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Abstract. In the setting of the Hardy spaces or the standard weighted
Bergman spaces over the unit ball in C", linear fractional composition
operators are known to behave quite rigidly in the sense that they can-
not form any nontrivial compact differences or, more generally, linear
combinations.

In this paper, in the setting of the standard weighted Bergman
spaces over the half-plane, we completely characterize bounded /compact
differences of linear fractional composition operators. Our characteri-
zation reveals that a linear fractional composition operator can pos-
sibly form a compact difference, which is a new half-plane phenome-
non due to the half-plane not being bounded. Also, we obtain neces-
sary conditions and sufficient conditions for a linear combination to be
bounded/compact. As a consequence, when the weights and exponents
of the weighted Bergman spaces are restricted to a certain range, we ob-
tain a characterization for a linear combination to be bounded/compact.
Applying our results, we provide an example showing a double differ-
ence cancelation phenomenon for linear combinations of three linear
fractional composition operators, which is yet another half-plane phe-
nomenon.
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1. Introduction

Various aspects of composition operators acting on classical function spaces
such as the Hardy spaces and the weighted Bergman spaces have been studied
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over the past several decades; we refer to monographs by Cowen-MacCluer [7]
and Shapiro [21] for an overview of the work before the mid-1990s. In partic-
ular, initiated by the isolation phenomenon on the Hardy space over the unit
disk, which was first observed by Berkson [1] and then refined by Sundberg
and Shapiro [23], the study of compact differences or, more generally, linear
combinations of composition operators has been a topic of growing interest in
the theory of composition operators; see, for example, [10, 12, 18, 23] for the
Hardy spaces and [3, 4, 11, 13, 15, 16, 17, 19, 20] for the weighted Bergman
spaces.

In the case of the weighted Bergman spaces over the unit disk, compact
differences were first characterized in general by Moorhouse [17] in terms of
a natural angular derivative cancelation property; see also [3] and [4] for ex-
tensions to the polydisk and the ball in C™. However, in a quite specialized
context, linear fractional composition operators (i.e. composition operators
induced by linear fractional maps), which were first introduced and studied
by Cowen and MacCluer [8] in several variables, are known to behave quite
rigidly on the weighted Bergman spaces over the ball in the sense that they
cannot form a nontrivial compact linear combination; see [6]. Such rigid be-
havior, when restricted to differences, was earlier observed independently in
[11] and [13]. A similar rigidity phenomenon is known to hold in the context
of the Fock-Sobolev spaces; see [2]. The purpose of the current paper is to
investigate this rigidity phenomenon, as well as related properties, for linear
fractional composition operators on the weighted Bergman spaces over the
upper half-plane.

Let H be the upper half of the complex plane C, i.e.,

H:={z€C:Imz >0}

and let S be the class of all holomorphic self-maps of H. Each ¢ € S induces
a composition operator Cy defined by

Cof=fo0d
for functions f holomorphic on H. It is clear that Cy takes the space of

holomorphic functions on H into itself.
For ao > —1, put

dAq(2) = co(Imz)* dA(z)

2%(1 . .. .
where ¢, = (%a) is a normalizing constant and A is the area measure on

H. For 0 < p < oo, we denote by AP (H) the a-weighted Bergman space
consisting of all holomorphic functions f on H such that the “norm”

1/p
14z = {/H |f|pdAa}

is finite. As is well known, each space AP (H) is a closed subspace of LP(dA,).
Thus AP (H) is a Banach space for 1 < p < oo and, in particular, A%(H) is a
Hilbert space. Also, when 0 < p < 1, the space A2 (H) is a complete metric
space under the translation-invariant metric (f, g) — ||f — g||’;lg .



Linear Fractional Composition Operators 3

As is well known, in the setting of the unit disk composition operators
are always bounded on the Hardy spaces and weighted Bergman spaces by
the Littlewood Subordination Principle. However, such boundedness is not
guaranteed any more on AP (H) due to the domain H not being bounded.
For example, it is not hard to check that the spaces AP (H) are not Mobius
invariant. In fact, Elliott and Wynn [9] obtained a characterization showing
that behavior at co of an inducing map is the key to boundedness of the
corresponding composition operator; see Theorem 2.1 in §2. Their work also
shows that no composition operator on A2 (H) is compact; see [22] for a more
general result in this direction. Quite recently, the current authors [5] studied
bounded/compact differences on AP (H). One of our results therein reveals
some new half-plane phenomena, caused by the domain H being unbounded,
that have no analogues over the unit disk. Expecting further half-plane phe-
nomena, we proceed in this paper to the investigation of bounded/compact
differences of linear fractional composition operators acting on AP (H).

We denote by S§* the class of all linear fractional self-maps of H. As is
quite elementary, S* contains Aut (H), the class of all automorphisms (=bi-
holomorphic self-maps) of H. It is known that a composition operator that
is induced by an automorphism but is not bounded behaves quite rigidly in
the sense that it cannot form a bounded difference with any other compo-
sition operator; see [5, Theorem 6.2]. Meanwhile, by Proposition 2.2 below,
the only maps in §* that induce bounded composition operators are linear
polynomials. Excluding those two extreme types of linear fractional maps,
we put

Sf:={pe 8 :¢p(c0)# 00 and ¢ ¢ Aut (H)}.
Note that every map in Sf takes the real axis R onto either a circle or a
straight line and, moreover, in the latter case, the image line must be parallel
to R. So, §f can be decomposed into the following three disjoint subclasses:

Spi={p €S :¢p(H) =ei+ H for some ¢ > 0}
S;:={p €S o(H) is a disk tangent to R}
Sii={peS: o(H) is a disk in H}.

Our results will turn out to depend on which subclasses the inducing maps
under consideration are from.

In §2 we collect some basic material that will be needed subsequently.

In §3 we obtain complete characterizations for bounded/compact differ-
ences of linear fractional composition operators. We first show that a map
¢ € S induces no compact differences and, when in addition ¢(cc) € R, no
bounded differences; see Theorem 3.6 and Theorem 3.3, respectively. We then
obtain characterizations for the remaining cases, depending on whether the
inducing maps have the same derivative at co; see Theorem 3.9 and Theorem
3.10. As is expected, our results reveal interesting new half-plane phenomena
demonstrating that the rigidity phenomenon sometimes holds and sometimes
does not, depending on three factors: (i) the subclasses to which the inducing
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maps belong; (ii) the derivatives at co of the inducing maps; and (iii) the
parameters p and «. In particular, unlike the cases of the disk and the ball,
we see that linear fractional composition operators can possibly form com-
pact differences. On the other hand, our characterizations imply another type
of rigid behavior. Namely, we show that the three notions of boundedness,
compactness and the Hilbert-Schmidt property all coincide for differences
induced by maps in SF U Sf; see Theorem 3.12 and Theorem 3.13.

In §4 we study general linear combinations of linear fractional composi-
tion operators. First, we observe behavior of inducing maps at co necessary
for boundedness and compactness, respectively. For boundedness, we show
that an inducing map involved in a bounded linear combination cannot map
oo into R; see Theorem 4.2. For compactness, we show that an inducing map
involved in a compact linear combination cannot fix co and cannot belong to
S5 see Theorem 4.3. Next, for a restricted range of parameters p and «a, we
characterize boundedness by means of a certain coefficient cancelation prop-
erty; see Theorem 4.5 and Theorem 4.6. As a consequence when p > « + 2,
we obtain a characterization for boundedness/compactness; see Corollary 4.7.
Finally, applying our results, we provide a concrete example of linear com-
binations of three linear fractional composition operators, which reveals yet
another half-plane phenomenon; see Example 4.8.

Constants. Throughout the paper we use the same letter C to denote
various positive constants which may vary at each occurrence but do not
depend on the essential parameters. Variables indicating the dependency of
constants C' will be often specified in parenthesis. For nonnegative quantities
X and Y the notation X <Y or Y 2 X means X < CY for some inessential
constant C. Similarly, we write X ~ Y if both X <Y and ¥ < X hold.

2. Preliminaries

In this section we collect some basic facts and preliminary results to be used
throughout the paper.

2.1. Bounded Composition Operators

Composition operators on the weighted Bergman spaces over the half-plane,
which are not always bounded unlike the disk case, are characterized by
Elliott and Wynn as follows.

Theorem 2.1 ([9]). Let o« > —1 and 0 < p < oo. Let ¢ € S. Then Cy is
bounded on AL, (H) if and only if p(00) = 0o and ¢'(o0) exists.

In fact the above theorem is stated in [9] only for p = 2, but remains
true for all p by the well-known Carleson measure characterization; see [5,
Theorem 2.4]. Note that the derivative condition in Theorem 2.1 is trivially
satisfied by all linear fractional self-maps of H. Thus, when applied to linear
fractional composition operators, Theorem 2.1 reduces to the next proposi-
tion.
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Proposition 2.2. Let a > —1, 0 < p < 00 and ¢ € S*. Then Cy is bounded
on AP (H) if and only if $(c0) = co.

2.2. Linear Fractional Self-maps of H

We need more information on maps in the aforementioned three subclasses
S¢. For that purpose we first recall some elementary facts. A function v €
M(H, D), the class of all biholomorphic maps taking H onto the unit disk
D, is of the form

u(z) = ETW

z—w
where w = u71(0) € H and ( is a unimodular complex number. Also, a
function v € Aut (H) is of the form

az+b
cz+d

v(z) =

where a, b, ¢, d are real coefficients with ad — be > 0.

Depending on whether the images are bounded or not, general forms
of maps in Sf can be described by means of biholomorphic maps in the
preceding paragraph. First, a map ¢ € §F U S is of the form

o(z) = alu(z) +1i] + & (i =+/—1) (2.1)

for some a > 0, u € M(H,D) and ¢ € H. In this case note ¢ € S if and
only if £ € H. On the other hand, a map ¢ € &} is of the form

d(z) =v(z) + € (2.2)

for some € > 0 and v € Aut (H) with v(c0) # oc.
In general a map ¢ € S§ can be written in the form

b =at ——
for some b € C and a,w € H determined by (2.1) or (2.2). Note that a and
b are computed by

a=¢(c0) and b= lim z[p(z) — P(c0)].

Z— 00

The limit above (when ¢(00) # c0) is often regarded as the derivative at oo
and denoted by ¢'(c0). Note ¢’(00) # 0. So, ¢ € S§ can be written as
¢'(o0)
- AT 2.
8(2) = 6(00) + 1) (23
for some w € H. In this case note ¢ € S U S if and only if w € H. Also,
note ¢’ (00) < 0 if ¢(c0) € R.
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2.3. Integrals of Kernel-type Functions
For w € H, let 7, be the function on H defined by
1
Tw(2) = —. (2.4)

zZ—Ww

We remark in passing that [iT,(2)]*"?2 is the reproducing kernel at w € H
for the space A% (H).

The proof of the next integral equality is quite elementary and thus
omitted (or see [5, Lemma 2.5]).

Lemma 2.3. Given o > —1 and s real, the equality

Ca,s .
/ 1 A (2) = (T 0) if s>0
H |z —W|* T2 00 if s<0

holds for w € H. Here, co s s a constant.

As a consequence, we have

7o € AL(H) < sp>a+2. (2.5)
Also, when sp > o + 2, we have
sp (constant) 9.6
HTw”AT; (Imw)sp_g_a ( . )
and thus
W — 0 uniformly on compact subsets of H (2.7)
Twll A2,

as w — OH. Here, H := H U {oco} and lim__ ,59(2) = 0 means that
SUPH i lg| — 0 as the compact set K C H expands to the whole of H,
or equivalently that g(z) — 0 as Imz — 0 and g(z) — 0 as |z| — occ.

2.4. Pseudohyperbolic Distance
The pseudo-hyperbolic distance p(z,w) between z,w € H is given by

Z—Ww

p(z,w) =

z—w|’
Given ¢, € S, we will use the notation
0(2) = 0, (2) = p(6(2), ¥(2)) (2.8)

for short.
The well-known Schwarz-Pick Lemma asserts

p(6(2), p(w)) < p(z,w)
for all € S and z,w € H; see [14, Theorem 2.1.1]. As the limiting version
as w — z, we have

|¢/(2)Im 2 < Tm ¢(z) (2.9)
for all z € H.
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2.5. Compact Operator

It seems better to clarify the notion of compact operators, since the spaces
under consideration are not Banach spaces when 0 < p < 1. Suppose X and
Y are topological vector spaces whose topologies are induced by complete
metrics. A continuous linear operator T : X — Y is said to be compact if the
image of every bounded sequence in X has a subsequence that converges in
Y.

We have the following convenient compactness criterion for a linear com-
bination of composition operators acting on the weighted Bergman spaces.

Lemma 2.4. Let « > —1 and 0 < p < oco. Let T be a linear combination
of composition operators and assume that T is bounded on AP, (H). Then T
is compact on AP (H) if and only if Tf, — 0 in AR(H) for any bounded
sequence {fn} in AR(H) such that f, — 0 uniformly on compact subsets of
H.

A proof can be found in [7, Proposition 3.11] for a single composition
operator over the unit disk and it can be easily modified for a linear combi-
nation over the half-plane.

2.6. Joint Carleson Measure Characterization

For a difference of composition operators there is a Carleson measure charac-
terization for boundedness/compactness. To describe it, let ¢, 1 € S. Given
o> —1 and 0 < p < oo, the so-called joint pullback measure wqy,p = Wa,p:é,0

is defined by
Wap(E) = / oP dA, —|—/ oP dA,
o~ (E) Y=1(E)

for Borel sets E C H. Here, o is the function introduced in (2.8). Note
that wg, is in fact the sum of two pullback measures (6PdA,) o ¢~ and
(oPdA,) op~1. By a standard argument one can verify

/ gy = / [9(8) + g(9)]o” dAq (2.10)
H H

for any positive Borel function g on H. The Carleson property of these
joint pullback measures characterize boundedness/compactness of Cy — Cly
on AP (H) as in the next theorem valid for inducing maps which are not
necessarily linear fractional; see [5] for more information.

In the next theorem the term locally finite means that the measure under
consideration has finite mass on each compact subset of H.

Theorem 2.5 ([5]). Let o> —1 and 0 < p < co. Let ¢, € S and assume that
Wa,p 08 locally finite. Then Cy — Cy is bounded (compact, resp.) on AP (H) if
and only if the embedding AP, (H) C LP(dw,,p) is bounded (compact, resp.).

Considering constants maps, one may check that the assumption in The-
orem 2.5 that w, )y is locally finite is essential. We also remark that Cy — Cy,
being bounded on AP (H) implies, by the Carleson measure characterization
[5, Theorem 3.3], that w, p is locally finite.
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3. Bounded/Compact Differences

In this section we study the most basic case, i.e, the case of difference. We
obtain complete characterizations for bounded/compact differences of linear
fractional composition operators. It will turn out as a special case of Theorem
4.3 in Section 4 that neither of the inducing maps in a compact difference
can fix co. Thus, in view of Proposition 2.2 and the rigidity phenomenon for
automorphisms, we may consider only the inducing linear fractional maps in
St

Before proceeding, we observe a simple condition necessary for bounded
difference. The following lemma is taken from [5, Proposition 6.4], which is
valid for arbitrary inducing maps.

Lemma 3.1. Let ¢, € S and assume that Cy — Cy is bounded on some
AP (H). Assume ¢(00) # co. Then there is a sequence {z,} C H such that
zn, — 00 nontangentially and ¢(z,) — ¥(zn) = 0 as n — oo.

When applied to linear fractional composition operators, the above
lemma reduces to the next one.

Lemma 3.2. Let ¢,¢ € Sf. If Cy — Cy is bounded on some AP (H), then
¢(00) = 1p(0).

We now proceed to characterize bounded/compact differences of compo-
sition operators induced by maps in Sf. We first show non-boundedness/non-
compactness results for the subclass S;. Note that to each map in S cor-
responds a (unique) boundary point which is mapped to a real number. We
remark in passing that such a boundary point is in fact the point at which
the given map has finite angular derivative; see [5] for the notion of angular
derivatives. It turns out that such boundary behavior is the main cause for
pathological phenomena for the class Sy.

The next theorem shows that no map in & which takes oo into R can
induce any bounded difference. In fact this result extends to general linear
combinations; see Theorem 4.2 in Section 4.

Theorem 3.3. Let ¢ € S and ¢ € Sf be distinct maps and assume ¢p(c0) € R.
Then Cy — Cy is not bounded on any AP (H).
Proof. By Lemma 3.2 we may assume ¢(o0) = 1(c0). Put by = ¢'(c0) and

by = 1)/ (00). Recall that by and by are negative real numbers, because ¢(c0) =
¥ (00) := z is real. Note from (2.3)

b
o(z)=x+ — and P(z) =14+ ——
zZ — W1 zZ — W2
for some w; € H and wy € H. We claim
o(z) = ¢ as |Rez| = oo (with Imz fixed) (3.1)

for some ¢ > 0 depending on Im z; recall that o as in (2.8) denotes the
pseudohyperbolic distance between ¢ and . Since
Im ¢(z) = —by

Im z 4+ Im w;

)

|z —w1[?
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with (3.1) granted, we see that

I S
{ mz)] o(z) = o0 as |Rez| = oo with Imz fixed

Im ¢(z

for any s > 0. Now, we conclude by [5, Theorem 4.3] that Cy — Cy is not
bounded on any A? (H).
We now prove (3.1). If wy; = wsy, then by # by and

bl — b2 bl - b2
ozl bl
|Z - w1| Z—w1 w1 - Efiul ‘bl - bzz gi

which implies (3.1). On the other hand, if w; # wq, then

7O G wa) ol )
_ |(b1 — bg)Z + bowy — bﬂlTQ|
|b12 — bQZ + bgm — b1w2| '

|b1(z — W3) — ba(z — W)

Thus, if by = by in addition, the above simplifies to

o(2) = [2iIm z 4+ (wq — w7)|

so that (3.1) holds. On the other hand, if by # b2, we have (3.1) with ¢ = 1.
This completes the proof. O

|wy — wa|

It remains to investigate the case when a map in S takes a finite bound-
ary point into R. We need the next lemma.

Lemma 3.4. Let ¢ € S and assume ¢(0) € R. Then the following statements
hold:

(a) ¢'(0) >0 and Im ¢"(0) > 0;

(b) Imé(z) _, g (0) as z — 0 along the path Im z = |Re z|;

Im z

(c) 2, g(0) + Imd’;(o) as z — 0 along the path Im z = |z|2.

Im z

Proof. Note from (2.1) that ¢ is of the form
9(z)=a (c“"_“’ﬂ) +y
Z—W

for some a > 0, w € H, y € R and a unimodular number (. Note that C“’ +1
is real, because ¢(0) is. Since (£ is unimodular, it follows that (£ = —i.
Accordingly, we have

é(2) = ai [1 -

A little manipulation yields




10 B. Choe, H. Koo and W. Smith

Note ¢'(0) = QTITQU’ > 0 and y = ¢(0). So, we obtain

¢(z) = —¢'(0 ) (0)- (3-2)

Note ¢"(0) = w and thus Im ¢”(0) = 2¢)’( )Ilfulllzu > 0. So, (a) holds. Also,
note

Imw|z|? + Im z|w|?

Im ¢(z) = ¢'(0)
This implies (b) and (c). The proof is complete. O

|z —w]?

We now extend Theorem 3.3 by showing that a map in & in general
cannot induce any compact difference. This result also extends to general
linear combinations; see Theorem 4.3 in Section 4. We first recall the next
result, which is part of [5, Theorem 4.3].

Lemma 3.5. Leta > —1 and 0 < p < oo. Let ¢, € S. If Cy — Cy is compact
on AP (H), then
(a+2)/p
Im 2 Im 2
lim + o(z) =0.
e ot " o )

Theorem 3.6. Let ¢ € S¢ and v € Sf be distinct maps. Then Cy — Cy, is not
compact on any AP (H).

Proof. We may assume ¢(oc0) = ¥(oc0) € H by Lemma 3.2 and Theorem
3.3. Since ¢ € S and ¢(c0) € H, there is a (unique) z € R such that
¢(x) € R. For simplicity assume z = 0; otherwise, consider the translated
function ¢(z + x). Put

IN'={s€H:Imz=Rez or Imz = |z|*}.
We claim

limsup o(z) > 0. (3.3)

z—0, zel’

Once this claim is granted, we see from Lemma 3.4 that

I S
[Imlzﬁ(zz)} o(z) #o(1) as z—0 along T
for any s > 0. Consequently, we conclude by Lemma 3.5 that Cy — Cy is not
compact on any AP (H).
We now prove (3.3). We split the proof into three cases:

(i) ¢(0) # ¥(0);
(i) ¢(0) = ¢(0) and ¢'(0) # ¢’(0);
(iii) ¢(0) = ¢(0) and ¢'(0) = ¢'(0).

Case (i): This case is easily treated, because
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as z — 0. In particular, (3.3) holds.
Case (ii): Since ¢(0) = ¢(0), we have

z
as z — 0. Meanwhile, along the path Rez = Im z so that z = (1 4+ ¢)Im z, we
have by Lemma 3.4

0E) —ul(s) _ o) —wl(x) 2 Imé) | ey )

z z 1+74 Im z

as z — 0. Note ¢'(0) # i1)'(0); otherwise o(2) — oo along the path under
consideration, which is impossible. It follows that

¢'(0) = ¢'(0)
7O 50 —iwo)
as z — 0 along the path Im z = Re z. Thus (3.3) holds.

>0

Case (iii): Note that a linear fractional map is completely determined by data
at a given point up to second order. Thus, ¢”(0) # 4" (0). Since ¢(0) = 1(0)
and ¢'(0) = ¢’(0), we have

#(2) —9(z) |, ¢"(0) —¢"(0)

22 2 70
as z — 0. Also, along the path Im z = |2|?, we have by Lemma 3.4
Im §(2) i " (0)

as z — 0. It follows that

o) — |2 = v
0) — 0(2) — 20lm o)
6(2) - ¥(2)

= 00— 0]+ 2m 6 (3)
. 6/(0) ~ 0" (0)
¢"(0) = ¢"(0)] + 4¢/(0) + 2Im ¢ (0)
as z — 0 along the path Im z = |z|2. Thus (3.3) holds. The proof is complete.
U

>0

In what follows we use the notation
D,(a) =D(a,r) :={z€H:|z—a| <r} (3.4)
fora € C and r > 0.

Lemma 3.7. Let r > 0 and ¢ € Sf. Then there is a constant C = C(r,¢) > 0
such that

/ [f o 8l" dAa < CIIfI%s

r

for functions f € AP (H) with o > —1 and 0 < p < 0.
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Proof. Pick w € H such that (2.3) holds. Note

#(00)|  [¢/(c0)]
o=@ = (el + [w])?

|#(2)| =
We thus have by (2.9)
nlm z < Im¢(2), z € D,(0)

where 7 := (Lﬂ(‘zol))lQ Note ¢~ 1(¢) = w + 5 ¢ . So, given f € AP (H), we

have by an elementary change-of-variables
2

1 ¢'(o0)
foolPdAs < — FEOP | —————3| d4a(€
/DT(O) | | ne /(D (0))| ©l (§—¢(00))2 ©
¢/ 2
< 2090 11,
where d > 0 is the distance between ¢(D,(0)) and ¢(oc). The proof is com-
plete. ([l

Lemma 3.8. Let o > —1 and 0 < p < 00. Let ¢ € SFUS} and {fn} be a
bounded sequence in AL (H) such that f, — 0 uniformly on compact subsets
of H. Then

lim |[frogPdAy, =0

n—00 D,.(0

for each r > 0.

In the proof below we will use a well-known submean value type in-
equality asserting that to each & > —1 corresponds a constant C = C(«) > 0
such that

C
FOP < Graam iy, zeH (35)
for functions f € AL (H), 0 < p < 0.

Proof. The case ¢ € S is clear, because ¢(H) is relatively compact in H.
So, assume ¢ € S;.. Note that ¢ has a unique singularity in R, say at =z,
because ¢(c0) € H. Fix r > 0. Given € > 0, decompose the integral under
consideration into two pieces

Iy = / o0 6P dAy = / + / (3.6)
D.(0) DA(0)ND.(z) D (O)\D.(x)

for each n.
Note that the whole image ¢(H) stays away from the real axis. Thus
#(D;(0) \ De(z)) is relatively compact in H. It follows that

/ |fnodPdAy — 0
Dr(0)\De(z)
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as n — oo (with e fixed). Meanwhile, note from (3.5)

[FsY:
[fnog(2)]P < W S ||fn”f745

for all n and z € H. Thus, setting M := sup,, ||fnl/az < 00, we obtain

/ a0 B dAy S MPA,[De(2)]
D,.(0)ND(x)

for all n and € > 0. Combining the estimates above, we obtain by (3.6)
limsup I,, S MpAa[DE(m)L
n—oo
one may check that the constant suppressed above depends only on a and
p. We now conclude the lemma by taking the limits ¢ — 0 in the right hand
side of the above. The proof is complete. (I

We now finish complete description of bounded/compact differences by
obtaining characterizations for the remaining cases which are not covered in
Theorem 3.3 and Theorem 3.6. The characterizations turn out to depend not
only on subclasses, but also on whether derivatives at oo coincide or not.
When derivatives at co do not coincide, the characterization is as follows.

Theorem 3.9. Let o > —1 and 0 < p < oo. Let ¢, € Sf be distinct maps
such that ¢’ (c0) # ¢'(00). Then the following statements are equivalent:

(a) Cyp — Cy is bounded on AP (H);

(b) ¢(o0) =1(c0) € H and p > o + 2.
If 9,9 € S US] in addition, then the above statements are also equivalent
to

(c) Cy — Cy is compact on AP (H).
Proof. We first prove that (a) implies (b) for ¢,¢ € Sf. Assume (a). Then
@(00) = ¢(o0) € H by Lemma 3.2 and Theorem 3.3. Now, since ¢(o0) =
(00) # 00, we have
z[d(2) — ¥(2)] = ¢(00) — 9’ (00) # 0
and thus

6(2) =¥ (2)| = — (3.7)

as |z| — oo. Also, as |z| — oo, we have |¢(z) — ¢(2)| = 1, because |¢(z) —
Y(z)| = 2Im ¢(c0) > 0. It follows that

o(z)  — (3.8)

as |z| = 0.

Let f € AP(H). Pick r > 0 sufficiently large so that 2|f o ¢(z)| >
|f o ¢(oc0)| for |z| > r; such an r exists by continuity. Let w 1= wq p.¢ be
the joint pullback measure induced by ¢ and 1. Note that w is locally finite,
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because Cy — Cy is bounded on AP (H) by assumption; see the remark after
Theorem 2.5. We thus have by Theorem 2.5, (2.10), and (3.8) that

dA.(2)

H\D,(0) |2[P

oo>/ 1f 0 dPa? dAq = | f 0 d(c0)]
H\D,(0)

This being true for any f € AL (H), the last integral must be finite. We thus
conclude p > a + 2, as desired. So, (b) holds.

Next, we show that (b) implies (a). So, assume (b). If ¢ € S, then there
is a (unique) real point which is mapped by ¢ to another real point, because
¢(00) € H. The same remark also applies to ¥. Choose R > 0 sufficiently
large so that Dr(0) contains all of such real point(s), if any. Then we see that
the set Q := ¢(H\ Dg(0)) Uy (H\ Dg(0)) stays away from the real axis. It
follows that

/ fod— forlPdA, <C (sup |f’|”> / 16— g dA,
H\DRr(0) Q H\DRr(0)
< ClIfIn, / 16— [P dA,
H\ 0)

for some constants C' > 0 independent of f; the second inequality comes from
(3.5) and the Cauchy Estimates. Note that the estimate (3.7) remains valid,
because ¢(c0) = (c0) € H. Now, we see from p > o + 2 that the integral
above is finite. Meanwhile, the missing integral over Dg(0) is treated exactly
by Lemma 3.7. We thus conclude (a), as required.

Now, we now further assume ¢,y € S U S} and show that (b) implies
(c). So, assume (b). Having already proved the equivalence of (a) and (b),
we see that w is locally finite as mentioned above. So, by Theorem 2.5, it
suffices to show that the embedding A (H) C LP(dw) is compact. Let {f,}
be a bounded sequence in A2 (H). By normal family argument there is a sub-
sequence { f,, } which converges pointwise to some f, a function holomorphic
on H, uniformly on compact sets of H. Note f € AP (H) by Fatou’s Lemma.
Put g; := fn, — f for each j. Now, it is sufficient to show g; — 0 in LP(dw).
By (2.10), we need to show

(3.9)

Dr(

[ (s + lay0))o” 4o =0
or equivalently by symmetry,
Iy = /ngj(¢)lpop dAy =0 (3.10)
as j — o0.

Fix any r > 0. Note that {g;} is bounded in A? (H) and g; — 0 uni-
formly on compact sets of H. Thus, since ¢ < 1, we note from Lemma 3.8

j—o0 j—o0

limsup I; = limsup/H\D ( )|gj(¢)|pap dA,.
(0
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Note that the estimate (3.8) is available, because ¢(c0) = 1(c0) by assump-
tion. Also, Im ¢ stays away from 0 because ¢ € S U S}, and so (3.5) yields
lg; 0 ¢| S M :=sup, ||g;llaz < co. Hence

dA,,
/ ‘gj o ¢|p0p dA,, g Mp/ (Z)
H\D,(0) H\D,(0) |2[?

for all j and r > 0.
Note that the last integral is finite, because p > a + 2. Combining the
estimates above, we obtain

limsup I; < Mp/ d4a(2)
j—oo H\D,(0) |2I?

for all j and r > 0; one may check that the constant suppressed above depends
only on a and p. We now conclude (3.10) by taking the limit 7 — oo in the
right hand side of the above. So, (c¢) holds. The implication (¢) = (a)
being trivial, this completes the proof of equivalences of (a), (b) and (c) for
o, € 8§ USSE. The proof is complete. O

Remarks. (1) For the implication (b) = (c¢) in the proof of Theorem
3.9 one may apply Lemma 2.4, as in the proof of Theorem 4.5 later, rather
than the joint Carleson measure characterization (Lemma 2.5).

(2) When the range p > a+2 is given as a standing hypothesis, Theorem
3.9 will be extended in the next section to general linear combinations; see
Corollary 4.7.

(3) Theorem 3.9 is a phenomenon for differences of composition oper-
ators induced by linear fractional maps. See [24, Corollary 3.9] for a related
result regarding a different class of inducing maps.

When derivatives at oo coincide, additional cancelation occurs and we
have the following characterization.

Theorem 3.10. Let o > —1 and 0 < p < co. Let ¢,9 € Sf be distinct maps
such that ¢'(c0) = ¢’ (00). Then the following statements are equivalent:

(a) Cyp — Cy is bounded on AP (H);

(b) ¢(c0) =(o0) € H and p > 242,
If ¢, € S US] in addition, then the above statements are also equivalent
to

(c) Cy — Cy is compact on AP (H).
Proof. The proof is almost the same as that of Theorem 3.9 except one
difference. We only remark the difference. When ¢(o0) = ¢(c0) € H and
@' (00) = Y’ (00) =: d # 0, we have

e — I d(wy — w3)
P(2) —P(2) d( ) (2 —wr)(2 — W2)

Z — W1 Z — Wa

for some distinct wy,ws € H. This implies

[¢(2) — ¥(2)]2° = d(w1 —W3) # 0
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as |z| = o0o. So, we have |¢(z) — ¥(2)| = ﬁ and hence

1
as |z] — oo. Now estimate (3.11), being better than (3.8), results in the
improved lower bound for p. (I

As a consequence of Theorems 3.9-3.10, we have the next corollary.

Corollary 3.11. Leta > —1, 0 < p < oo and assume p > a+2. Let ¢, € Sf
and assume ¢(00) = 1(c0) € H. Then the following statements hold:

(a) Cp — Cy is bounded on AP (H).

(b) Cy — Cy is compact on AP (H) if ¢,9 € S US}.

We now close the section with consequences of Theorems 3.9-3.10 con-
cerning Hilbert-Schmidt differences. Recall that a bounded linear operator
T on a separable Hilbert space X with an orthonormal basis {eg} is called
Hilbert-Schmidt if the norm

1/2

T msx) = D IITesl)?
8

is finite. As is well known, the value (possibly oo) of the sum on the right-
hand side of the above does not depend on the choice of orthonormal basis.
It is well known that every Hilbert-Schmidt operator is compact; see [25,
Section 6.2] for details.

Recall from Theorem 3.6 that ¢ € S can not induce a compact differ-
ence. Hence we only consider inducing maps in & US;;. It will turn out that
three notions of boundedness, compactness and the Hilbert-Schmidt property
all coincide for those types of differences.

For @ > —1, the following Hilbert-Schmidt norm estimate is proved in
[5, Theorem 7.6]:

2
Im z Imz 1"

IC¢OwI%S(Ag(H)w/H[Imd)(z)+Imw(z) o?(2)du(z)  (3.12)

for ¢,9 € S. Here, du(z) := (Imz)~2dA(z) denotes the Mobius-invariant
measure.

Theorem 3.12. Let o > —1. Let ¢, € S U S} be distinct maps such that
@' (00) # V' (00). Then the following statements are equivalent:

(a) ¢(o0) =1(o0) € H and a < 0;

(b) Cy — Cy is bounded on A% (H);

(c) Cp — Cy is compact on A2 (H);

(d) Cy — Cy is Hilbert-Schmidt on A2 (H).

Proof. We already know by Theorem 3.9 (with p = 2) that (a), (b) and (c)
are equivalent to one another. It is also clear that (d) implies (c). So, in order
to complete the proof, it suffice to show that (b) implies (d). Assume (b).
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Note that the estimate (3.8) is available. Also, since ¢, 1 € S U S;, we have
Im¢(z) 2 1 and Imp(z) = 1 for all z € H. Accordingly, we have by (3.12)

ncz—fcanzaﬁg&n)syéﬁhner402@>du@>

= / (Im 2)%0%(2) dA(z)
H

I «
5/ (Im 2)* dA(2) +/ %M(z).
D1 (0) H\D;(0) |7
The first integral of the above is clearly finite. So is the second one, because
a < 0. Thus we conclude that (d) holds, which completes the proof. (I

Similarly, when ¢’(c0) = ¢’(c0), one may use Theorem 3.10 and (3.11)
in place of Theorem 3.9 and (3.8) to conclude the next theorem.

Theorem 3.13. Let o > —1. Let ¢, € S U S} be distinct maps such that
@' (00) = Y’ (00). Then the following statements are equivalent:

(a) ¢(oc0) =1(o0) € H and a < 2;

(b) Cy — Cy is bounded on AZ%(H);
(c) Cp — Cy is compact on A2 (H);
(d) Cy — Cy is Hilbert-Schmidt on A2 (H).

4. Bounded/Compact Linear Combinations

In this section we study bounded/compact linear combinations of linear frac-
tional composition operators. Throughout the section we reserve the letter
N for the number of operators which are involved in linear combinations.

We first observe some necessary conditions for boundedness and com-
pactness. For a necessary condition for boundedness, we need a preliminary
lemma. We pause to set some notation. Put

I={weH:Imw=|w*}; (4.1)
this is a circle tangent to R at the origin. Given R > 0, put
1
Qr(w) = {z €H: Rw|* < ‘ —l—w’ < 2R|w|2}
z

for w € I' with |w| < §. Using the elementary fact that

1 , 1 R
- — A _
‘A*ﬁ RW'¢$‘+wu—mmm gy I
we see that
Qn(w) = Aog(w) \ Ag(w) (42)

where

1 R
A =D |- ;
)= (G gy )
recall that D(-,-) denotes the set defined in (3.4).
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Note —% = Rew for w € I'. So, the imaginary part of the “top”

Iw\2

point of Ag(w) is equal to Thus, setting

W-
~ R—-1
AQR('LU) = {Z S AQR(U/) :Im 2z 2 1—R2|’uj|2}’
we have N
AQR(’LU) - QR(U/) - A2R(w).
When ¢ € H is fixed, this yields

— 1
A, |9 ~ RoT?

as R — oo; the constants suppressed here are independent of w.

(4.3)

In what follows the notation w - 0 means w — 0 along the circle T'.
Recall that 7,, denotes the test function defined in (2.4).

Lemma 4.1. Let o > —1 and 0 < p < co. For distinct points wy, ..., wy € H,
put ¥j(z) = — for each j. Let A\1,...,Axy € C\ {0} and t > %‘2.
Then to each R > 0 sufficiently large corresponds a constant C' > 0 such that

N
ZA]-CW;(Z) > el z € Qrp(w) + w7

r
as w — 0.

Proof. Let R > 1 be a large number to be specified later. For w € T with
|w| < %, note

QR(w) + w7 = {z € H: Rlw|® < |[¢1(2) — | < 2R|w|*} . (4.4)
So, we have
2
Jé;(z) ’ < v ;Zﬁlwl?’ = % +2fw| < % (4.5)
for z € Qg(w) -Hﬂ
Since 1171] — E =w; —w;y =: §; for each j, we have
1 G 1+ 1

Y —w 1—@(%4@3) e

so that

L 14 0(ue) () wmer
t t &
(Vi(z) —w)"  (¥1(2) — ) < 1/’110)

for z € Qr(w) +wy. Now, taking the sum over j and setting

93 (1-sga)
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we obtain

N
SHOEDS

W s of (™
W -m) (e -w)

(2), z € Qpr(w) +wy
(4.6)

where S == 3" | ;0.

In order to estimate |F'(z)|, we need some notation. Recall that §;’s are
all distinct. Thus the determinant of the corresponding Vandermonde matrix
is nonzero, and so the vectors (1,¢;, f,...,gjv—l), 1 < j < N, are linearly
independent. Since A; # 0 for each j, we see that there exists a smallest
integer L > 0 such that

N
5= N&f#0.

=1
Put

L
E(\) := ﬁ - ;(;N, Al <1, (4.7)

where ¢; = ¢,(t) are the Taylor coefficients of the function (1 — \)~*. Put

N

E(\
My := sup % <oo and Mii=3 \liglt
0<|AI<L Al J

We now consider R so large that

R> 6Mo My and R > 6max|{;|.
|Bler i
Note from (4.5)
§wii(z) | _ 3l&1 _ 1 _
< <= Q
ek R

for each j. Also, note
_ 1) \* Ny GT(R)
F(z) = Ber (wl(z) _w> +Y NE <wj1(z) _w) :

Accordingly, for z € Qr(w) 4+ Wy, we obtain

wn(z) |* wy(z) |7
e > e [ - aoan [ EHE
w1 (2) g _ 3MoM,
> e[| (- Tw) oo
Blex, | @i () |"
= wl(z)—w’
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In addition, we have
- 2 3
() | P 2R L L
P1(2) —w 2R|w|? 2R 6R

for z € Qr(w) + wy with |w| < ﬁ. Combining the last two estimates, we
obtain

|Bler
F >
for z € Qr(w) + Wy with |w| < 3. This, together with (4.6), yields
1 1

157, (2) z € Qp(w) + w1

>
2 e ol © R

as w - 0. This is the desired estimate, with the constant C > (2R)~?%; the
proof is complete. O

Note that the restrictions ¢;(00) # oo in the next theorem cause no loss
of generality by Theorem 2.1. Also, note that this result contains Theorem
3.3 as a special case.

Theorem 4.2. Let a > —1 and 0 < p < oo. Let ¢1,..., N € S8* be distinct
maps such that 1;(c0) # oo for all j. For A\,...,An € C\ {0}, assume that

E;VZI A;Cy,; is bounded on AL (H). Then ¢;(o0) € H for all j.
Proof. Suppose not. We will derive a contradiction. We may assume a :=
Y1(o0) € R. Put
Q:={j:¢j(c0) =a}.
For j € Q, put b; := =1 (00). Then
bj

Z*U.)j

Yi(2) = a—
for some w; € H. Note b; > 0. Now set

Qr={j€Q:bj=0b} and Q2:=Q\Q1.

Notice that Q; # 0 since 1 € Q1, but Q2 = () is possible. Set ¥(z) = b1z + a.
Then, recalling that ¢« € R and b1 > 0, Cy is invertible on AE(H) with

C,Lzl = Cy-1. Let Jj =1~ o1);, and

N

Jj=1 JEQk
for k=1,2. N
Note that S is bounded on A% (H), because S is. Note also that
- ¢j bj
; = — h i =-=>0
¥ (2) P where ¢; )

for j € Q. Also, ¢; =1 for j € Q1.
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Pick t > @ and put
fw =170, wel
for short; recall that T is the circle specified in (4.1). Note from (2.5) and
(2.6) that we have f,, € AE(H) with

1 1

I fullfyr = ——
& (Imw)tp o ‘w|2(tp—a—2)

for w € I'. We now show how the operators §1, §2 and S — (§1 + 52) act on
these test functions f,.

First, we consider §1. Note that the w;’s with j € @ are distinct,
since the maps 1; are assumed to be distinct. Now pick a large number

R = R(wy) > 0 provided by Lemma 4.1 (applied to functions ij’s). We may
further assume that estimate (4.3) holds. Then, by Lemma 4.1, we have

1 ~

lim —— 13, fulP d Ao = oo
o 1wl Jo wr

w—0 wil AP r(w)+w1

Next, we consider Ss. Let j € Q2. Note that (4.4) remains valid when
1y is replaced by ;. Thus, for 2z € Qg (w) + Wy, we have

~‘ e Cj
"(/JJ(Z) w‘ ij—i—w’
> Cj—l _ 1 L] — Cj _ Cj
Tz —w1 2 — Wi z—wj 2 — Wi
sl opp o __Glwi—wl (4.8)
|z — w1 |(z — 1) (2 — wy)|

In conjunction with this, we note from (4.2) that |w||z — wy| stays bounded

(by some positive constant depending on R) as w L 0 with z € Qp (w) +w7.
Also ¢; # 1 for j € @2, and hence estimate (4.8) yields a constant C' > 0,
independent of w, such that

‘Jj(z)—ﬁ‘20|w|, z € Qp(w) +wy
as w — 0. Since this is true for each Jj € @2, we obtain

= 1
Sefu@)| S 2 € nlw) +

as w - 0; the constant suppressed here is independent of w. This, together
with (4.3), yields

~ p
lim ngw’ dAs < |w\tp—2(o‘+2) =0;
r

7 )
who Ifulle Jor @) +wr
recall that tp > 2(« + 2) by our choice of t.
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Finally, we consider S — (gl + gg) For j ¢ @ we have 1;(00) # a, and
SO fi © Jj remains bounded on Qg(w) + Wy as w L5 0. Hence, recalling (4.3)
again, we see that

(S8 — 8] fu| dan =0.

tm o |
m ——
w50 ”fw”ig Qg (w)+wr

It follows from these observations that S is not bounded on AP (H), which is
the contradiction we sought. The proof is complete. (I

For compactness we have the next necessary condition. It is quite in-
teresting to see from (a) of the next result and Theorem 2.1 that, as far as
linear fractional composition operators are concerned, only unbounded ones
can form a compact linear combination; this is not the case if the inducing
maps are not necessarily linear fractional; see [5, Example 5.1].

Theorem 4.3. Let o > —1 and 0 < p < oo. For distinct maps ¢1,...,Yn € S*
and Ay, ..., An € C\ {0}, assume that Z;vzl A;Cy, is compact on A¥(H).
Then the following statements hold:

(a) 1j(00) # oo for all j;
(b) @; ¢ SF for all 5.

Proof. We first prove (a). Suppose not. We will derive a contradiction. For
each j with ¢;(00) = oo we put a; =: ¢}(0) > 0 and b; = v;(0) € H so that

%(Z) =a;z + bj'
We may assume 1 (00) = oo without loss of generality. Put
Q :={j:1j(00) =00 and a; =ai}.

Pick s > "T'fQ and consider test functions

1
PE=r = ey
for positive integers n. Note
[fallaz = Ifillag < oo

for all n. Also, note that f,, — 0 uniformly on compact subsets of H. Now,
we claim that there is a number € > 0 such that

N
/ |SfalPdAq > € where S:=> X;Cy, (4.9)
H =
for all large n. This is impossible by compactness of T, which will complete
the proof of (a) once (4.9) is established.
For the proof of (4.9), consider j ¢ Q. First, when 1;(c0) # oo, it is

clear that
|fow(n—1—0(1)
nO T @) il T\
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as |z| = oo and n — oo. Next, consider the case ¢;(c0) = co. Note

. . a; a;
|¥j(2) + n+il = |ajz+bj +i+ Ln+ (1J>n
a1 aq
aj .
>|1——=|n—ajlz—x,| —|bj +1
a
where z,, = —;’—1. Since a; # a1, it follows that

1

fnozpj(z)|:(’)<ns), z € Dy(xy,)

as n — co. Combining these estimates, we obtain

1
[, Sewsron=o()

) j¢Q
as n — oo; note Ay[D1(xy)] = Ao[D1(x1)] for all n. Now, this yields

/ |an|pdAaz/ T f.PdA,
H Dl(xn)

:/D Z)\j(fnowj) dA04+O(1)

o) [jeQ
:/ FIP dA, + o(1) (4.10)
D1(0)

as n — co where \
. J
F(z):= JGZQ (Gt b, 1
Note that the b;’s with j € @ are all distinct, because the 1);’s are. Thus
F cannot be identically zero. So, we conclude (4.9) by (4.10), as claimed,
completing the proof of (a).

We now turn to the proof of (b). As above, we assume that the con-
clusion fails and will derive a contradiction. To describe our test functions,
we need some preliminary observations. To begin with, we assume this time
1 € 8¢ without loss of generality. Note 11 (c0) € H by (a) and Theorem
4.2. Note also that compactness of the given operator is invariant under the
horizontal translations. So, we may also assume 1 (0) = 0 for simplicity (as
in the proof of Theorem 3.5). This time we put

Q:={j:4;(0) = 0}
so that 1 € Q. For each j € @ note that ¢;(H) is a disk tangent to R at 0

and hence ¢;(H) = D, (ir;) for some r; > 0. By the proof of Lemma 3.4 we
have

[45(0)]?

Ty

¥5(0) >0 and Imej(0) = >0 (4.11)
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for each j € Q. Thus, for j € @Q, setting

C_Re@) . m[0)
J 9 y] Ha ) )
we have
Re;(s) = ¢}(0)s + ;55" + O(s%) (4.12)
and
Im;(s) = y;5% + O(s%) (4.13)
for s € (0,1) sufficiently small. In particular, we get
Imap;(s
372]() — (4.14)

as s = 0. Put
y=miny; and Q,:={je€Q:y; =y}.
JjeQ
Also, put
r=maxr; and Qu,:={j€Qy:r; =r}
]er
Since a linear fractional map is completely determined by data up to second
order at a given point, we see that
T # T
whenever j, k € Q, , and j # k. Accordingly, we may further assume 1 € @ ,
and
T1 > Tj (415)
for j € Qy,r with j # 1.
We now introduce our test functions. For ¢ > O‘TTQ to be specified later,
put
ot
— 1 (s)
||Tf¢1(s) ||Ag
for s € (0,1). Note from Lemma 2.4 and (2.7)
ITf 1 (s)llaz — 0 (4.16)

as s — 0. Here, T := Z;VZI AjCy,. We will show that this in fact fails to
hold, which is the contradiction we seek.
Put w; := 1;(s) for simplicity. We claim there is some € > 0 such that

fil’l(s)

‘wﬂ'_wl >1+3, jeQ\{1} (4.17)

wj; — wq

for all s sufficiently small. In order to prove this, we consider three cases

separately; (i) j € Q\ Qy, (i) 7 € Qy \ Qy,» and (iii) j € @, \ {1}.
First, consider Case (i). In this case we have by (4.13)

Im (w; —w1) = (y; —y) s> + O(s”) (4.18)
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as s — 0. Now, since

wj; — wq LW — Wy

= 1 —
wy, — Wy 9Im wy
we obtain by (4.14) and (4.18)
Re (Wiz @i\ _,_Tm(w—w) g5
wy — W 2Im wq 2y

(4.19)

as s — 0. Note that the last expression is positive, because j € Q \ @,. So,
(4.17) holds for a suitable choice of € > 0. Next, consider Case (ii). In this
case we have by (4.11)

Y;(0) = \/2rjy and r; <.
It follows from (4.12) and (4.13) that
wj — W1 = \/2y(/75 — Vr)s + O(s?),
which, together with (4.14), yields

w,; — Wy
27 S x

w1 — Wy
as s — 0. This implies (4.17) with any choice of € > 0. Finally, consider Case
(iii). In this case note from (4.11)

¥;(0) = /2ry and Imj(0) = 2y.
We thus have by (4.12) and (4.13) again
w; —wy = (zj; — 11)s% + O(s*),

which, together with (4.14) and (4.19), yields

e (757
2y
as s — 0. Thus we see from (4.15) that (4.17) holds for a suitable choice of
€ > 0, completing the proof of (4.17).
Now, using (4.17), we proceed to the lower pointwise estimate of |T f,, |

over suitably chosen sets. Put
§:=2 max v3(0)

’wj—wl

w1 — w1

JEQ\{1}
and
1 1
=ming =, ———— ¢ - 4.20
vimmin {5 o7 | (420
For each j # 1, we claim
1 1

Tws 09 (2)] < T, - e 2€ Dyens2(3) (4.21)

for all s sufficiently small. Note that this is clear for j ¢ @, because 1,(0) # 0.
So, assume j € Q \ {1}. Note

[¥j(z) = (s) < bz —sl,  JeQ\{1}
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for all z and s sufficiently close to 0. For such z and s, we have
[95(2) = Wil = |w; — W] = |1 (2) — ()| = [w; —wi] — 6]z — s
and hence by (4.17)
|45 (2) — w1

|wy — 7|

w; — Wy zZ—35 zZ—35

> (4.22)

wi; — w1

_5’

Zl+3€—(5‘

w1 — W1 w1 — W1

Meanwhile, for z € Dy,s2(s), note from (4.14)

_ 2
z : < yensf L
w1 — Wq |U}1 — ’lU1| 2
as s — 0. We thus have by (4.22)
w >1+43c—den>1+2¢,  2€ Dyeyea(s)

for all s sufficiently small; the last inequality holds by (4.20). So, (4.21) holds,
as asserted.
On the other hand, for j = 1, we claim

1 1
w > : )
‘T 1 Owl(z)| - 1+€ |u)1 _m|

2 € Dyeps2(5) (4.23)

for all s sufficiently small. Let z € Dy,s2(s) for s sufficiently small. Since

[1(2) — Pu(s)| < 205 (0)]z — 5| < 294 (0)yens?,
we have

P1(2) — i(s)

wy — Wy

< 201 (0)yens’
Im w1

— 291 (0)en

as s — 0. It follows that

Yi(z) —wr
w1 — Wy
the last inequality holds by (4.20). So, (4.23) holds, as asserted.

Having established estimates in (4.21) and (4.23), we are now ready to
show that (4.16) fails to hold. Let z € D,.,s2(s) with s sufficiently small.
Using the original notation 1(s), rather than w;, we have by (4.21) and
(4.23)

<1+ <1+491(0)en < 1+¢

’%(2) - Y1(s)

778, ()] 2 |arh, 0 81(2)] = D Aoty 0 85(2)]
j#1

(1+¢)t (1—|—e>t
> —— | |\| = i
- a(s) = va(s)lf RN jzsﬁ;' /

Thus, choosing t so large that

T+e)’ | A1

A< =

<1+2e> Z' i< =5
J#1
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we have
1+4¢€)7HA 1
T7y, () ()] = ( ; Ad] -
[91(s) — 1 (s)]
and hence by (2.6) and (4.14)
1 1
Tty (2P > -~ . 4.24
| fd)l( )( )| |1/)1(8)71/11(8)‘0‘+2 52(at2) ( )

This holds for z € D,e,s2(s) with s sufficiently small. Now, integrating both
sides of (4.24) over D,.,s2(s) against the measure dA,, we obtain

Aa[D € 52(5)}

yena
for all s sufficiently small; one may check that the constants suppressed in
these estimates are independent of s. This is a contradiction to (4.16). The
proof is complete. (I

We now turn to sufficient conditions for bounded/compact linear com-
binations. In view of Theorem 4.3 and Theorem 4.2, we may restrict the
inducing maps to the class Sf. We pause to introduce some notation to be
used in the rest of the section.

Let ¢1, ¢, ..., ¢n be distinct maps in Sf. We decompose the index set
J:={1,2,..., N} into a disjoint union

J= 6 T
v=1

where sets J, are the equivalent classes induced by the equivalence relation
~ on J defined by j ~ k if and only if ¢;(c0) = ¢i(c0). By (2.3) there are
points w; € H such that

65(2) = 8y(00) + 2

Z — Wy

for each j € J. Given Ay,..., Ay € C\ {0}, we put

N
T:=> XCy, (4.25)
j=1

for short.
For nonnegative integers n, k and ¢, let ¢, ¢ be the coefficients deter-
mined by the identity

I4+z+---+ w")é = Z Cn;k,ﬂk- (4.26)
k=0

Note cp;10 =0 for £ > 1 and ¢y = 0 for k > ¢n. Finally, put
Ey:={(0,0)}
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and

En:={(0,0)}U{(k,0): k+€<n,k#n,l+0}.

for positive integers n. These sets are specified so that ¢, ¢ # 0 for (k,¢) €
E,.
In the next lemma ~, denotes the common value of ¢;(00)’s for j € J,.

Lemma 4.4. Let « > —1, 0 < p < o0 and n be a nonnegative integer. For
distinct maps ¢1, d2, ..., on € S§ with ¢j(c0) € H for all j, let T be as in
(4.25). Then

(ICE Y Zf@ )Y 6ol m | i

(kL)EE, ¢ j€J,

1
+ [1fllaz O <|Z|"“)

for f € A2 (H) as |z| — oo. The “big Oh” factor above is independent of f.

Proof. Let f € AP (H). Let |z| be sufficiently large so that |w;| < |z| for all j.
For each j, put a; := ¢;(c0) and b; := ¢’;(c0) for short. Then each ¢; admits
series representation

which yields
bj wj L
=0 =25 (% )+ () 20
In terms of the coefficients introduced in (4.26), we have by (4.27)

(65(2) ~ 0;)' = (b)e i:w (“’)k +0 (s )

for each ¢ > 0. Recall a; € H for all j by assumption. Thus, considering the
Taylor expansion of f near a;, we obtain

fod(z Z f (2) = a;)" + O (| flaz |65(2) — as"™*Y)

f“) ‘& w;\" 171l az
-3 ( )2 (7) +o()

_ fO(ay) bjus" 11 a2

(k,0)€En
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One may check that the constant suppressed in the big oh estimates above is
independent of f. Also, the factor || f[|4» comes from (3.5) and the Cauchy
Estimates. Now, summing up these estimates, we obtain

N
Cnk, — 1 ”f” 4
Tf(z)= > % > O (a)Ab5ws" W+O(|Znil ;
I\ =

(k,0)€EE,

which implies the lemma. U

Now, based on Lemma 4.4, we introduce the following coefficient can-
celation property of order n:

Z A (00)]w;* =0 for all (k) € E, and 1<v<m. (CCP,)
Jjedy
This coefficient cancelation properties will play an essential role below in our
boundedness/compactness characterizations of 7. Note that the restrictions

¢j(00) € H in the next two theorems cause no loss of generality by Theorem
4.2.

Theorem 4.5. Let a > —1, 0 < p < 0o and n be a nonnegative integer such
that p > g—ﬁ For distinct maps ¢1,¢2,...,¢0n € Sf with ¢;(c00) € H for
all j, let T be as in (4.25). Assume (CCP,,). Then the following statements

hold:
(a) T is bounded on A2 (H);
(b) Moreover, T is compact on AP (H) when ¢; € S US;: for all j.

Proof. Let f € AE(H). By (CCP,,) and Lemma 4.4 there are constants C > 0
and R > 0, independent of f, such that

1/ 1].az,

|Z‘n+1 ’

Tf(z) <C 2| > R

and hence

dA,(2)
p < P p . .
/H oo ITf(2)|P dAa(z) < CP|| fI%s /H o) PO (4.28)
Note that the last integral is finite, because p(n+ 1) > a + 2 by assumption.
So, we conclude (a) by Lemma 3.7.

Now, assume ¢; € SF U Sy, for all j. To establish compactness of T', we
use Lemma 2.4. Let {f,} be a bounded sequence in AP (H) which converges
to 0 uniformly on compact subsets of H. Put M := sup,, || f, || 4z < co. Note
that (4.28) remains true when R is replaced by any r > R. Thus, for » > R,
we have by Lemma 3.8

timsup [ (14,27 dAu(z) = limsup [ 15,27 dAu()
H H\D,(0)

< C”M”/ L(zf;
H\D, (0) |2[P("+1)
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This being true for all » > R, we take the limit » — oo and obtain

lim / T (=) dAa(z) = 0

n— o0 H

so that (b) holds. The proof is complete. O

The converse also holds when the parameter p is restricted to a certain
range as in the next theorem.

Theorem 4.6. Let a > —1, 0 < p < 0o and n be a nonnegative integer such
that O‘+2 <p< a+2 . For dzstmct maps ¢1, ¢a, ..., on € Sf with ¢;(c0) € H
for all], let T be as in (4.25). If T is bounded on AP (H), then (CCP,,) holds.

Proof. Since p(n+ 1) > a+ 2 and T is bounded on A? (H) by assumption,
we see from Lemma 4.4 that the function

Cn - 1
Z k.l Zf ’Yu)ZAjbﬁwjk o where bj:qﬁ;(oo)

(k,0)EE,, ¢ jeEJ,

is LP-integrable near co against the measure dA, for any f € AP (H). For
n = 0, note that this function is constant and thus must be trivial. Also, for
n > 1, note that the functions ﬁ with (k,£) € E,, are not LP-integrable
near oo against the measure dA,, because pn < « + 2 by assumption. So,
the function above again must be trivial. Accordingly, we see that all the
coefficients must vanish. Recall ¢,,..¢ # 0 for (k,¢) € E,,. It follows that

ST rOm) Y Nbwt =0, (k) eE

v=1 JjeJ,
for any f € AL (H). Now, apply this equality to the function f := 73 where
we H and s > a—”. Then the resulting equality simplifies to

bk _
S S0 ks
v=1 j€du
This being true for all w € H, we conclude that (CCP,,) holds, as required.
The proof is complete. O

For n = 0, note that the ranges for p in Theorem 4.5 and Theorem
4.6 coincide. So, one may combine those two theorems with Theorem 4.2 to
obtain the next result. Note that this result, when p > « + 2, together with
Theorem 4.3(b), provides a complete characterization for bounded/compact
linear combinations.

Corollary 4.7. Let a > —1, 0 < p < 0o and assume p > « + 2. For distinct
maps ¢1,...,on € Sf, let T be as in (4.25). Then the following statements
are equivalent:

(a) T is bounded on AP (H);

(b) (CCPy) holds and ¢;(c0) € H for all j.

If ¢; € S8 US) for all j, then the above statements are also equivalent to
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(¢) T is compact on AP (H).

We provide a concrete example for linear combinations of three compo-
sition operators. One may also construct various examples of general linear
combinations. Furthermore, the next example reveals a new half-plane phe-
nomenon whose disk analogue is not available. In fact it shows (for ‘%2 <
p < a+2) the so-called “double cancelation phenomenon” on the half-plane,
meaning that a difference of two noncompact differences involving exactly
three distinct composition operators is possibly compact. Such double can-
celation phenomenon is not possible in the disk setting; see [15].

Example 4.8. Consider functions ¢1 € S} and ¢z, p3 € S given by

. 2 o1 .3
¢1(Z):l—m, ¢2(Z):Z_; and ¢3(2):Z_;
Then the following statements hold:

(a) Cyp, — Cy, and Cy, — Cy, are bounded/compact on AP (H) if and only
ifp>a+2.
(b) 2Cy, — Cy, — Cy, is compact on AL(H) for p > 252,

Proof. Note ¢;(00) = i for j = 1,2,3. Meanwhile, we have ¢/ (c0) = 2,
@h(00) = 1, and ¢%(c0) = 3. Thus (a) holds by Theorem 3.9 and (b) holds
by Theorem 4.5 with n = 1. O

We now close the paper with the next remark.

Remarks. (1) One may also use Corollary 3.11 to prove the implications
(b) = (a) and (b) = (c) in Corollary 4.7. To see it, decompose

m
T=>T,
v=1
where

T,/ = Z )\jC¢j
j€Jy
for each v. Assume (CCPy), i.e., 3 ;. ; A; = 0. Since coefficients A; are all
nonzero, it follows that each J, contains at least two elements. Thus, each
T, can be written in the form

T, = Z )‘jf(Cdﬁj - Cti?e)
jled,
for some coefficients Aj,. Now, since p > a+2 by assumption, we see that each
T, is bounded on AE (H) by Corollary 3.11(a). In addition, when ¢; € SFUS;:
for all 7, note from Corollary 3.11(b) that each T}, is compact on AL (H).
(2) The condition (CCP,,) consists of many relations between coeffi-
cients. Thus, the order n has a certain limit depending on N, the given

number of distinct inducing maps. For example, one may easily see n < 1 for
N = 2. One may also check n < 2 for N = 3.
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(3) As was mentioned before the example, Example 4.8 exhibits a half-
plane phenomenon of double cancelation that is not possible in the disk set-
ting, where all composition operators are bounded. It turns out that this
double cancelation phenomenon is not possible, either, in the half-plane set-
ting if all the composition operators involved are assumed to be bounded; see
[24, Theorem 3.5.].

Acknowledgement. We thank the referee for his/her drawing our attention
to the reference [24].
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