — ) [[i-" 9i(2)
where each g; is an irreducible quadratic polynomial. Each g; is positive in
all orderings of F(z) and g;(q) > O for all ¢ € F (cf. proof of Corollary 9);
hence we may assume f(x) = ¢ [[:-1" (¢ — ;). Now ¢f(g) > 0iff ¢ < a; for
an even number of 7’s, iff £ <* a, for an even number of #’s (by definition of
the orderings denoted by <*), iff ¢f(z) = ¢* [[:-1" (¢ — @;) >* 0. Therefore,
fl@) > O iff f(x) >*O0.

Lemma 14. Let F be an ordered field with real closure F. Assume there exists
an trreducible polynomial h &€ F[x] such that h has at least two distinct roots in
F. Then F(x) does not satisfy SAP.

Proof. Let a, B be two roots of hin F, 8 < a. By Lemma 8, p : X (F(z)) —
X (F(z)) is injective. Let K = F(x) and consider Wx(x — @) € X(K). Now
assume F(z) satisfies SAP; then by Theorem 2 there exists an element f & F(x)
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such that Wx(z — o) = Wg(f). By Corollary 9(b) we may assume f & F[x]
and f is square free. Consider Lemma 13 with ¢ = «, denoting the orderings
in (ii) and (iii) by <* and <~ respectively. By definition we have <~ &
Wil — &), <" & Wi(x — «). Since Wx(x — a) = Wg({f),f>"0andf <~ 0.
By Lemma 13, if f(a) # O, then f(a) > 0 and f(a) < 0 which is impossible;
therefore, f(a) = 0.

Since « is a root of A and h is irreducible over ¥, h divides f. Therefore,
f(8) = 0. Since f is square free, /() ¢ 0. By the mean value theorem [1,
Section 2, Exercise 13], either there exists r € F, r < 8 < « such that {(r) > 0
(f/(8) < 0), or there exists r € F, 8 < r < a such that f(r) > 0 (f'(8) > 0).
In either case f(r) > 0 for some r < a. Let <, denote the ordering given by
A.(r) in (ii) of Lemma 13. Then f(z) >, 0, s0 £ — a >, 0 since W(f) =
Wg(x — ). Applying Lemma 13 to £ — a, condition (i) implies r — a > 0,
a contradiction. Therefore no such f can exist, hence F(x) does not satisfy SAP.

TrEOREM 15. Let F be a formally real field with an algebraic closure F. The
following conditions are equivalent:

(1) F(x) satisfies SAP;

(2) F has a unique ordering and each vrreducible polynomial over F has at most
one root in F, the real closure of F inside F;

(3) Gal (F/F), the Galois group of F over F, is isomorphic to a normal extension
of an abelian profinite group N with order prime to 2 by an involution 6
which maps each element of N into its tnverse.

Proof. (1) = (2). Assume F(r) satisfies SAP. Let a &€ F such that a is
positive in some ordering of F so that +/a lies in the real closure with respect
to that ordering. Lemma 14 implies > — a splits over F, so a is a square in F.
Therefore every element of F is a square or its negative is a square, so F has
a unique ordering. Lemma 14 also implies that every irreducible polynomial
over F has at most one root in 7.

(2) = (1). Assume (2) holds and set K = F(z), L = F(z), X = X(K)
and Y = X(L). Since F has a unique ordering, Lemma 8 implies the restriction
map p : Y — X is a homeomorphism. Let f be the minimal polynomial over
F for any o € F. Condition (2) implies that « is the only root of f in F, so,
factoring f over F, we obtain f(z) = (x — a) [[:-1" ¢:(x), where each ¢;(z) is
an irreducible quadratic over F. As pointed out in the proof of Corollary 9,
each ¢;(x) is positive in all orderings of L. Therefore W.(f) = Wro(z — a).
Let U be any clopen subset of X. We shall show U € 3(K), so K = F(x)
will satisfy SAP by Proposition 1. Since p is a homeomorphism, p '(U) is
a clopen subset of Y. Since L satisfies SAP by Proposition 12, we have p'(U) =
W.(9) for some g € L = F(z). By Corollary 9(c) we may assume ¢ is a poly-
nomial of the form g(x) = +]].-," (& — a.). For each ¢, let f; be the minimal
polynomial of a; over F. Then the above argument shows that W.(f;) =
Wi — o) for all 3. Thus, Wi(g) = Wo(x]]:.o" & — a.)) = Wi(xl) +
Wil —a) + - + Wil — a) = Wo(£l) + Wo(f)) + -+ + Wio(f.) =
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Wo(x£]]:-i"f.). Applying p, we obtain p(W.(9)) = U = p(W (=] L:-1" 1) =
WK(:i:Ha'uln f:) € ®(K). (2) = (3).

See [2] or [11, Satz 3.1].

Condition (2) of Theorem 15 says that F is a hereditarily euclidean field;
these fields have been studied extensively in [11]. The following generalization
of Theorem 15 has been proved independently in [5]:

TueorEM. Let K be a finite extension of a rational function field F(x); then
the following are equivalent:

(1) K satisfies SAP;

(2) F is hereditarily euclidean.

Several other equivalent conditions are also given. Unlike the proof given
here for Theorem 15, the proof of this theorem involves heavily the theory of
Pfister forms and extensions of it in [3] and [4].

Note that we can now extend half of this theorem even further by using
Theorem 3 and its corollary. We see that if K is taken to be an arbitrary algebraic
extension of F(z), then (2) still implies (1). The converse, however, is no longer
true. For example, the field K = Q@)(x* ", 3™ — z)>™, m,n = 1,2,3, --)
has a unique ordering (in which z is positive and infinitesimal) and thus satisfies
SAP. But K cannot contain any hereditarily euclidean field since v2 ¢ K.

We conclude with an example of a field which is not real closed but which
satisfies condition (3) of Theorem 15. Let R((¢)) be the field of Laurent series
in one indeterminate over the real numbers. Set F = R({))( ", n = 1, 2,
3, --+). It follows from [13, page 76] that Gal (F/F) has the proper form where 6
is the conjugation automorphism of F and N = IL,>2 2, where Z, is the additive
group of p-adic integers.

KEFERENCES

1. N. Boursaki, Algebre, Chap. 6, 2nd ed., Actualités Sci. Indust., No 1179, Hermann,

Paris, 1964.

2. T. CraveN, Witt rings and orderings of fields, Doctoral thesis, Cornell University, Ithaca,
N. Y, 1973.

3. R. Euman anp T. Y. Lawm, Pfister forms and K-theory of fields, J. Algebra, vol. 23(1972),
pp. 181-213.

4. ————, Quadratic forms over formally real fields and pythagorean fields, Amer. J. Math.,

vol. 94(1972), pp. 1155-1194.

5. R. Exman, T. Y. Lam aND A. PresTEL, On some Hasse principles over formally real fields,
Math. Z., to appear.

6. J. Hocking aNp G. Young, Topology, Reading, Mass., Addison-Wesley, 1961.

7. M. KNEBUscH, A. ROSENBERG AND R. WARE, Signatures on semilocal rings, J. Algebra,

vol. 26(1973), pp. 208-250.

8. ————, Structure of Witt rings, quotients of abelian group rings, and orderings of fields,
Bull. Amer. Math. Soc., vol. 77(1971), pp. 205-210.

9. F. LoreNz anNp J. LuicHt, Die Primideale des Wittschen Ringes, Invent. Math., vol.
10(1970), pp. 82-88.



10

11
12

13
14

ORDER RATIONALS 347

. C. Massaza, Sugli ordinamenti di un campo estensione puramente trascendente di un campo
ordinato, Rend. Mat. (6) 1(1968), pp. 202-218.

. A. PresTEL AND M. ZI1EGLER, Erblich euklidische Korper, J. Reine Angew. Math., to appear.

. B. RormaN AND G. T. KNEEBONE, The theory of sets and transfinite numbers, London,
Oldbourne, 1966.

. J. -P. SERRE, Corps Locauz, Act. Sci. Indust. 1296, Paris, Hermann, 1962.

. G. Simmons, Introduction to topology and modern analysis, New York, McGraw-Hill, 1963.

DerPARTMENT OF MatHEMATICS, UNIVERSITY OF Hawall, HoNoLuru, Hawau 96822



