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ABSTRACT. Let H= {z € C : Imz > 0} be the upper half plane, and denote
by LP(R), 1 < p < o0, the usual Lebesgue space of functions on the real line R.
We define two “composition operators” acting on LP(R) induced by a Borel
function ¢ : R — H, by first taking either the Poisson or Borel extension of f €
LP(R) to a function on H, then composing with ¢ and taking vertical limits.
Classical omposition operators, induced by holomorphic functions and acting
on the Hardy spaces HP(H) of holomorphic functions, correspond to a special
case. Our main results provide characterizations of when the operators we
introduce are bounded or compact on LP(R), 1 < p < co. The characterization
for the case 1 < p < oo is independent of p and the same for the Poisson and
the Borel extensions. The case p = 1 is quite different.

1. INTRODUCTION

In 1990 D. Sarason [15] introduced the viewpoint of composition operators with
holomorphic symbols as integral operators acting on spaces of functions defined
on the unit circle T. Namely, for a holomorphic self-map ¢ of the unit disk D of
the complex plane C, Sarason introduced an operator which maps an integrable
function f on T to a function defined on T by taking the Poisson transform of f,
composing with ¢, and then taking radial limits. When restricted to the Hardy
spaces, every such operator turns out to coincide with the classical composition
operator with symbol ¢. Also, every such operator turns out to be L'-bounded,
and problems such as characterizing when the operator is L'-compact were studied
by Sarason.

In a recent paper [3] the current authors extended Sarason’s idea to the setting of
higher dimensional complex balls and generalized it in two significant ways. First,
four natural integral transforms including the Poisson transform are considered.
Second, holomorphic symbol functions were extended to general ones. In this paper
we study the analogues of such generalizations of Sarason’s idea in the setting of
the half-plane.

Due to the half-plane H := {z € C : Imz > 0} being unbounded, there are
significant differences between the theory of composition operators acting in that
setting and the theory in the setting of complex balls. For example, in the setting of
complex balls composition operators induced by constants are bounded, and even
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compact. In contrast, a composition operator induced by a constant symbol is un-
bounded in the setting of H, since non-zero constant functions are not integrable
over R. More generally, the holomorphic symbols of classical composition oper-
ators that are bounded on the Hardy spaces of H are characterized by the rigid
requirements that they must map infinity to infinity and have finite angular deriva-
tive there, and none of these operators are compact; see [12] or [8]. The generalized
composition operators we define are not subject to such rigid requirements. Rather,
the theory we develop parallels the theory in [3] of the corresponding operators on
complex balls; in particular there are rich families of bounded and compact opera-
tors. We note, however, that even though the theory in the setting of H is similar
to that on complex balls, new methods are required due to H being unbounded.

We begin with some background needed to define the operators. We denote by
S(H) the class of all Borel functions

(1.1) ¢:R—H suchthat p,lr < m.

Here and throughout the paper, m is the Lebesgue measure on the real line R,
Ke|r is the restriction to R of the pullback measure p, := m o ! defined by
po(E) = m[p~Y(E)] for Borel sets E C H. This pullback measure naturally
appears in the measure theoretic change of variables; see Section 2.5.

We consider two natural integral transforms against the reproducing kernels K°
and K" defined by

1 1
Kb t) i = — - = v —1
(1) 2m t—z (@ )
and
KP(at) = K (2 t) + KO(20) = = 2
T 7 ’ T |z —t?

for (z,t) € Hx R. The kernel K°, often referred to as the Borel kernel (see Section
2.3), is the reproducing kernel of the Hardy spaces over H (see [7, Theorem 11.8])
and K" is the well-known Poisson kernel. Associated with these kernels are the
Borel transform or the Poisson transform given by

(1.2) F7(2) = /R FOKT (20 dt, =€ H

for functions f € LP(R), 1 < p < o0, and o € {b, h}.
As is well known, each function f € LP(R), 1 < p < oo, is recovered m-a.e. by
the vertical limits of its Poisson transform, i.e.,

(1.3) lim /" (2 + yi) = /(=)

at m-almost every € R. Also is well known that f° has vertical limits at m-almost
every point of R; see Section 2.3. We now use these vertical limits to extend the
definition of f? up to the boundary. More explicitly, we define

(1.4) fo(z) = hﬂ} fo(z + yi), zcH
y
for o € {b, h}. Note that f7 is holomorphic or harmonic on H, but is defined m-a.e.

on R. We also note that when f is real valued, f° corresponds to the imaginary
part of the classical Hilbert transform of f; see Section 2.3.
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For ¢ € S(H) and o € {b,h}, we now define Sarason’s composition operator Sg
with symbol ¢ by

Sof=[f70¢p

for functions f € LP(R), 1 < p < oo. This is clearly well defined, because f°
remains the same even if f is altered on an m-null set. Also, it should be remarked
that this defines SZ f off an m-null set on R. To see this, notice that from (1.4) we
have

S f(x) = lim £ (p(z) +yi), z€R,

and this limit exists precisely when f has a vertical limit at ¢(z). Thus, denoting
by E2 C R the m-null set where f fails to have a vertical limit, we see that S¢ f has
been defined at points z € R\ ¢ !(E). Since E is a p,-null set by the assumption
(1.1) of absolute continuity, Sgf has been defined m-a.e. on R. When ¢ is the
boundary function of a holomorphic self-map H, both S} and S} acting on the
Hardy spaces coincide with the classical composition operator associated with ¢;
see Section 2.6.

Our first result is to characterize L'-boundedness/compactness of the operators.
To state it we introduce an auxiliary function. Namely, using the extended kernels
described in Section 2.1, we define

A (2) = 7 (z,0())|h, z€H

where
H:=HU {cc}

is the one-point compactification of H. Here and in what follows, || - ||, denotes
the LP-norm with respect to the measure m on R. This function is well defined,
because each 7 (z,¢(-)) with z € R is a Borel function defined on R off the
m-null set =" ({z}). Also, note A ;(cc) = 0, because .# (00, ) = 0 by definition.

The next theorem is our characterization for p = 1. In fact the space L'(R) in
the next theorem can be expanded to the space of all complex Borel measures on
R; see Theorems 3.1 and 3.9.

Theorem 1.1. Let ¢ € S(H) and o € {b,h}. Then the following statements hold:
(a) 87 is bounded on L'(R) if and only if A7, is bounded on H;
(b) S is compact on L*(R) if and only if A7 | € C(H).

In case of holomorphic symbols(more precisely, symbols that are boundary func-
tions of holomorphic self-maps of H), we obtain two additional L'-characterizations
for the operators associated with the Poisson kernel; see Theorems 5.1 and 5.5 in
Section 5. In this regard, we mention an interesting comparison to the theory with
holomorphic symbols on the disk. In contrast to the setting of H, boundedness was
not an issue in the setting of the disk, since the disk analogue of S’J, is bounded
on L(T) for every holomorphic . The comparison regarding compactness, on the
other hand, is reversed. In the setting of the half-plane, S:; is not compact on L*(R)
for any holomorphic symbol ¢, while L'(T)-compactness of its disk analogue was
an interesting question studied in [15] by Sarason in the setting of the disk.

Our second result is to characterize LP-boundedness/compactness, 1 < p < oo,
of the operators. It turns out that the characterizations for 1 < p < oo are quite



4 B. CHOE, H. KOO, AND W. SMITH

o

different from the case p = 1. We also need auxiliary functions A7, ,

p, defined by

depending on

Aol = TR Gl

The next theorem is our characterization for 1 < p < oco. In fact bounded-
ness/compactness of S7 on LP(R) is independent of o € {b,h} and p € (1, 00); see
the more detailed Theorems 4.5 and 4.6. In what follows we denote by Co(H) the

class of all continuous functions on H that continuously extend to H and vanish on
OH =R U {o0}.

Theorem 1.2. Let ¢ € S(H), 0 € {b,h} and 1 < p < co. Then the following
statements hold:

(a) Sg is bounded on LP(R) if and only if AZ, , is bounded on H;
(b) S is compact on LP(R) if and only if A7, , € Co(ﬁ),

z € H.

Note that the operator Sg has natural several-variable extensions based on the
Poisson kernels of the higher dimensional half-spaces. We remark that our results
above for the case ¢ = h also extend to such higher dimensional settings by essen-
tially the same arguments.

The rest of the paper is organized as follows: In Section 2 we collect some
general background material that we need later. In Section 3 we prove expanded
versions of L'-characterizations including the action of the operators on the space
of all complex Borel measures on R; see Theorems 3.1 and 3.9. We also observe
several consequences and exhibit related examples. In Section 4 we prove more
detailed versions of LP-characterizations; see Theorems 4.5 and 4.6. Also, ap-
plying our characterizations, we show that L!-boundedness/compactness implies
LP-boundedness/compactness; see Corollary 4.2. However, the converse of this
implication fails; an explicit example is included.

In Section 5 consideration is restricted to symbols ¢ given by the boundary
function of a holomorphic self map of H. For such ¢, we give two alternate charac-
terizations of when SZ is bounded on L!(R) and show that this happens if and only
if the ordinary composition operator C, is bounded on the Hardy space H LH).

Constants. Throughout the paper we use the same letter C' to denote positive
constants which may vary at each occurrence but do not depend on the essential
parameters. Variables indicating the dependency of constants C' will be sometimes
specified inside parentheses. For nonnegative quantities X and Y the notation
X SYorY 2 X means X < CY for some inessential constant C. Similarly, we
write X =Y if both X <Y and Y < X hold.

2. PRELIMINARIES

In this section we collect some basic notions and related facts for later use.

2.1. Extended Kernels. For each w € H, we denote by (-, w) the extended

Borel kernel, which is the Borel transform of K®(w, -). By the reproducing property
of the Borel kernel, we have
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for z,w € H. Similarly, we denote by #"(-,w) the ertended Poisson kernel, which
is the Poisson transform of K"(w,-). It is easily checked that

K (zw) = < M

T |z—1

for z,w € H. o
Let o € {b, h}. Note that £ 7 continuously extends to the points (z,w) € Hx H

with z # w. Thus, defining
H(z,00):=0 and H#(co,w):=0

for z,w € H, we sce that .# is now defined and continuous on (H x H)\ A. Here,
A denotes the diagonal of R x R where R := R U {oco}. We will use the same
notation J£°? for such a continuous extension.

We mention some simple but useful properties for easier references later. First,
we note

(2.1) H (2 + iy, w) = H(z,w +iy)
for y > 0 and z,w € H. Next, we note

(2.2) H (2, w) = 2Re [ A (2, w)]
for (z,w) € (H x H) \ A. Finally, setting

(2.3) Py = K"(w,-)

for w € H, we note

(2.4) PS(z) = 27 (z,w)

for z € H. In fact, for ¢ = h, this holds by definition. Meanwhile, for o = b,
this holds by the fact that P?(z) is precisely the Poisson transform at w of the
holomorphic function K°(z,-).

2.2. Harmonic Hardy spaces. For 1 < p < oo, the harmonic Hardy space h?(H)
is defined to be the Banach space of all harmonic functions v on H such that

[ul[nr = sup [Juy[l, < oo
y>0

where wu,(z) = u(z + yi). Note that the well-known LP-Hardy space over H, usu-
ally denoted by HP(H), is the closed subspace of h?(H) consisting of holomorphic
functions in h?(H).

As is well known, the harmonic Hardy spaces can be isometrically identified with
the space of all complex Borel measures on R or the Lebesgue spaces over R by
means of the Poisson transform P. To be more precise, let M (R) be the Banach

space of all complex Borel measures normed by the total variation norm || - ||as.
Then

(2.5) P:M(R) — h'(H) is a surjective isometry

and

(2.6) P:LP(R) — hP’(H) is a surjective isometry

for 1 < p < oo; see, for example, [1, Theorem 7.17].
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2.3. Borel transform. For f € LP(R), 1 < p < oo, the function

fo(z) = /Oo fOK® (2, 1) dt, zecH

is holomorphic on H and is often called the Borel transform of f in the literature;
see [6, Section 3.8]. As it turns out, the limit

1;% /_O;f(t)lm (K (z + yi, t)] dt

exists at m-almost every x € R for f € L*(R) and the map taking f € L*(R) to
the limit above turns out to be the well-known Hilbert transform (up to a constant
factor); see [6, Section 3.8]. Thus, when 1 < p < o0, it follows from LP-boundedness
of the Hilbert transform that the Borel transform takes LP(R) boundedly into
(actually onto) HP(H); this fails for p = 1, since the Hilbert transform is not
bounded on L!'(R).

Let H?(R), 1 < p < o0, be the space of all functions f € L?(R) such that

I A (V)

- dt =0 for Imz<0.
2mi J_t— 2

For f € HP(R), the above integral with Im z > 0 represents a function in H?(H)
whose boundary function is f; see [7, Section 11.4]. It follows that the spaces
HP(R) and HP(H) are isometrically identified via the Borel (or Poisson) transform
and the vertical limiting process.

2.4. Carleson measures. For 1 < p < oo, put
LV(H) := HP(H) and L7 (H):= hP’(H).
We will freely identify functions in L} (H) and L} (H) with their boundary functions
in H?(R) and LP(R), respectively.
Let 0 € {b,h} and u be a positive Borel measure on H. We say that u is a
L2 -Carleson measure if there exists some constant C' > 0 such that

(2.7) /ﬁ PP dp < Clflle. € IR(H).

That is, p is an LP2-Carleson measure if and only if the embedding L2(H) C LP(u)
is bounded. If, in addition, this embedding is compact, then we say that u is a
compact LP-Carleson measure. Clearly, h?-Carleson measures are all HP-Carleson
measures. The converse also holds by the fact that

Ifllp < ClRe fllp,  f € HP(R)

for some C' = C(p) > 0, which is a consequence of LP-boundedness of the Hilbert
transform. Thus the notions of L?-Carleson measures do not depend on o.

We now recall characterizations for hP-Carleson measures in terms of the Car-
leson sets

(2.8) Ds(z):={z€H : |z — x| <}

defined for x € R and § > 0. Associated with these Carleson sets are two quantities

Ms(p) = = Sggu[l?;ss(vc)]



SARASON’S COMPOSITION OPERATOR 7

and
M(p) : = sup My ().
6>0
As is well known, hP-Carleson measures are characterized as follows:
e u is an hP-Carleson measure <= M (u) < oo.
Moreover, when this is the case, we have

h||P
Hf ||LP(M)
1£15»

where the supremum is taken over all nonzero functions f € h?(H); the constants
suppressed in this estimate depend only on p. For measures supported on H, one
may find a proof of these statements in [9, Theorem 1.5.6] and its proof. Extension
to the measures on H is standard, as in the case of the ball (see [4, Theorem?.35]).
Furthermore, when p is an hP-Carleson measure, its compactness is characterized
as follows:

(2.9) M(p1) ~ sup

e 1 is a compact hP-Carleson measure <= M;(u) — 0as § J 0.
To see this one may easily modify the proof of [9, Theorem 1.5.6]. As a consequence,
the notions of (compact) L2-Carleson measures do not even depend on p.
Finally, for the Hardy spaces, we remark that the (compact) HP-Carleson mea-
sure characterizations above extend to the range 0 < p < 1; see [9, Theorem 1.3.9].

2.5. Pullback measures. For ¢ € S(H), recall that u, denotes the pullback

measure m o ¢~ ! on H. Use of a change-of-variable formula from measure theory
([10, p.163]) shows that

[ rota)ds = [ hw)dugfw)

for positive Borel functions h on H. For example, given o € {b,h} and 1 < p < o0,
we have

(2.10) 17 (2, 0 () 2 = /ﬁ A () P dpp(w), 2 €H
and
(2.11) 153 £|12 = /ﬁ 7 )P dpalw)

for functions f € LP(R).
When 1 < p < 00, note from (2.11) that S7 is bounded (respectively compact)
on LP(R) if and only if p, is a (compact) L2-Carleson measure.

2.6. Composition operators. We now show that Sarason’s composition opera-
tors induced by the boundary functions of holomorphic self-maps of H, acting on
Hardy spaces, reduce to ordinary composition operators. Given a complex function
g on H and z € H, we will use the notation

*(z) =limg(z +1
9" (2) ng( y)

whenever this limit exists. Also, we denote by S,(H) the class of all holomorphic
self-maps of H. Given ® € S,(H), we denote by Cg the composition operator given
by

Cog=go®
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for holomorphic functions g on H.

For ® € S,(H), we first note ¢ := ®* satisfies (1.1), and so ¢ € S(H). The
corresponding statement for self-maps of the unit disk is [15, Lemma 2], and this
can be easily transferred to our setting of self-maps of H. So, identifying ® with
®*, we see that S, (H) is naturally embedded into S(H).

The disk analogue of the next proposition is well known; see [4, Proposition
2.25].

Proposition 2.1. Let 0 < p < oo and & € S,(H). Put ¢ = &*. Then g* o p =
(go®)* m-a.e. on R for g € H?(H).

Proof. Let ¢ € HP(H). Fix a Riemann map 7 of the unit disk D onto H. Since
¢ has a harmonic majorant by [7, Theorem 11.1], g o 7 is an HP-function on D.
It follows from the well-known theory of Nevanlinna class functions that g o7 is a
quotient of bounded holomorphic functions on D. Thus g is a quotient of bounded
holomorphic functions on H. Now, one may imitate the proof of [4, Proposition
2.25] over D, depending on the Lindel6f Theorem, to conclude the proposition. O

Now, for ¢ = ®* with ® € S,(H), we have (S7g*) = (Cag)* for o € {b,h} and
functions ¢ € HP?(H), 1 < p < oo, by Proposition 2.1. This shows that Sarason’s

composition operators SZ and Sf,, when acting on the Hardy spaces HP(R), are

equal and can be identified with the ordinary composition operator Cg.

2.7. Miscellany. For later reference, we mention an elementary result (see, for
example, [13, p. 90] or [11, Lemma 3.17]) from real analysis that will be used
repeatedly, following the approaches of [3] and [15].

Lemma 2.2. Let v be a positive measure on a set Q. Let g € L'(v) and {g,} be
a sequence in L'(v) such that g, — g v-a.e. on Q. Then ||gnlr1) — ll9llLre) if
and only if g, — g in L'(v).

Finally, we set some notation. We put
[[Allg := sup A(2)
zeH
for a nonnegative function A on H. Also, given a bounded linear operator S taking
a Banach space X into another Banach space Y, we denote by
1] x—y
the operator norm of S. We put
1S1x = (1Sl x-x

for simplicity.
3. L'-CHARACTERIZATIONS

In this section we prove a strengthened version of Theorem 1.1 including bound-
edness/compactness on M(R), observe some consequences and provide some ex-
amples.

Before proceeding, we set some notation relevant to M(R). Given 7 € M(R)

and o € {b,h}, we denote by 77 the (harmonic or holomorphic) function on H
defined by

77(2) = /jo K7 (2,1) dr(t)
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for z € H. As in the case of functions, it is well known that 7%, and hence 7" as

well, has vertical limits m-a.e. on R; see [6, Proposition 10.4.1]. So, we may extend
7% to H\ E, where F C R is an m-null set, by defining

(3.1) 79(z) = im 77 (2 + iy)
30

for € H\ E. Now, for ¢ € S(H), we define on R\ p~1(E)
Sor =17 0.

Notice that ¢~!(E) is an m-null set by (1.1), so S77 has been defined m-a.e. This
definition, of course, agrees with the earlier one when dr = f dm for f € L*(R).

We first prove the boundedness part. In the course of the proof we also obtain
the precise operator norms, as in the next theorem.

Theorem 3.1. Let ¢ € S(H) and o € {b,h}. Then the following statements are
equivalent:

(a) S7: M(R) — L'(R) is bounded;
(b) 87 is bounded on L'(R);
(c) AZ , is bounded on H.

©,
Moreover, the operator norms satisfy
1521 ®)—rr) = 192121 () = IAG 1 [[1-

Proof. The implication (a) = (b) is clear. We now prove the implication (b) =
(c). Assume that SZ is bounded on L'(R). Let z € H. Choosing P, = K"(z,-) as
a test function, we have by (2.4)

(3.2) SIP. =7 (z,0()).
Now, since ||P,|j; = 1, integration on R yields
ISg NIz ry = 1S5 P:ll = 7 (2,0()) Il = AG 1 (2)-
This being true for arbitrary z € H, we conclude
(3.3) ”S;”Ll(R) > [|AG 1],

as required.
Finally, we prove the implication (c) = (a). Assume that AZ ; is bounded on
H. Let 7 € M(R). Note from (3.1), (2.1) and (1.1)

oo

(3.4) (77 0 )(x) = lim A (p(x),t + iy) dr(t)

yl0 J_

at m-almost every « € R. So, we have by Fatou’s Lemma and Fubini’s Theorem

1557 = /ﬁ 7 () dug(z)  (by (2.11))
<timint [~ { [ 17t i) | dirie)

= lim inf / AZ L (t+iy)dr|(t)  (by (2.10))

< [IAZ 1 [exll7 (s
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Since this holds for every 7 € M(R), we conclude that S7 : M(R) — L'(R) is
bounded with norm estimate
(3.5) 152 sy () < AT 4]

This completes the proof of equivalences of (a), (b) and (c).
Since [|SZ||z1®) < [1S2]la(R)—11(R), the operator norm equalities hold by (3.3)
and (3.5). The proof is complete. O

H-

For ¢ € S(H) and € > 0, note that ¢ + ei € S(H), because fi,4ei|r is the zero
measure. As a consequence of Theorem 3.1, we obtain the next corollary.

Corollary 3.2. Let o € S(H) and o € {b,h}. If S is bounded on L*(R), then so
is 87 for each € > 0. Moreover, ||S7, ;llL1(r) increases to ||S || (r) as € 0.

w+ei
Proof. Note from (2.1)

(3.6) AG (2 +ei) = A7 1(2)
for all z € H. Thus ||A7, ; ;|/m is increasing as € | 0 and
(3.7) leifg ||A$+a,1||H < ||A$;,1||H-

Meanwhile, we have by (3.6) and Fatou’s Lemma

A7 (2) < lirg%nf A7 yein(2)
for all z € H. This implies that the inequality in (3.7) can be reversed. So, the
corollary holds by Theorem 3.1. O

Note from (2.2) that A |, < 2/\?971 on H. So, we also have the following corollary
of Theorem 3.1.

Corollary 3.3. Let ¢ € S(H). If Sf; is bounded on L'(R), then so is SZ, More-
over, Sty wr) < 21881 (r)-

Certainly, the converse of the above corollary fails. For example, take ¢ = id,
the identity function on R. Note from (1.3) that SZi is the identity operator on
L*(R). On the other hand, S?, is the Borel transform followed by the vertical
limiting process, which is not bounded on L'(R), as was mentioned in Section 2.3.
In fact we have the following necessary condition for L'-boundedness of Sf;,.

Corollary 3.4. Let p € S(H). If SS, is bounded on L*(R), then u,(R) = 0.

Proof. Tt is easily seen from Fatou’s Lemma that
Afo,1(x) < ||Ai)o,1HH

for all x € R. Thus, for any R > 0, we have

R
SRIAL s > / ALy
1 (B oy dt
[ g
2m —R foo|90(x)_t|
> L/ / Ldm,
27 J(r) J—oo lp(x) — 1
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where E(R) = [-R,R] N ¢ }(R). Noting that the inner integral of the above
diverges for each x € E(R), when SY is bounded on L'(R) it follows from Theorem
3.1 that m[E(R)] = 0. Since this holds for all R > 0, the proof is complete. O

Corollary 3.5. Let ¢ € S(H) and o € {b,h}. If p(R) is contained in a compact
subset of H, then S is not bounded on L'(R).

Proof. Suppose that ¢(R) is contained in a compact subset of H. Choose positive
numbers € and R such that |p(z)] < R and Im ¢(x) > € for all z € R. Now, since

h(o(x). 2 :Im¢($)+1mz ¢tlmz
K (90( )s ) lo(z) =22 — (R+|2])2

for all x € R and z € H, we see that Af/‘,71 is identically co on H. Thus the corollary
holds by Theorem 3.1 and Corollary 3.3. O

We now proceed to the investigation of when the operators under consideration
are compact on L'(R).

Lemma 3.6. Let ¢ € S(H) and assume Agyl(zo) < oo at some zp € H. Then
pp(K) < oo for any compact set K C H.

Proof. Setting
E.(2) ={weH: |w—7| <rlmz}

for r > 1 and z € H, we have

polEr(2)] _ / dpg (w)
Er(2)

Im 2 Im z
Imz+Imw
<[ metlnw, )
/E,.(z) (Im z)? ’
< 7r? Az, w)dpg (w).
Er(2)
This yields
ol Eo(2)]
Tme <™ AG)
for all » > 1 and z € H. This implies the lemma. (I

Lemma 3.7. Let ¢ € S(H) and 0 € {b,h}. Assume p(R) C H + €i for some
€ > 0. Also, assume AZ |r € L*(R) and A7 |r is continuous at co. Then
T . 1 ;

Sg: M(R) — L*(R) is compact.

Proof. Let {7} be a sequence in M(R) with [|74x|[»s < 1 for all n. To show S
is compact, we need to show that there is an L'-norm convergent subsequence of
{Sgrk}. By passing to a subsequence if necessary we may assume that 75, weak-star
converges (in the topology of the dual of Cy(R)) to some 7 € M (R) with ||7||ar < 1.
Note K?(z,-) € Cp(R) for each z € H. Thus we see from the weak-star convergence
that 77 — 77 pointwise on H. Also, note from the assumption ¢(R) C H+ €i that
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Sgmi(x) = 77 (p(x)) and SZ7(z) = 77(p(x)) for all € R. It follows from Fatou’s
Lemma and Fubini’s Theorem that

lim /OO K (p(z),t) drg(t)| dx

o0 o0
/ 77 0 ¢l dm = /
— 00 — oo |00

< lim inf A7 1 (t) dri(t)
k—o0 oo ’

oo

< liminf |75 ar[[AG 1 R |lo
k—o0
< [|AZ 1R lloo-

In particular, we have 77 o ¢ € L'(R) by the assumption that A7 ;|r € L™(R).
Now, in order to complete the proof, it suffices to show

(3.8) 152 (Te = 7)1 =0

as k — oo.
We now proceed to the proof of (3.8). First, we note

17 (2, )loo < on R

7lm z

so that

lrellar _ 1
mlmz — wlmz

7 (2) <

for all k and z € H. This implies that {77} is a normal family of harmonic or
holomorphic functions. Thus, by passing to another subsequence if necessary, we
see that 77 — 77 uniformly on compact subsets of H. Now, pick ¢, € R such that
AZ 1 (ts) < oo and fix r > [t;|. We split the integral in question into two pieces as
follows:

||<n34“>osa||1:/ 77 — 77| dp,
H+ei

/m(o>n<H+ei> (Hei)\ Dy (0)

where D,.(0) is the set specified in (2.8). From the assumption that o(R) C H+ €3,
we have ¢ — ei € S(H) and thus Af_, | (t, + €i) = A 1 (t;) < o0 by (3.6). Hence
pp—ei(K) < oo for any compact K C H by Lemma 3.6. Since pip—e;(K) = p,(K +
ei), it follows that p,[D,(0) N (H+€t)] < oo. Thus the first integral above tends to
0 as k — oo by the uniform convergence 77 — 7% on D,.(0) N (H+€i). Accordingly,

setting

nr) = [ e
(H+€2)\D,-(0)

we obtain

(3.9) limsup [[(f — 77) 0 |}y < limsup J(r)

k—oc0 k— o0

for each fixed r > |to|. Now, setting

Vi (=T — T,
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we see by Fubini’s Theorem that
oo
< [ [ el i
z T

(3.10) /t|<r/2/||>r /t>r/2/

)+ I (r
For the second term of the above, we note
(3.11) lvkllar < ll7ellar + lI7llar <2
for all k£ and thus
(3.12) sup II(r) <2 sup A7 (1)
K [t|>r/2

For the first term, for |z| > r and |t| < r/2, we note
Az —t| > 2|z > |z| +7r > |z — t,]
and hence
|K°(2,t)| < 4|K%(2,t,)| and |K"(2,t)] < 16|K"(2,t,)|.
So, we obtain by Fubini’s Theorem and (3.11)
sup I, (r) < 32/ |K7 (2, to)| dpgy(2).
k |z|>r

Combining this with (3.9), (3.10) and (3.12), we obtain
(3.13) tmswpl|(rf 7)o gl 2 sup AZ,(0+32 [ K7 (a1to) diol)

k—s00 [t|>7/2 2>

for each r > |tg|. Note that the first term in the right hand side of the above tends
to 0 as 7 — oo by continuity of Ag, 1/r at oo. Meanwhile, since A7 ,(t,) < oo
by choice of t,, the second term also tends to 0 as r — oo by the Dominated
Convergence Theorem. Thus, taking the limit » — oo in the right hand side of
(3.13), we conclude the lemma. The proof is complete. O

We need some additional notation. Let o € {b,h}. For a function ¢ € S(H), we
put
wg(R) = sup 7Ag)1(z)
|z2|>R,zeH
for R > 0. We note for easier reference later that

(3.14) Rli_r}n()o wg(R) =0 <= A7 ; : continuous at co;
recall A7, ;(oc) = 0 by definition. Also, we define
(3.15) Qo(t + si) = L|%"(z, L+ i) — K7 (2, )| dpay (2)
H
for £ € R and s > 0. Note Q7 = 0 on R. Finally, we put
Yo:={z€eH:0<Imz <c}
for ¢ > 0.

Lemma 3.8. Let p € S(H) and o € {b,h}. IfA7 , € C(H), then QY is uniformly
continuous on Y. for each ¢ > 0.
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Proof. Assume A7 | € C(H). Let z,w € H. Note

(3.16) 1Q7,(2) — Q2(w)| < /ﬁ (€, 2) — A (€ w)] dpi(E).
Also, note

i [ 1°(62) dingl6) = [ 17 (€0l digl©).

zZ—w

from the continuity of A7 ; at w. So, we have by Lemma 2.2

tim, [ |7(6.2) — 7 (€ )] duo(€) =0,
H

z—w

Thus, taking the limit z — w in (3.16), we see that

(3.17) Qf is continuous on H.
Meanwhile, since

QU(t +5i) < AZ (¢ +si) + AT 1 (1) < 2w (Jt])
for t € R and s > 0, we see from (3.14) that
(3.18) Qg (t + si) = 0 uniformly in s >0

as [t| — co. Now, given ¢ > 0, we see from (3.17) and (3.18) that the function QF,
when restricted to the strip 3., continuously extends to co. In other words, the
restricted function Q7|x, continuously extends to ¥, U {oo}. Now, since . U {oco}

is a compact subset of ﬁ, we conclude the lemma. The proof is complete. ([l

We are now ready to prove the compactness part of Theorem 1.1.

Theorem 3.9. Let ¢ € S(H) and o € {b,h}. Then the following statements are
equivalent:

(a) S7: M(R) — L'(R) is compact;

(b) SZ is compact on L'(R);

(c) AZ, € C(H).

Proof. The implication (a) = (b) is clear. We now prove the implication (b) =
(c); we remark that the proof of this implication for the ball version ([3, Proposition
4.6]) contains a minor error and that the proof here is a corrected version for the
half-plane. Assume that SZ is compact on L'(R). Note from Theorem 3.1 that

AZ,; is bounded on H, and thus on H by Fatou’s Lemma. To prove the continuity

of A7 ; on H, it suffices to show

(3.19) hm AG L (2) = AQ 1 (w)

~

for each w € H.

Fix w € H and let {#;} be a sequence of points in H such that z; — w.
Since ||P., |y =1 for all j and SJ is compact on L'(R), it follows from (3.2) that
the sequence {SZP.;} = {#(zj,¢())} has a subsequence {#(z;,,¢(-))} that
converges in norm. Since &7 (zj, gp()) — X (w, go()) pointwise m-a.e. on R, it
follows that # 7 (z;,,¢()) = 7 (w, ¢(:)) in norm. We thus obtain

AZ1(z5) = 117 (2 () = 127 (w, () Il = AZ 1 (w).
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This subsequential limit property implies (3.19) and thus completes the proof that
A7, € C(H). -

Finally, we prove the implication (c) = (a). Assume A7 ; € C(H). Note from
Theorem 3.1 that SZ : M(R) — L'(R) is bounded. Also, note from Lemma 3.7

that S7. ., : M(R) — LY(R) is compact for each € > 0. So, it suffices to show

(3.20) 158 = Sg il mmy—rrm) = 0

as e 0.
Note that QF is uniformly continuous on the strip ¥; by Lemma 3.8. Thus we
have

(3.21) Qg (r +yi) — 0 uniformly in z € R

as y J 0. Meanwhile, given 7 € M(R), we have by (3.4), Fatou’s Lemma and
Fubini’s Theorem

105G = Sg4e)Tlhn

< liminf[ {/HL%/"(z,aeryi) (o m 4 yi + €)] duw(z)} dr|(z)

o0
yl0 0o
< liminf (sup[Q;(x +yi) + Q7 (x +yi + ez)]) Il az-
y40 z€R
Now, since 7 € M (R) is arbitrary, this, together with (3.21), yields

1155 — Sg 1 eillm@)y—r (r) < liminf {Sup Qo (r +yi+ Ei)]
yl0 zeR

< sup [sup Qe (z + sz)]
0<s<2e¢ [z€R
for each € > 0. Now, taking the limit € | 0 and using (3.21), we conclude (3.20), as
asserted. This completes the proof. (]
We now observe a couple of consequences of Theorem 3.9.
Corollary 3.10. Let ¢ € S(H). If Sff, is compact on L'(R), then so is Sg,
Proof. Note from (2.2)
127 (2 0()) = ™ (w0 ()|, < 2[127 (2 () = 2" (w, ()

for z,w € H. We thus see by Lemma 2.2 that A, € C(H) implies Al e C(H),
and so conclude the corollary by Theorem 3.9. (]

The next corollary shows a class of symbol functions that induce compact oper-
ators.

Corollary 3.11. Let p € S(H). If 1= € L'(R), then Sb is compact on L*(R).

Im ¢

Proof. Note that
1 1
|[<—-— on R
2 Imp(-)
for all z € H. This, together with the Dominated Convergence Theorem, implies
that Afo@ is continuous on H. So, the corollary holds by Theorem 3.9. (]

‘L%/b (Za 30())
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The sufficient condition IH{W € L*(R) in Corollary 3.11 is far from being neces-

sary. Here, we provide a class of explicit examples.

Example 3.12. For a > 0, let ¢, € S(H) be the function defined by
Yo lx) = |2|* + 1, z € R.
Then the following statements hold:
(a) sz,a is bounded/compact on L*(R) if and only if o > 1;
(b) SP. is bounded on L*(R) if and only if o > 1;
(c) S’;a is compact on L*(R) if and only if o > 1.

Proof. Since our proof of (a) is rather long and complicated, we first prove (b) and

(c). For 0 < a < 1, note Aga’l = oo on H, because |z| 2% is not integrable near

co. Thus S’ is not bounded on L*'(R) by Theorem 3.1.
For 1 < o < 1, note for z >0

7T o dt
Z AR — -
B part (@) /0 (t —2)2 + 1
1 [ a1
— [ s
aly (s—x)2+1
> lxl_l /00 7d8
e . (s—z)2+1

1 i_l/oo dS
= —J« —_,
! 0o $2+1

which implies that A’J,ml is not bounded on R. Thus, SZQ is not bounded on L!(R)
by Theorem 3.1.
For a = 1, we note

2 [ ds
Ah T+ yi) = —/ <2
801,1( Yy ) T /(g 1) 82 F1 -

for all z € R and y > 0. It follows that Sgl is bounded on L'(R) by Theorem 3.1,
but not compact by Theorem 3.9.

For oo > 1, S is compact on L'(R) by (a) (to be proved below) and Corollary
3.10. This completes the proof of (b) and (c).

We turn to the proof of (a). First we consider 0 < o < 1. Then |z|~% is not
integrable near oo, and hence S:f,a is not bounded on L!(R) as in the proof of (b)
and (c). We now assume « > 1 and show that sz,a is compact on L!(R). It suffices

to show A | € C(H) by Theorem 3.9. Note

1 [ dt
Ab T+ :f/ -
et YW = | e e iy 1))

for x € R and y > 0. Since
1 1
. < -
[t —x+i(y+1)] — [t* —x+ 1]
for all t € R and y > 0, one may easily check via the Dominated Convergence
Theorem that Agml is continuous on H.
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In order to complete the proof of (a), we need to show continuity of Al;ml at 0o.
Since Agml(oo) = 0 by definition, we need to show

(3.22) AL (z+iy) =0
as |x| +y — oo. To prove this, it suffices to show that (3.22) holds in each of the
following three cases:
(i) y — oo and |z| stays bounded;
(ii) x = —o0;
(iii) = — oo.
First, consider Case (i). Let M > 0 and assume |z| < M*/2. For t > M, we
have t* — z > t*/2 and thus
1 2
<
[t —x +i(y + 1) = [t + 24]
for all y > 0. Meanwhile, for 0 <t < M, we have
1 <1
[t —z+i(y+1)] —
for all y > 0. We thus have by the Dominated Convergence Theorem

. b LN
(3.23) ylggo Aj a1 (z+iy) =0,

as required.
Next, consider Case (ii). For x < 0, note

1 1
< .
[t —z+i(y+ 1) — [t> 41
Thus, again by the Dominated Convergence Theorem, we obtain
(3.24) lim A (x+iy) =0,

as required.
Finally, consider Case (iii). Note

(3.25) AV L (x +iy) < AD (x)~/OOL
: pat T = Boa W) |0 a0
for all x and y. We claim
> dt
3.26 I, = — =0
(3.26) @ = e
as x — oo. Note
_ ! dt

lim S A——

z—o0 [ |t04—x|—|—1
by the Dominated Convergence Theorem. Thus, with (3.26) granted, we have
Ab 1 (x) = 0 as © — oo. This, together with (3.25), yields

(3.27) Al;ml(x +iy) = 0 uniformly in y

as ¢ — 00. So, combining (3.23), (3.24) and (3.27), we conclude (3.22), as required.
It remains to prove (3.26). First, we consider the case a > 2. Note

2 [ d © g
Ia(x)_—/ i . g/ — —Dy(a).
o)y (2 —al+ s F T Jo [P —alF1




18 B. CHOE, H. KOO, AND W. SMITH
In conjunction with this, we note

[e’e) dS x—1 x+1 (e’
o= [t [ o[
(7) o [s*—2?+1 0 z—1 a+1

for x > 1. For the first integral of the above, we have

/“ - /f“ 2ds . log(2z—1)
0 0 T4 —5 2z

as * — oo. For the second integral, we have

r+1
—0
/I / |2mr+1\+1

as  — oo by the Dominated Convergence Theorem. For the third integral, we

have
/OOS/OO 2d52:10g(2m+1)_>0
z+1 2418 — X 2x

as  — 0o, which completes the proof of (3.26) for o > 2.
Next, consider the case 1 < a < 2. Note

L
1 vV o |ta*17|+1.

For the first integral, we have

e VT dt
<[ Y 0
/1 —/1 ey TG

as x — oo. For the second integral, we have

1

SR B d log (z — 2% 41
/ :7/@ 2 17;§ g( a—1 )_>0
VT aJgs (r—s+1)s'~a or 2

as x — oo. For the third integral, we have

/OO 1/°° ds
L, == - —0
o @Jo (s+1)(s+x)t@

as © — oo by the Dominated Convergence Theorem. Thus, (3.26) also holds for
1 < e < 2. This establishes (c), and completes the proof. O

We note from Example 3.12 that S/ is bounded on L'(R), but S is not. So,
the converse of Corollary 3.3 does not hold. In connection with this observation we
notice that there exists in fact a much stronger example as in Example 3.14 below.
To construct such an example, we need a technical lemma; recall that the definition
of the sets Ds(z) was given in (2.8).

Lemma 3.13. Let

1 7
= — |14+ — k=2
o 2k[ *(logw}’ %

Then there is an absolute constant C' > 0 such that

= (2, w) C
< Dy-ni 1 (0
k;; B Siogar W EDr(0)

for positive integers M > 2.
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Proof. Let M > 2 be an integer and w € Dy-m-1(0). Let j > M + 1 be the integer
such that w € Dy—;(0) \ Da-i-1(0).
First, we show

7j—1

K (2, w) C
3.28 <
(3.28) Z k2k ~ logM
k=M
for some absolute constant C' > 0. To see this, for M < k < j — 1, note
_ 1 1 1
|Zk*w|2|zk|*\w|2ﬁ*522kﬁ
so that
Im z;, + Imw 1 1
Ky w) = ——— < 2 ———— + —
(2, w) |2k — w2 2k (log k)2 ty

It follows that
Jj—1 h Jj—1 J=1 ok
H (2, w) 1 1 2 1 1
SR s 4= ‘< il
2T S ek P o 2 E Sl T

which yields (3.28).
Next, we show that there is an absolute constant C' > 0 such that

i H (2, w) < C
K2k e

(3.29)
k=j+3

To see this, for k > j + 3, note

_ 1 1 1
|2 =W = |w] = |2x] = 9j+1  9k—1 = 9j+2

so that
1 _
c%/h(Zk,w) S — S 22+'].
|z — W
Also, note
7 ~ .
M k2 j27
Thus, (3.29) holds.
Finally, since
1 2% (log k)?
%h(zk’w) < _ (Og ) ,
mlm zp, s

there is an absolute constant C' > 0 such that
Jj+2

H Mz, w) _ - (log j)?
. <
(3.30) ;:j e S0

for all integers 57 > 2.
Now, since j > M + 1, we conclude the lemma by (3.28), (3.29) and (3.30). The
proof is complete. O

Example 3.14. There is ¢ € S(H) such that S} is compact on L'(R), but SY is
not even bounded on L'(R).
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Proof. Let {2z}, be the sequence specified in Lemma 3.13. Let {Ex}32, be a
partition of the interval [-1,1] into Borel sets Ej, such that m(Ey) = 5z, where
=137, 5. Define ¢ : R — H by

() = z if xe€ E, for k=2,3,...
o= 2% if xeA
where A := R\ [-1,1]. Clearly, p € S(H).

Given a Borel set E C H, note
¢ H(E) = < U Ek> Ue (B
zr€E

where ¢ : A — H is the function x — 22%i. It follows that
[eS) 5k .
B =C Z 7ok +mot
k=2
where Jy is the unit point mass at z;. Thus

o — 1. - ,
B3 A =e X el w0l [ i) ds
k=2 @
=: cF?(w) + G% (w)
for w € H and o € {b, h}. Note

Fb O = —_— i — e — —
) 27rzk2k|zk\ 2wzk\1+(logk)*2i| o
k=2 k=2

Thus, from Fatou’s Lemma and Theorem 3.1, Sf; is not bounded on L!'(R).

~2 is integrable

We now turn to the proof that SZ is compact on L'(R). Since x
near oo, it is easily verified by the Dominated Convergence Theorem that G" €
C’(ﬁ) with G"(c0) = 0. Thus, by Theorem 3.9, it suffice to show F" € C’(ﬁ) with
F"(c0) = 0.

First, since z;, — 0, it is not hard to see that the series in (3.31) converges
uniformly on each compact subset of H \ {0}. So, F" is continuous on H \ {0}.

Next, note

h
<
A (w,2k) < mlm w
for all kK and w € H. Also, when Im w stays bounded, note
1 1
H M (w, z) < <

T w =z |wl?

for all k and for all w € H with |w| sufficiently large. It follows that F"(w) — 0 as
w — oo. This implies that F” is continuous at co with F”(c0) = 0.

Finally, it remains to show that F" is continuous at 0. Let M be a large positive
integer. We note

M-1 0o

[F(w) = F"(0) < Y+

k=2 k=M

K (w, z) — (0, 2)]
k2k '




SARASON’S COMPOSITION OPERATOR 21

For the first sum, it is clear that lim,_.q 221_21 = 0. For the second sum, note
from Lemma 3.13

lim sup
w—0

i Ji/h(w,zk) < C
% <

=, k2 log M

for some absolute constant C'. Meanwhile, since

~ Imz N ok

wla? T (logk)?

‘%/h(oa Zk)

we have

o h 0
2 %g’;%) ~ D k(lo;kﬁ S loglM;
k=M k=M
constants suppressed above are independent of M. Combining these observations,
we deduce

C
lim sup |F"(w) — F*(0)| <
msup | P () — F(0)] < ooz
for some constant C' > 0 independent of M. Thus, taking the limit M — oo, we
conclude continuity of F” at 0. The proof is complete. O

4. LP-CHARACTERIZATIONS

In this section we prove more detailed versions of Theorem 1.2 and related facts.
We assume 1 < p < 0o, unless otherwise specified, throughout the section.

The key tool to our proofs is the notion of L2-Carleson measures, o € {b, h},
which were described in Section 2.4. Recall that the notion of L2-Carleson measures
does not depend on p and 0. So, in what follows, a (respectively compact) LE-
Carleson measure will be simply called a (compact) Carleson measure.

Our starting point is the next lemma, which is a consequence of (2.9) and (2.11).

Lemma 4.1. Let ¢ € S(H), 0 € {b,h} and 1 < p < co. Then S is bounded
(respectively compact) on LP(R) if and only if py, is a (compact) Carleson measure.
Moreover, the operator norm satisfies

121 ey ~ M)
the constants suppressed above depend on o and p, but are independent of .

Before proceeding, we notice as an immediate consequence Lemma 4.1 that L1!-
boundedness/compactness of the operators implies LP-boundedness/compactness.
For the failure of the converse, see Example 4.8 at the end of the section.

Corollary 4.2. Let p € S(H), 0 € {b,h} and 1 < p < oo. If S is boundedrespectively
compact) on L*(R), then S is bounded(compact) on LP(R).

Proof. We first consider the case 0 = b. Suppose that Sf; is bounded(respectively
compact) on L'(R). Then S : H'(R) — L'(R) is bounded(compact). So, we
see from (2.11) and the remark at the end of Section 2.4 that i, is a (compact)
Carleson measure. Thus Sf’p is bounded(compact) on L?(R) by Lemma 4.1.

Note by the reproducing properties of the Borel kernel and the Poisson kernel
that Sg = SZ on H'(R). So, the same proof works for the case ¢ = h. The proof
is complete. (I

We also need a couple of auxiliary estimates.
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Lemma 4.3. Given o € {b,h} and 1 < p < oo, the equality
157 (2, )l = (Tm 2) 7 ~HI K7 (3, )],
holds for z € H.

Proof. The lemma holds by the elementary integral identity

/OO a1 /OO ds
B P e T

valid for z € H and ¢ real. O

Recall that Ds(x) below denotes the Carleson set introduced in (2.8).

Lemma 4.4. Let p € S(H), o € {b,h} and 1 < p < co. Then there is a constant
C = C(o,p) > 0 such that

Mhﬂwﬁmpzcﬂﬁ%@ﬂ

forz € R and 6 > 0.

Proof. By (2.2) we only need to consider 0 = h. Let z € R, § > 0 and w € Ds(x).
We have
|z +di —w| <|z—w|+J <2

and hence
= 1 Imw+9 1

7 Jetoi—wpR  4ms
Thus, when 1 < p < 0o, we have by (2.10) and Lemma 4.3

‘ op—1 ‘
[Ag,p(x + 0i)]P = KRG, )E /ﬁL%/h(:c + 61, w) [P dpg(w)

| " (w, 2z + 5i)

> Cépfl/ 0P du,(w)
Ds(x)

_ otelDs(a)]

)
for some constant C' = C(p) > 0. The same estimate also holds for p = 1 by an
easy modification. The proof is complete. (I

We are now ready to characterize boundedness for the case 1 < p < co. The
next theorem is a more detailed version of the boundedness part of Theorem 1.2.

Theorem 4.5. Let ¢ € S(H) and o € {b,h}. Then the following statements are
equivalent:

(a) S¢ is bounded on LP(R) for some/all p € (1,00);

(b) AZ , is bounded on H for some/all p € (1, 00);

(c) py is a Carleson measure.

Moreover, the operator norm satisfies
1

H ~ [M(u,)]7;
the constants suppressed above depend on o and p, but are independent of p.

1501 () ~ [IAG

Note that p and o do not appear in statement (c). Hence, as mentioned in the
Introduction, the boundedness of S7 on LP(R) is independent of o € {b,h} and
p € (1, 00).
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Proof. Let 1 < p < co. By Lemma 4.1 it suffices to show
(4.1) O M (1) < IAZ HlIEr < CM (pp).

for some constant C = C(o,p) > 0.

The first inequality holds by Lemma 4.4. Assume M (u,) < 00, or equivalently
by Lemma 4.1, that SJ is bounded on LP(R). As in the proof of Theorem 3.1,
choosing again the Poisson kernels as test functions, we have by (3.2)

127 (2 ¢()) Il

Koo, el

1521 e r) =

for any z € H and thus obtain
19g e ) = 1AT Il

This, together with Lemma 4.1, yields the second inequality in (4.1). The proof is
complete. O

Remark. Note that the first inequality in (4.1) remains valid for p = 1 by Lemma
4.4. Thus, when S7 bounded on L'(R), we obtain by Theorem 4.5 the operator
norm estimate

1520wy S I1S21Lr )
)

In fact, in case ¢ = h, a much better inequality holds as follows. Note that SZ;'
clearly acts boundedly on L°°(R) with norm 1. Thus one may use the Riesz-Thorin
Interpolation Theorem to obtain

(4.2) 1S5 < 183l er )

||Lp R)

Here is an elementary proof: (Proof) Note that " (t + iy, cp(:v)) dt is a probability
measure for each z € R and y > 0. So, given f € LP(R), applications of (1.4),
Fatou’s Lemma and Jensen’s Inequality yield

HSthp < hmlnf/ / |pj£/h t+yz 90( )) dt dz.

Now, computing the x-integration first and applying Theorem 3.1, we obtain
ISELIE < AIBNAG 1l = IFIDISE 22 )
which yields (4.2).

We now prove the following more detailed version of the compactness part of
Theorem 1.2.

Theorem 4.6. Let ¢ € S(H) and o € {b,h}. Then the following statements are
equivalent:

(a) S is compact on LP(R) for some/all p € (1,00);
(b) A” € Co(H) for some/all p € (1,00);
(c) ,uy, 25 a compact Carleson measure.

Again, notice that it follows that compactness of S on LP(R) is independent of
o€ {b,h}and p € (1,00).
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Proof. Tt suffices to show
A7, € Co(ﬁ) <= [, is a compact Carleson measure

by Lemma 4.1.
Assume A7, ;€ Co(H). Note from Lemma 4.1 and Theorem 4.5 that p, is a
Carleson measure. We have by Lemma 4.4 that

Ms(py) S suEt A7 (x + 07)
fAS

for § > 0. Note that the right-hand side of the above tends to 0 as § | 0, from the
assumption that A7 , € Co(ﬁ). Thus p, is a compact Carleson measure on H, as
required.

Conversely, assume that f, is a compact Carleson measure on H, or equivalently
by Lemma 4.1, that SZ is compact on LP(R). Note

A ,(2) = ISgKS llp,  z€H

where k7 := #7(2,-)/||K°(z,-)||p- Using this and LP-boundedness of S7, one may
check that A7 , € C(H). Meanwhile, note from Lemma 4.3

1-1 A7 (Za <p(t))

SgkZ(t) = (Im z2) oG,

Hence SZkJ — 0 pointwise on R\ ¢ '(R) as Imz — 0 or z — co. Next we show
that m[p 1 (R)] = py(R) = 0. To see this, observe that our assumption that ., is
a compact Carleson measure implies that the symmetric derivative of 1, vanishes
everywhere on R, i.e.,

i 16[Ds() O R

=0
5—0 20
for all z € R. From this, using [14, Theorems 7.14 and 7.15] it follows that the
restriction of p, to R is the zero measure. Thus m[p~!'(R)] = 0, and hence

SgkZ — 0 pointwise almost everywhere on R as Imz — 0 or z — co. Now, noting

[£Z]l, = 1 and using the compactness of S7, one may deduce that Af, , € Co(ﬁ).

The proof is complete. O

As a consequence, we obtain the next corollary, which is an analogue of Lemma
3.7.

Corollary 4.7. Let ¢ € S(H), 0 € {b,h} and 1 < p < co. Assume A, € C(H)
and p(R) C H + €i for some € > 0. Then S is compact on LP(R).

Proof. Since A7 ; € C(ﬁ) by assumption, we note by Theorem 3.1 and Corollary
4.2 that S is bounded on LP(R). Thus Af , € C(H) as in the proof of Theorem
4.6.

Since ¢(R) C H + €i by assumption, we note that p, is supported on H + €i.
Thus we have by Lemma 4.3 and (2.10)

[AG (P IE ()l = (Ilfn?:)’“/H+ 1A (2 w)[” dppg(w)
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for z € H. Thus, using the inequality |7 (z,w)| < (2rImw)~!, we see that

. Pl \IIp Imz\?"! -
[Ago,p(z)] HK (Za )Hp S o ‘% (Z,IU)| d,qu(w)
27T€ Hitei
Imz\?™* -
= <27T6) Ago,l(z)7
which yields
(4.3) IIlliIZI},O A7 ,(2)=0.

Similarly, using the inequality |27 (2, w)| < (27Im z)~!, we obtain
1\"!
A GPIE G < (35) 42,0
Thus, we deduce from continuity of Af, ; at co that

(4.4) lim A7 () =0.

Z—>00

Finally, we conclude AZ, , € Co(ﬁ) by (4.3) and (4.4). So, S is compact on LP(R)
by Theorem 4.6. The proof is complete. O

Finally, applying our characterizations, we show by explicit examples that LP-
compactness may not imply L!'-boundedness. This, in particular, shows that the
converse of Corollary 4.2 fails.

Example 4.8. Let ¢ € S(H) be the function defined by

0 if =0
o(@) = { |al(1 —log|al)i  if 0 <|a| <1
22 if x| >1

Then, for each o € {b,h}, SZ is compact on LP(R), 1 < p < oo, but Sg is not
bounded on L*(R).

Proof. By Corollary 3.3 and Lemma 4.1 we may assume o = h. Since Im ¢ = |¢|,

we see that the function )
HM0.60) =
020 =503
is not integrable near 0, i.e., A’z ;(0) = co. Thus S is not bounded on L'(R) by
Fatou’s Lemma and Theorem 3.1.
To prove LP-compactness of SZ;, it suffices by Lemma 4.1 to show that p, is a

compact Carleson measure. Given ¢ € R, note

lp(@)| < [¢—(x)], x€R
so that
¢ Ds(Q)] € o7 [Ds(0)]
for any 0 > 0. Also, note that the function 7 := || is strictly increasing on [0, c0).

We thus have
¢ ' [Ds(0)] = (=" (8),n~1(9))

po[Ds(0)] _ 2n~1(9)

] 5

and hence

M(S(Nw) =
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for all 6 > 0. It is now elementary to see that Ms(su,) is bounded, ie. g, is a
Carleson measure, and also that Ms(pu,) — 0 as 6 | 0. Thus, u, is a compact
Carleson measure and the proof is complete. O

5. HOLOMORPHIC SYMBOLS

In this section we apply our L'-characterization to the case of holomorphic sym-
bols and obtain two additional characterizations for the operators associated with
the Poisson kernel. So, throughout the section, we restrict ourselves to symbols ¢
given by the boundary function of a holomorphic self map of H; i.e. ¢ € S,(H).
Recall from Section 2.6 that S,(H) C S(H). We will freely identify a function
¢ € S,(H) with its holomorphic extension to H. We will also freely identify the
spaces HP(R) with HP(H), 1 < p < o0; see the comments at the end of Section
2.3.

For ¢ € S,(H), define

Imz

D = sup ———.
()= S0P ()

In [8] Elliott and Jury proved a half-plane version of the Julia-Carathéodory The-
orem showing that D(y) is the angular derivative of ¢ at infinity (when ¢ fixes
infinity), and moreover that the norm of C, on H?(R) is \/D(¢). In the theorem
below, we show that D(y) < oo also characterizes when SZ is bounded on L!(R).
While the “only if” part of the theorem is an easy consequence of the Elliott-Jury
result, we include a short proof using our methods.

For fixed w € H, note that 2" (w, ¢(2)) is a bounded harmonic function of the
variable z € H. Hence, by (2.6), it is the Poisson integral of its boundary function,
ie.,

oo

(5.1) H M w, p(2)) = / P,(t) ™" (w, (1)) dt, z € H;

recall that P, denotes the Poisson kernel specified in (2.3).
Our first result is the following characterization in terms of D(y).

Theorem 5.1. Let ¢ € S,(H). Then SZ is bounded on L'(R) if and only if
D(p) < co. Moreover, ||Sk||zr = D(e).

Proof. Recalling from Theorem 3.1 that ||SZ||L1 = HAZ,1 g1, it suffices to show that
D(p) = ||AL ,[|a. For y > 0, we have

v iy
/_ﬁ%/h(w,cp(t)) dt < (1 +y)/_ﬁ 7 +y2%h(w,<p(t)) dt
<ny) [ PuOF" (we0) d
=n(1+y) A" (w,p(iy)) by (5.1)
1+y
< —.
~ Imp(iy)
Hence,
| # ey < im ZED() = D)

Taking the supremum over w € H gives [|A ,[|u < D(¢).
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For the reverse inequality, let z = =z + iy € H, ¢ = u +iv, € > 0, and set
w = u(x + 1y) + iev(z + 4y). Then, by (5.1),

1 oo
=" (w, j :/ Pyiy () (w, (1)) dt.
By letting € — 0 and using the estimate that P,y (t) < Wiy? it follows that
Imz
D = su < sup ||#" (w, o(- = [|A® .
(p) =sup oy < sup | (w, ()l = [|Ag 1 [l
This completes the proof. O

It is known that there are no ¢ € S,(H) such that C, is compact on H'(R).
This was first proved in [12]; see also [16] and [8] for extensions of this result.
Hence, recalling from Section 2.6 that S:} coincides with the ordinary composition
operator Cy, on H'(R), there is no ¢ € S,(H) such that S/ is compact on L'(R)
or on H'(R). We show how this can be deduced from our work. To this end we
note the following.

Lemma 5.2. Let ¢ € S,(H) and let w € H. Then, for ally > 0,

Af},yl(w) = /00 ah (w, p(z + iy)) da.

Proof. The case y = 0 is just the definition of Agyl(w). For y > 0, using (5.1),
Fubini’s theorem, and that P,y (t) = Piysy(x), we see that

/ A (w, p(x +iy)) de = / {/ Piyiy(2) dx} H M (w, p(t)) dt.
Noting the inner integral is identically 1, the result follows. (]
Corollary 5.3. There is no ¢ € S,(H) such that SZ is compact on L*(R) or on
HY(R).

Proof. Suppose that Sg is bounded on L!'(R), where ¢ = u + iv € S,(H). Then
D(p) < oo by Theorem 5.1. Showing that S:}, is not compact on L!(R) will complete
the proof. Let b > 1. By Lemma 5.2

e _ _ 1 b+ v(x + iy)
Al (ib) = /_m%/h(lbvsﬂ(erZy)) dr = 7T/_mu2(x+¢y) + (b+v(z+iy))?

for all y > 0. Now take y > D(¢)b, so v(xz +iy) > b > 1 for all x € R from the
definition of D(p). Thus

1 [ 1 ; 1
Aﬁ,l(ib) > */ ot i) 7 dw = *Aﬁ,l(i),
A J_ o u?(z + iy) + (1+v(z +1iy)) 4

where Lemma 5.2 was used for the last equality. Since Af:,yl(z‘) > 0, it follows that

o0

9

limp_y o0 A’S},J(ib) # 0. Thus we see from Theorem 3.9 that Sg is not compact on
L'(R), and this completes the proof. O

It is interesting to notice what Corollary 3.11 says in our current setting. When
¢ € S,(H) the operators S’Z and S’f; are equal on H'(R), and since S:}, can not be
compact it follows from Corollary 3.11 that ﬁ ¢ L'(R). In fact more is true:

Proposition 5.4. If p € S,(H), then é ¢ H'(R).
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Proof. Let p € S,(H) and put f := —i, so f € S,(H). If also f € H'(R), then

6:2)  Jmmy D f(i) = limy [ gt (0t = I £ >0,

by the Dominated Convergence Theorem. Also, by the corollary after Theorem
10.1 in [7],

for(N) 14X
g(>\) = m S Hl(D) where K}(}\) = ’Ll — )\
Hence o k(r)]
ok(r
Ho, = @=nlgr)] =0,
as r 1 1. But, with y = (1 4+ r)/(1 — r), this contradicts (5.2). O

Our second result is by means of the Nevanlinna representations, which is de-
scribed below, of the holomorphic self-maps of H. Let ¢ € S,(H). Then, being
positive and harmonic on H, the function Im 1 admits its Herglotz representation

(5.3) Imy(z) = fImz + /_00 P,(t) du(t), zeH

where 3 > 0 and p > 0 is a Borel measure on R such that (1 +¢2)~! € L(u).

Noting
1 1+t2
PZ(t)_Tl'(l—FtQ)Im(t—Z)’

we may rephrase (5.3) as

Imwg—hn@k+/

14tz dp(t)
wt—z m(1+¢2) )"

So, we see that v is of the form

(5.4) Y(z)=a+pz+ /

— 00

1 +tz
dp(t
P p(t)

where « € R, § > 0 and p > 0 is a finite Borel measure on R; this is called the
Nevanlinna representation of 1.

For 4 as in (5.4), one may easily check in connection with Theorem 5.1 that
D(v) < oo if and only if 8 > 0, as is pointed out in [2]. Nevertheless, when 3 = 0,
we still have the following characterization.

Theorem 5.5. Let ¢ € S,(H), and let ¢ := —é have Nevanlinna representation

given in (5.4). Then Sf; is bounded on L' (R) if and only if the following statements
all hold:

(a) B=0;

(b) t? € LY(p) (and hence also t € L*(p));

(©) [ tdplt) = a.
Moreover, ||Sh|| i) = [ o (1 +12) dp(t).
Proof. First assume that SZ is bounded on L!'(R). Then, by Theorem 5.1, D(p) <
oo and

. . . y
(5.5) yl;rr;o Im @ (iy) > ylingo Do) 00
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Thus ¢(iy) = —1/¢(iy) — 0 as y — oo, and from this it is clear that 8 = 0 so
statement (a) holds.
Next, from the Nevanlinna representation for ¢ with 8 = 0,

(5.6) w(iy)=a+/oo ””ydp(t):a+/z <”t2 —t) dp(t).

oo T 1Y t—ay

Note (Im¢)(Im1)) < 1. Thus, for any € > 0 and y > 0,

o] 2 €y
. Y 2 1 2
D(p) >yl = ——— (1 +t)dp(t) > —— 14+ t%) dp(t).
(v) = yIm(iy) /_oot2+y2(+ )p()—1+e2/_€y(+ ) dp(t)
Now, taking the limit y — oo and then € — 0, we obtain
(5.7) D(yp) 2/ (1+ %) dp(t),

—0o0

showing that statement (b) holds.
To prove statement (c), note from (5.5) that

1
li y) = lim — =0
S = o)

Hence, letting y — oo in (5.6) and using the Dominated Convergence Theorem, we

get that
0=a —/ tdp(t),

— 00

which is statement (c).
Turning to the converse, assume statements (a), (b) and (c) all hold. For z =
x + iy € H, from the Nevanlinna representation and using (a) and (c), we have

v = [ (L) o= [ dote

Hoélder’s inequality now gives

o0 2 o0
(22 < / L () - / (1+12) dp(1)

S |t_Z|2 —0

_ mllz/_zlm (if) dp(t)-/_o:o (14 2)dp(t)

_ Im¢(2’) '/Oo (1—|—t2)dp(t).

Im =z oo

Therefore

B Imz Imz|z/J(z)\2 e
58 D)= sp gl = sp SEEE < [ )dpte) < o

from statement (b). Hence S is bounded on L' (R) by Theorem 5.1, with || S| 1 m) =
JZ5 (1 + %) dp(t) from (5.7) and (5.8). The proof is complete.
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