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Let S be the unit sphere and B the unit ball in C”, and denote
by L'(S) the usual Lebesgue space of integrable functions
on S. We define four “composition operators” acting on L!(S)
and associated with a Borel function ¢ : S — B, by first
taking one of four natural extensions of f € L!(S) to a
function on B, then composing with ¢ and taking radial
limits. Classical composition operators acting on Hardy spaces
of holomorphic functions correspond to a special case. Our
main results provide characterizations of when the operators
we introduce are bounded or compact on L!(S), 1 < ¢t < co.
Dependence on t and relations between the characterizations
for the different operators are also studied.
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1. Introduction

Composition operators acting on a space X of functions holomorphic on the unit
disk D in C, or more generally the unit ball B = B,, in C", have been the subject of a
great deal of research. In this setting, a holomorphic self-map ¢ of B induces the compo-
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sition operator C,, defined for f holomorphic on B by Cy, f = f o ¢. The basic problem
is to relate function theoretic properties of ¢ to operator theoretic properties of C,,. On
many of the classical Banach spaces of holomorphic functions on D, including the Hardy
spaces HP(D) and Bergman spaces L2 (D), every composition operator is bounded and
their study involves other properties, such as when a composition operator is compact.
In higher dimensions, when n > 2, boundedness of a composition operator is not auto-
matic, even on HP(B) or L?(B). For the definitions of the well-known function spaces
mentioned above, one may refer to references [4] and [13], which are good introductions
to the extensive literature on composition operators in these settings.

In 1990, D. Sarason [12] introduced the viewpoint of composition operators as integral
operators acting on spaces of functions defined on the unit circle D. For ¢ a holomorphic
selfmap of D and f € L'(0D), C,, f was defined on D by taking the harmonic extension
of f to D, composing with ¢, and then taking radial limits. As in the classical setting of
composition operators acting on HP (D), every such operator is bounded, and problems
such as characterizing when the operator is compact were studied by Sarason.

In the present paper, we generalize Sarason’s approach in two significant ways to
define composition operators acting on L'(S) = L(S,do), where S = 9B is the unit
sphere in C” and do denotes the normalized surface area measure on S. First, we do
not assume that the symbol ¢ of the operator is holomorphic on B; we only assume that
¢ : S — B is Borel measurable. Second, we compose ¢ with four natural extensions of
f € LY(S) to a function on B, resulting in four different “composition operators”. Not
surprisingly, not all such operators are bounded, even in dimension one. Our main results
provide characterizations of when these operators are bounded or compact. We begin
with some background needed to define the operators.

By a reproducing kernel K for the function space X on B we mean that K is a
continuous function on B x S such that

f(2) = / FOK (2,0 do(C), 2B

for all f € X NC(B). On B we have several reproducing kernels: the Cauchy kernel K¢,
Poisson kernel K" and Poisson-Szego kernel K™ given by

C — 1
KO =armam

h 1—[z?
K*(z,¢) = m,
(A=)
K0 =1 gp

for z € B and ¢ € S. Here, and throughout the paper, (-,-) denotes the Hermitian inner
product on C", i.e., (z,w) := Y7, 2jW; for 2 = (21,...,2,) and w = (wi,..., wy).
Also, we define the pluriharmonic Poisson kernel K? as
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Kp(27C) = Kc(zvg) + KC(Z,C) - L

Note that K¢ is a reproducing kernel for the holomorphic functions, K" for the harmonic
functions, K™ for the invariant harmonic functions (see [10, Chapter 3]) and K? for the
pluriharmonic functions. We note for later use an easy but useful fact that

K*(rn,¢) = K*(r¢,m), 7n,(€8S,0<r<1 (1.1)

for each x € {¢, h,m, p}.

Let ¢ : S — B be a Borel function. We say that ¢ is holomorphic if it is o-almost
everywhere given by the boundary function (i.e. the radial limit function) of a holomor-
phic self-map of B. In case ¢ is holomorphic, we will identify ¢ with its holomorphic
extension. For each = € {c,h,m,p} we wish to define a “composition operator” C on
LY(S), i.e. a linear operator that takes f € L'(S) to another function defined on S that
comes from composition of f with . Since functions in L!(S) are only defined on S
modulo sets of o-measure 0, a problem with the definition of these operators arises if ¢
takes a subset of S of positive o-measure to a set in S of g-measure 0. This difficulty
does not come up in the classical setting where n = 1 and ¢ is holomorphic (see for
example [12, Lemma 2]), but it is present in dimension n > 2 even if it is assumed that
0 is holomorphic. The example below illustrates such difficulty. For the definition of the
space BMOA(B) that occurs in the next example, we refer to [15].

Example 1.1 (n > 2). There exists f € BMOA(B) and a holomorphic ¢ such that
lim,_,;- f(re(¢)) does not exist at any ¢ € S.

Proof. Let I be an inner function on B. Namely, let I : B — D be a holomorphic
function such that I(n) := lim,_,;- I(rn) € 9D for almost every n € S; see [11] for the
existence of such an inner function. Define ¢ = (1,0, ...,0). It is known that there exists
f € BMOA(B) such that lim,_,;— f(re?,0,...,0) does not exist for any 6 € [0, 27); see
[14, Theorem 1]. The pair f and ¢ is the desired example. O

An additional assumption about ¢ is required to deal with the problem. The pullback
measure o o p~ ! is the Borel measure defined for a Borel set E C B by 00 ¢ }(E) :=
o{C €S : ¢(¢) € E}. For the rest of the paper we reserve the letter ¢ to denote functions
satisfying that

¢S — B is a Borel function and (co¢™ )|, < o (1.2)

s

where (00 ¢™1)|g is the restriction of the measure o o ¢! to S. We will see below that
this assumption is required for the operators C7 to be well-defined.

Integration against one of the kernels K*, x € {c, h,m,p}, gives an extension of a
function f € L'(S) to a function f* on B that is respectively holomorphic, harmonic,
invariant harmonic, or pluriharmonic. That is,
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) = [ HOK* () do(c), 2B (13)
S

We then use radial limits (which exist o-a.e. on S; see for example [1, Theorem 6.39] and
[10, Theorems 5.4.8 and 6.2.3]) to extend the definition of f* from B to B; that is

A (w) = ’I‘li)I{l_ f(rw) weB, z€{c,h,m,p} (1.4)
This f* is naturally referred to as the z-extension of f € L'(S).
It is well known that in some, but not all, settings the function f*|g recovers f o-a.e. as
in the next proposition; see for example [1] and [10]. In what follows, H!(S), 1 < t < oo,
denotes the closed subspace of L*(S) = L(S,do), the usual Lebesgue space with norm
Il - |l+, consisting of all boundary functions of H*(B)-functions. As is well-known, H*(S)
is isometrically identified with H(B); see [10, Theorem 5.6.8].

Proposition 1.2. The following relations hold:

(a) If x € {c,p} and f € H'(S), then f%|s = f o-a.e.;

(b) If x € {h,m} and f € L*(S), then f*|s = f o-a.e.;

(c) If f € C(S) in addition to the hypothesis of (a) or (b), then f* € C(B);

(d) If x € {c,p} and f € LY(S), then in general f%|s # f;

(e) If x € {c,h,m,p}, the transform f — f%|s is L'-bounded for each 1 <t < cc.

For f € L'(S) and z € {c, h,m, p}, we define the function Cgf on S by
Cof =f oo

Clearly, this is well defined, because f* remains the same even if f is altered on a set of
o-measure 0. Also, it should be remarked that this defines C¢ f off a set of o-measure 0
on S. To see this, notice that from (1.4) we have

C2f(Q) = Tim f*(re(Q)), Ce€S,

and this limit exists precisely when f® has a radial limit at ¢(¢). Thus CZ [ has been
defined at points ¢ € S\ p~1(E), where E C S is the set of o-measure 0 where f fails to
have a radial limit. Since oo ™" (E)] = 0 by the assumption (1.2), CZf has been defined
o-a.e. on S.

In general, C% is a linear operator from L'(S) to the vector space of (equivalence
classes of) measurable functions on S. From Proposition 1.2(a)-(b), the restriction of Cg
for each = € {c, h,m,p} to H'(S) is the usual composition operator:

Cof=foop, feHY(S) (1.5)
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where the f in the right-hand side denotes the holomorphic extension of f € H(S).
Similarly, Proposition 1.2(b) shows that the restriction of C% to L'(S) is the usual
composition operator when z € {h, m}.

A basic problem in the study of composition operators is to characterize those sym-
bols ¢ for which the restriction of the composition operator Cy, to a Banach space X is
bounded or compact. Before stating our main result, which provides such characteriza-
tions for the operators C acting on L*(S), we introduce some notation.

We first introduce the extended kernels. Given x € {¢, h,m,p} and w € B, we denote
by J£*(-,w) the z-extension of K*(w,-), i.e.,

A (w) = [Ko(w, )"

Note that each J#®(-,w) is continuous on the whole B by Proposition 1.2(c). More
explicitly, we have by (1.3), (1.4) and Proposition 1.2(c)

fS Kx(z’C)Kx(w,C) dU(C) ifze B

HE(zyw)=q 5 7 .
K*(w, z) if z€ 8.

Except for the Poisson—Szegd kernel, the extended kernels have explicit formulae for
ze€Band we B:

. _ 1
‘%/ (Z,U/) - (1 _ <Z,U}>)n7
1— |z |w|?
'%/h(z?w) = [Z|U|1]2|n )
HP(z,w) = ! + L -1

(1 - (z,w>)” (1 - <wvz>)n

where [z,w] = /1 — 2R(z - @) + |z[2|w|2. The formulae for ¢ and #? are easily ver-
ified. The formula for #" is also well known; see for example [1, p. 122]. Note that

the right-hand sides of the formulae above continuously extend to B x B\ A where A
denotes the diagonal of S x S. Such extensions are still denoted by #* for x € {c, h,p}.
Note that

HE(rz,w) = A% (z,mw), =z € {c, h,p} (1.6)

for 0 <r <1and (z,w) € BxB\A.

For x = m when n > 2, no explicit formula of closed form is available; the main
difficulty is the fact that the invariant-harmonicity is not dilation-invariant (see [10,
Theorem 4.4.10]). Nevertheless, we have natural growth estimate

(L — 2wl

A0 S e

(1.7)
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for z,w € B; see [2, Lemma 4.1] for the lower estimate and the remark after [2, Corol-
lary 4.6] for the upper estimate. Also, we can still naturally extend .#™ to B x B\ A
as follows. First, noting that #™ is symmetric on B x B, we extend .#™ to B x B by
symmetry. So, ™ (¢,w) = K™(w,() for ¢ € S and w € B. Next, noting that K™ (w,n)
continuously extends to the zero function on S\ {1}, we simply define £ ({,n) = 0
for ¢(,n € S with ¢ # n. Now, one can check that such an extension, still denoted
by #™, is also symmetric on B x B \ A and continuous in each variable separately.
Although not needed in this paper, we remark that ™ is actually continuous on
B x B\ A. We remark that the dilation-commuting property as in (1.6) is no longer
true for ™.

Given @ as in (1.2) and = € {c¢, h, m, p}, using the extended kernels introduced above,
we now define the functions

Aoa(2) = A7 (00):2) |y, =€ B,

and, for 1 <t < oo,

157 (250l

Az,t(z) = .
0 if z € S.

{ 12 (o (),2)le if~eB

Note that these functions are well defined, because each JZ*(p(+),z) with z € S is a
Borel function defined on S off the set ¢ ~{z} of o-measure 0. The definition of AZ , for
1 < t < oo requiring to be 0 on the boundary may seem peculiar. We define it in this
way only for the purpose of stating the next theorem in a unified way.

Theorem 1.3. Let x € {c,h,m,p}, 1 <t < oo, and assume @ satisfies (1.2). Then the
following statements hold:

(

52

) CZ is bounded on L*(S) if and only if AL, is bounded on B;
C% is compact on LX(S) if and only if A% , € C(B).

—~
=

Note that the restriction of A7, to B is always continuous and hence, when 1 <t <
oo, the statement that Af , € C(B) is equivalent to Af ;(z) — 0 as [2] — 17. Thus
Condition (b) in Theorem 1.3 can be viewed as a “little-oh” version of Condition (a).
Our proof for the boundedness characterization in the theorem above actually yields
norm estimates; see Propositions 3.1 and 3.5. Also, one can easily recover Sarason’s
one-variable characterization for L'-compactness; see Corollary 4.9.

When 1 < t < oo, Carleson measure methods are available and provide alternate
characterizations of when C7 is bounded or compact on L'(S); see Section 2.3. Carleson
measure methods do not provide a characterization of when C to be bounded or compact
on L'(S), but can be used to establish relationships with the operators on L!(S).
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Theorem 1.4. Let © € {c,h,m,p} and ¢ be as in (1.2). Then the following statements
hold:

(a) If C2 is bounded (respectively compact) on L'(S), then CZ% is bounded (compact) on
LY(S) for allt € (1,00);

(b) For each x € {c,h, m,p} there exists p such that CZ is compact on L*(S), 1 <t < oo,
but C% is not bounded on L'(S).

Finally, we remark that the Poisson kernel K" for the unit ball of the Euclidean space
of real dimension d is given by

1— ¢
& — nld

K"(¢&n) =

for £ and n in R with |¢| <1 and |n| = 1. Our results for the operator C* have natural
formulations in this setting, and remain valid with the same proofs. This comment does
not extend to the operators Cg for z € {¢,m,p}, due to the appearance of the Hermitian
inner product (-,-) in the corresponding kernels.

The rest of the paper is organized as follows: Section 2 is a collection of some general
background material that we need, along with some immediate consequences for the
operators we consider. In particular, the Carleson measure methods available when 1 <
t < oo are used to establish relations between boundedness or compactness of CZ and
that of C% on L(S); see Theorem 2.3. Section 3 has proofs of our characterizations
using A7 , of when the operators are bounded, and applications including the proof of
Theorem 1.4(a). Results concerning compactness of the operators are then established
in Section 4. The focus of Section 5 is the action of the operators on L'(S). We show
that most, but not all, of the relations between when C7 or C¥ is bounded or compact
on L*(S), 1 < t < oo, fail when ¢ =1 and Carleson measure methods are not available.

Constants. Throughout the paper we use the same letter C to denote various positive
constants which may vary at each occurrence but do not depend on the essential param-
eters. Variables indicating the dependency of constants C' will be sometimes specified in
parentheses. For nonnegative quantities X and Y the notation X <Y or Y 2 X means
X < CY for some inessential constant C'. Similarly, we write X ~ Y if both X <Y and
Y < X hold.

2. Background
In this section we collect some basic notions and related facts to be used in our proofs.
2.1. Norm estimates for the reproducing kernels

We first recall the well-known integral estimates related to the reproducing kernels
under consideration. Given « real, put

_ do(¢)
Ia(z)_/|1_<z’<>n+a and  Jo( /|Z |2n 1+
S
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for z € B. The growth estimates for these integrals are well known:

(1—|z?)~@ ifa>0
In(2) = Ja(2) ® {1+ 1log(1 - |22)"! ifa=0 (2.1)
1 ifa<O

for z € B. Proofs can be found, for example, in [15, Theorem 1.12] and [3, Lemma 2.4]
for I, and J,, respectively.

As an immediate consequence of (2.1), we have the following norm estimates for
reproducing kernels for 1 < t < oo:

Ko ¢ f@—zn=n ifz=cm 59
H (27 )”t ~ (1 . |Z|2)(2n_1)(1_t) lf T = h ( . )

for z € B. Also, we have
HKC(z,~)H1 ~1+log(1 — |z|2)_1,

but ||[K*(z,-)||s = 1 for x = m, h. For « = p, since |KP?(z,-)| < |K°(z,-)|, we have, for
each 1 <t < oo,

HKP(Z")Ht N HKC('Z7)Ht (2.3)

When 1 < ¢ < oo, by the Koranyi-Vagi Theorem (see [10, Theorem 6.3.1]) asserting that
the Cauchy transform followed by the Kordnyi maximal function is L!-bounded, there is
a constant C' = C(t,n) > 0 such that

Iflle < ClI Re fll: (2.4)

for functions f € H(S) with Im f(0) = 0; see [10, Section 7.1.7]. So, the estimate in (2.3)
can be reversed for 1 < t < oo; see also Lemma 3.4 below. We remark in passing that
the reverse estimate of (2.3) is also valid when ¢ = 1 and n > 2, as can be seen by using
(3.2) to convert integration over the sphere to a weighted integral over the unit disk,
and then that harmonic conjugation is L'-bounded on the standard weighted Bergman
spaces of the unit disk.

2.2. Normal family argument

The term normal family refers to a family of functions with the property that every
sequence in the family contains a subsequence converging uniformly on compact subsets
of the domain. As is well known, a family of holomorphic functions that is uniformly
bounded on each compact subset of the domain is a normal family. An argument using
that result is often called a normal family argument. Such a normal family argument
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extends to harmonic functions and hence to pluriharmonic functions; see [1, Theorem
2.6]. We failed to locate a reference for the invariant harmonic case, which is not clear
to us. However, the following is enough for our purpose. The cases © = ¢, p, h are also
included in the statement for easier reference later.

Lemma 2.1. Let x € {c, h,m,p}. Given a bounded set F in L*(S), let F* := {f*: f € F}.
Then F* is a normal family on B.

Proof. The cases © = ¢, p, h are easily seen from the remark above. To treat the case
x = m, we first introduce some notation. Given z € B, let 7, be the involutive automor-
phism of B that exchanges 0 and z. It is known that

fror, = (for)™, feLS) (2.5)
see [10, Theorem 3.3.8]. Also, p(z,w) := |74(b)| is known to be a metric, called the

pseudohyperbolic metric, on B; see [15, Corollary 1.22].
Let E C B be a compact set. We claim there is a constant C' = C(FE) > 0 such that

[f™(a) = f(0)] < Cpla,b)[|flly, abeE (2.6)

for all f € L(S). With this granted, we see that F™ is equicontinuous on each compact
subset, which is the key to the proof; the lemma follows then from the standard argument
using the Arzela—Ascoli Theorem and the diagonal process.

Let f € LY(S). Since
— |2 n
1( 1—|z| 2)
1= (zm)

[f7(0) = f™(2)| < Culzlllflh, 2€E

2|
Sl

|f™(0) = f™(2)| < ”f”li?é (1—|z))"

for z € B, we see that

for some constant C; = C1(E) > 0. Now, given a,b € F, we have by (2.5)
[f™(a) = [ (®)] = [(f 0 7a)™(0) = (f 0 7)™ (ra(®)) | < C1p(a,b)|f o Taln
Meanwhile, we have again by (2.5)

1+ ]al
1 — |af

1 oralli = 1 0 7al™(0) = | f™(a) < ( ) 1l < Callf 1l

for some constant Cy = Co(E) > 0. Combining these observations, we conclude (2.6), as
claimed. The proof is complete. O
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2.3. Carleson measures

We recall the notions of Carleson measures that are needed in our work. Let 1 <t < oo
and x € {c,h,m,p}. Let i be a positive finite Borel measure on B. We say that p is an
x-Carleson measure for L*(S) if there exists some constant C' > 0 such that

/|f‘"”|tdu < C/|f”‘f|tda, feLs). (2.7)
B s

That is, p is an z-Carleson measure for L*(S) if and only if the mapping f%|s + f% is

continuous from L*(S) to L*(u). We write N*(u) for the infimum of the constants C' for

which inequality (2.7) holds, so [N*()]'/ is the norm of this mapping. If, in addition,

this mapping is compact, then y is said to be a compact x-Carleson measure for Li(S).

Characterizations for (compact) a-Carleson measures for L!(S) are given in terms of

Carleson sets that are balls defined using a metric appropriate for the kernel K*.
For(eSand 0<d <1, let

S57(¢,6) ={z€B : |1 =(z,¢)| <6}, =z€{c,m,p},
and
SM¢,8)={z€eB |2 —(| <3}
Now, we put

20 p[S*(¢, 9)]
M5 () == Slép W-

Note that c-Carleson measures for L!(S) are precisely the well-known Carleson mea-
sures for H*(B) and that the two notions of z-Carleson measures for = € {c, p} coincide
by (2.4). We have the following characterizations for each 1 < t < oo:

e 1 is an z-Carleson measure for L!(S) <= sups M (1) < oc;
e 1 is a compact z-Carleson measure for L*(S) < M¥(u) — 0asd — 07.

A reference for the case x € {c,p}, i.e. for Carleson measures for H*(B), is [4, Theo-
rem 2.37]. While we have not been able to find a reference for the characterization of
m-Carleson measures, it should be well known that they also coincide with the Hardy
space Carleson measures. Indeed, in all cases the necessity of the characterizing condition
is established using natural test functions and simple estimates of the kernel. The proof
of sufficiency in the Hardy space case given in [8] goes through for x = m with almost
no change. A comment is needed regarding just one part of the proof: the pointwise esti-
mate of the Kordnyi maximal function of f € H*(B) by the Hardy-Littlewood maximal
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function of f associated with non-isotropic balls. That this estimate remains valid when

x = m is the content of [10, Theorem 5.4.5]. The characterization when z = h can be

found in [7] for measures supported on B; the extension to measure supported on B is

standard. Alternatively, it can be observed that Euclidean (rather than non-isotropic)

versions of the key ingredients of the proof in the Hardy space case are well known.
Moreover, setting M7 (p) := sups M¥(u), we have

M (1) ~ N*(n). (2.8)

Of particular importance is that the characterization of (compact) x-Carleson measures
for L'(S) is independent of ¢ > 1, and that the characterization is the same for z €
{¢, m,p}. But the characterization differs for x = h when n > 1, since

on if x € {¢,m,p}

U[S'T(Cﬁ) ﬂS} ~ {5271—1 if © = h.

(2.9)
When = = h this is elementary. When x € {c,m,p} see, for example, [10, Proposition
5.1.4]. Finally, we note that the restriction ¢ > 1 for z € {h, m,p} comes from the same
restriction in the Lf-boundedness of the Hardy-Littlewood maximal function as well as
in the Kordnyi—Vagi Theorem mentioned after (2.3), when proving the sufficiency of the
characterizing conditions. On the other hand, one may remove the restriction ¢ > 1 when
x = ¢, considering f € H'(B) in (2.7) instead of f, and the characterization remains
the same for 0 < ¢ < 1; see [7, Theorem 4.3].

2.4. Pullback measures

The relevance of Carleson measures to composition operators comes from the idea of
pullback measure. Associated with ¢ as in (1.2) is the pullback measure o o=, which is
the Borel measure defined for a Borel set E C B by 0o p }(E) =a{( € S:p(¢) € E}.

Use of a change-of-variable formula from measure theory ([5, p. 163]) shows that
T t T t x|t _
[Ce1l, Z/If o ¢l da:/lf "d(cop™) (2.10)
S B

for any f € L*(S), 1 <t < oo and x € {¢, h,m, p}. This gives the following proposition.
In what follows, ||CZ||«(s) denotes the operator norm of C% acting on L'(S).

Lemma 2.2. Let x € {c,h,m,p}, 1 <t < oo, and ¢ be as in (1.2). Then C3 is bounded
(respectively compact) on L'(S) if and only if cop™! is a (compact) x-Carleson measure
for LY(S). Moreover, the operator norm satisfies

[Les

sy = N¥ (0o @™h) = M (00 p7Y);

the constants suppressed above depend on x and t, but are independent of .
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Proof. If oo o~ ! is a Carleson measure, then use of (2.10), (2.7) and Proposition 1.2(e)

shows that C is bounded on L*(S) with [|Cg|7.g) S N¥(0 0 @~ 1). Conversely, if C is
bounded on L!(S) and f € L*(S) then

/!fm!td(aw‘l) = llezrll; < eIl
B

and so 0 o0 ¢! is an z-Carleson measure for L!(S) and N*(co¢~!) < ||C;||tLt(S). This,

together with (2.8), completes the proof for Cg bounded. We note that the dependence
of the constants on = and ¢ comes from the application of Proposition 1.2(e). The proof
for C compact is similar and so is omitted. O

We mention some immediate consequences of Lemma 2.2.
Theorem 2.3. Let ¢ be as in (1.2). Then the following statements hold.

(a) If z € {c,h,m,p} and 1 < t1,t2 < oo, then C is bounded (respectively compact) on
L (S) if and only if CF is bounded (compact) on L**(8S).

(b) If 2,y € {c,m,p} and 1 < t < oo, then CF is bounded (respectively compact) on
L*(S) if and only if CY is bounded (compact) on L*(S).

(¢) If & € {¢,m,p} and 1 <t < oo, then C% : H'(S) — L*(S) is bounded (respectively
compact) if and only if CZ is bounded (compact) on L*(S).

(d) If x € {¢,m,p}, 1 <t < oo, and CZ,} is bounded (respectively compact) on L(S),
then C% is bounded (compact) on L*(S).

For (a) note that the characterizations of (compact) x-Carleson measures are indepen-
dent of 1 < ¢ < oo. For (b) note that (compact) z-Carleson measures for x € {¢,m,p},
precisely being the same as those for the Hardy spaces, coincide. For (¢) note from (1.5)

and (2.10) that C% : H'(S) — L'(S) is bounded (respectively compact) if and only if

oo~ !isa (compact) Carleson measure for H1(S). In case of (c) note

lcg

tPHHl(S)—>L1(S) ~ N (oop™) ~|Cg :

ellees)

where ||CZ|| z1(s)— L1 (s) denotes the operator norm of C% : H'(S) — L'(S). For (d) note

that C:,} is bounded (compact) on L*(S) if and only if o o =1

is a (compact) Carleson
measure for the harmonic Hardy space hf(B), which is isometrically isomorphic to L!(S)
when ¢ > 1. Since H(B) is isometrically isomorphic to H*(S) C L!(S), we see that
oo~ tisa (compact) Carleson measure for H!(S), and the result follows as in (b). An
example will be presented in Section 5 that shows the converse to (d) fails badly: for
t > 1, there exists ¢ such that Cg is compact on LY(S) for z € {c,m,p}, but Cz is not

bounded.
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2.5. Miscellany

We first mention some remarks for holomorphic symbols. So, assume ¢ is holomorphic
in the following three remarks.

(1) In conjunction with (1.5) we note that if the standard composition operator C,,
maps H'(B) into H'(B) for some 0 < t < oo, then each C%, when restricted to H'(S),
is precisely the same as C, if a Hardy function is identified with its boundary function.
To see this, let f € HY(S) (or H*(B)) and put f.(2) := f(rz) for 0 < 7 < 1. Then, as
r — 17, we have f, — f in H'(B) and thus C,f, — C,f in H'(B). Also, note that
the boundary function of Cy f;, is f, o ¢, which is obvious by the continuity of f, on S.
Thus, by Fatou’s Lemma and (1.5), we obtain

0= lim |C¢f,—C¢f|tdoz/|0§f—0¢f]tda,
r—1-
S S

which shows that C7 f is the boundary function of C, f, as asserted.

(2) The absolute continuity hypothesis in (1.2) is satisfied if C,, is bounded on H*(B)
for some/all 0 < t < oo; see [4, Corollary 3.38]. Thus (1.2) is satisfied for all holomor-
phic self-maps of D, which is not the case on multi-dimensional balls (see the function
exhibited in the proof of Example 1.1).

(3) We see from (1.5), Lemma 2.2 and [4, Theorem 3.35] that when x € {¢,m,p}, C¢
is bounded (respectively compact) on L!(S) for some/all 1 < t < oo if and only if C,, is
bounded (compact) on H*(B) for some/all 0 < t < oo.

Finally, we mention an elementary result (see, for example, [9, p. 90] or [6,
Lemma 3.17]) from real analysis that will be used repeatedly, following the approach of
Sarason in [12].

Lemma 2.4. Let f € L*(S) and {f;} be a sequence of functions in L'(S) such that f; — f
o-a.e. on' S. Then || fjll1 = ||fll1 if and only if || f; — f|l1 — 0.

3. Boundedness

In this section we prove the boundedness parts of our results stated in the Introduction.
Proof for the boundedness part of Theorem 1.3 is split in the next two propositions, since
they differ when ¢t = 1 or 1 < t < oo. We first characterize boundedness for the case
t=1.

Proposition 3.1. Let x € {c, h,m,p} and ¢ be as in (1.2). Then CZ% is bounded on L'(S)
if and only if AZ,; is bounded on B. Moreover, the operator norm satisfies ||Cg| 11 (s) =

sup.ep 45,1 (2)-
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Proof. Let 2 € B. For = € {c, h, p} we choose k, := K"(z,-) as a test function. Note that
J€* is harmonic on B in each variable separately. So, from the reproducing property of
k., we see that

(k)" (w) = / KMz, )K® (w, ) do(n), weB
S

_ / K" (2, ) (w, 1) do (n)
S
=" (w,z),
and so

Cok. = (k)Y o =" (go(),z)
Since ||k.|l1 = 1, integration on S shows that [|C%|[1(s)y > [ £ (4(+), 2)[l1, 2 € B. Thus
we conclude

O3 11(s) 2 5D 451 (2)-

This inequality also holds for x = m, with the same proof except for choosing k., :=
K™(z,-) as a test function in this case.

We now prove the reverse inequality. Let f € L(S) and assume f is defined at ¢(),
¢ € S. For z # m note from (1.4) and (1.6)

(fTop)(¢) = lim [ f(n)A"(p(C),rn)do(n). (3.1)

r—1-
S
This remains valid for z = m, even though (1.6) is no longer true in that case. In fact,
when ¢({) € S, the above is certainly true by (1.1). On the other hand, when ¢(¢) € B,
we have

(fTo@)(©) = lim [ f(n)A*(re(C),n) do(n)

r—1—

S
/ F) A ((C),m) do(n)

r—1-

:/f(n) lim 2% (p(C),rn) do(n)
S

= lim [ f(n) A" (e(C),rn) do(n);

r—1-
S
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the second and the last equalities hold by the Dominated Convergence Theorem and the
third equality holds by the continuity of #*(,(¢),) on B.
So, for any = € {c, h, m,p}, we have by (3.1), Fatou’s Lemma and Fubini’s Theorem

lezrl, = [1t o)l doto)
S

<11m1nf//|f )| (¢(Q),rn)| do(n) do(¢)
<1l sup 4G (2)
z€B

and thus conclude

chHLl(S) < SuPA 1(2),

which completes the proof. O

For the proof below (and later use), we recall the following slice integration formula
for n > 1 (see [10, Section 1.4.5] or [15, Lemma 1.10]):

/w (n,€)) do(n

for any positive measurable function ¥ on D and £ € S. Here, A denotes the area measure
on D.

(1= AR dAN) (3.2)

Corollary 3.2. If n. > 1 and C¢ is bounded on L*(S), then oo~ (S)] = 0. If n > 2 and
C? is bounded on L'(S), then o[p~'(S)] = 0.

We remark that the statement for CZ does not extend to n = 1. For example, with id
denoting the identity map of S, note that C%, = Ch is the identity operator on L!(S) in

the one-dimensional case.

Proof. It is easily seen from Fatou’s Lemma that AZ, ; (1) < sup,cg A5, 1(2) for alln € S.
Thus we have

jgg/lj,’l(z) > /A;,1(77) do

S

_ _de(m) -

- | [ = o
S S

__den)

> | b

#1(s) 8
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Note that the inner integral of the above diverges for each ¢ € ¢~1(S). This is elementary
when n = 1; when n > 2 it is easily seen using (3.2). So, the result for z = ¢ is a
consequence of Proposition 3.1.

The proof for x = p is similar:

sup A7 4 -l-lZ/ n) + 1) do(n)
zeB &

. / 2Re(1 = (p(¢).)")

= (p().mpn o dec).

-1(8) S

Since n > 2 and ¢(¢) € S, (3.2) is available to compute the inner integral to be

[ PR e ) 2D IR eyt ).
D

T (el P W ="7 AP

This integral can be seen to diverge by using polar coordinates centered at A = 1 and
integrating over a small sector, and the result again holds by Proposition 3.1. O

Now, we turn to the case 1 < t < oo, where some auxiliary estimates are needed.
First, we need the following estimate as to how the kernels grow on certain Carleson
sets.

Lemma 3.3. Let (, € S, § € (0,1) and put z = (1 — §){p. Then there are constants
C1 = C1(n) >0 and ca = ca(n) > 0 such that

o " if ©=c¢,m,p
z >
[H7 w2 G {5—<2n—1) ifo=h

for w € 8%(Cp, c29).

Before the proof, we remark that we can take co = 1 when z € {c, h,m}. It is when
x =pand n > 1 that 0 < co <1 is necessary.

Proof. For = # p the proof is a straightforward estimate using the explicit formula for
H*(w, z) or (1.7), and will be omitted.

For z = p, assume first that § € (0,1/16). Choose ¢3 € (0, 1), depending only on n,
so small that Re(a™) > 1/2 for all a lying in the disk with center at 1 and radius cs. Let
w € SP((p, c20) and put A = ((op, w). Note

1-(1-=6)A 1-9)1=A
-0\ _0-0-A

1-—
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which means that @ lies in the disk with center at 1 and radius cy. Now, since

[1 —(1—-0)A <24 and § < 1/16, we obtain

2Re[l — (1 — 6" 1 2om gn
P - 1> 0 s 0
X0z w) = = e = (25 2 = g

which completes the proof when § € (0,1/16). The extension to § € (0,1) can be accom-
plished by replacing ¢y by c2/16. The proof is complete. O

We have the optimal norm estimate (2.2) for the reproducing kernels except for the
pluriharmonic case. In the pluriharmonic case, we have an upper estimate (2.3) for = p.
What is needed here is the lower estimate for 1 < ¢ < co. We do not know a reference

and thus a proof is provided below. Other cases are restated for easier reference.

Lemma 3.4. Given 1 <t < oo, the estimate

Kz t ~ (1 - |Z|2)n(17t) fo =cp,m
17 )], ~ (1— |22)@r=D0-0 4z =p

holds for z € B.
Proof. We only need to establish the lower estimate for x = p. Let 2 € B, z # 0, put

Co = z/|z| and set E, := SP(z/|z|,ca(1 — |2]|)) NS, where ¢y is the constant provided by
Lemma 3.3. Note that z = (1 — §)(p where § = 1 — |z|. Thus by Lemma 3.3 we have

|KP(2,0) 2 (1-12*)", C€E.

so that

&7 (2,0, > /!Kp(z,c)rda(g) > % ~ (1= [2f2)"0,
E.

which completes the proof. O
We are now ready to characterize boundedness for the case 1 <t < co.

Proposition 3.5. Let x € {c,h,m,p}, 1 <t < oo and p be asin (1.2). Then C3 is bounded
on LY(S) if and only if A7, is bounded on B. Moreover, the operator norm satisfies

12 2es) = 502 45,4(2);

the constants suppressed above depend on x and t, but are independent of .
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Proof. Fix any = € {c, h,m,p}, let z € B and choose k, = K?(z,-) as a test function.
Then

(k) (w) = / Ko(e, mK®(w,n) do(n) = #*(w,2), weB
S

and so
Cok. = (k)" op = A" (0(-), 2).

Hence

1) e _

HC:zHLt(S) = W = cp,t(z)

and this is true for any z € B. Taking the supremum over z € B, we obtain
||C$HL‘(S) > sup Ag (2).
zeEB

For the reverse inequality, let (o € S, § € (0,1) and put w = (1 — §){p. First, consider
the case z € {¢,m, p}. Using Lemmas 3.3 and 3.4, we see that

N R T IE S CORDIRES
S
2 ant 57" do ()
Wl[sw(/C(J7C25)]

_ (oo e )[S* (G0, c29)]
5n

This estimate is independent of (3 and J, so taking the supremum yields

sup [Af,’t(z)]t > M* (a o <p_1).
z€B

1'is an x-Carleson measure with the norm estimate N%(o o p=1) =~

Hence o o ¢~
M*(oo@™t) < ||AZ |5, Since HC;’HtLt(S) ~ N(o o p~1) from Lemma 2.2, we conclude
ICo N Le(s) S sup.ep A% (), which completes the proof for z € {c,m,p}.

The proof when x = h is similar, using the norm estimate for ||K"(z,-)||! from (2.2)

and the lower bound for K"(w, 2), w € S"({y, c20), from Lemma 3.3. O

As an application we now show that L'-boundedness implies L*-boundedness for each
1 < t < oo, which is the content of the boundedness part of Theorem 1.4(a). In view of
this result, one may wonder whether its converse would hold. The answer turns out to
be no; see Proposition 4.8 in the next section.
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Proposition 3.6. Let x € {c,h,m,p}, 1 <t < oo and ¢ be as in (1.2). If C} is bounded on
L'(S), then C% is bounded on L'(S). Moreover, the operator norms satisfy HCf;”tLt(s) <
ClICZl L1 (s) for some constant C = C(x,t) > 0.

Proof. Since L'-boundedness of CF implies the boundedness of C} : H 1(S) — L(S),
the case x # h is contained in Theorem 2.3(c). So, let = h. Suppose C’Z is bounded on
L'(S). By Lemma 2.2, to show C/ is bounded on L(S), it suffices to show that oo ™!
is an h-Carleson measure. Given {; € S and ¢ € (0,1), put w = (1 — §)(y. Then we see
from Lemma 3.3 that
—1\[gh
Baw= [ e () 2 T
@~ 1[S"(Co,c20)]

and this estimate is independent of {y and ¢ € (0,1). Taking the supremum over all
¢o and § yields M" (0 0 ™) < sup,cg A%, 1 (2). Now, since HCAZ”tLt(S) ~ Moot
from Lemma 2.2, and sup,cg Ag,l(z) = ||C$||L1(S) from Proposition 3.1, the proof is
complete. O

We now close the section with the following remarks.

(1) When z € {h,m}, as in the proof of Proposition 4.7 in the next section, the
Riesz—Thorin Interpolation Theorem (see [16, Theorem 2.5]) could also be used to prove
Proposition 3.6 with norm estimate

IC2lles) <l 33)

HtLt(S HLl(S)’

since in these cases C'j is bounded on L*°(S) with operator norm 1. When z € {c, p}
this method does not work, as C¢ is not bounded on L>°(S) in general. To see examples
of Cg and CL which are not bounded on L>(8S), simply consider ¢ = id. Note that
¢, is the Cauchy transform. As is well known, the Cauchy transform (and hence C?,
as well) is not bounded on L*°(S). In fact the Cauchy transform takes L°°(S) into the
space of functions of bounded mean oscillation with respect to nonisotropic balls; see
[15, Theorem 5.15].
(2) One may also derive (3.3) by an elementary argument. In fact, when x € {h, m},
note that 2 *(¢(¢),rn) do(n) is a probability measure for each 0 < r < 1. So, given
f € LY(S), applications of (3.1), Fatou’s Lemma and Jensen’s Inequality yield

Iczfl; < timint [ [ 1|27 (0(0). ) dotn) do(c).

S S

Now, computing the (-integration first, we obtain
t
1Ol < N1 sup 45,(2) = 1A Gl o s)-

which yields (3.3).
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4. Compactness

In this section we prove the compactness parts of our results stated in the Introduction.
Recall that a linear operator on a Banach space X is said to be compact if any bounded
sequence {z;} in X contains a subsequence {x;, } for which T'z,, converges in X.

As in the case of boundedness, proof for the compactness part of Theorem 1.3 is split
in the two Propositions 4.1 and 4.6 below. This time the case 1 < t < oo is easier to
handle and so we first characterize compactness for that case.

Proposition 4.1. Let x € {c,h,m,p}, 1 <t < oo and ¢ be as in (1.2). Then C is
compact on L'(S) if and only if A%, € C(B).

Proof. We first prove the necessity. Fix any = € {c, h, m,p} and suppose Cg is compact
on L'(S). Note that A7, is clearly continuous on B and was defined to be 0 on S. So,
in order to see A7, € C(B), it suffices to show that

A 4(2) >0 as [z] =17, (4.1)

Given z € B, put f, := #*(-,2) /|| K*(z,-)||+ so that || .||+ = 1 and Aat(z) = ||C$fz||t.
Now, suppose that (4.1) fails to hold. Then one can find an € > 0 and a sequence {27} C B
such that z/ convergent to a boundary point, say 1y € S, and

|CEfaill, = €e>0 (4.2)

for all j. Since C7 is compact, we may assume, by passing to a subsequence if necessary,
that {C%f.;} is norm convergent in L*(S). On the other hand, note from Lemma 3.4
that C2f.; = 2" (p(-),27) /| K*(27,-)||: = 0 pointwise as j — 400 on S\ ¢! (1), and
hence o-a.e. on S by (1.2). Hence C3 f.; — 0 in norm, which contradicts (4.2). Hence
(4.1) holds, and the proof of the necessity is complete.

Now, to prove the sufficiency, let z € {c,p, m} and assume AF, , € C(B). Given {y € S
and 0 € (0,1), put z := (1 — 6)(p so that 1 — |z| = d. Then

Jffw )y 2 g x t
R 2 TG #7010, 2)] 4o )

©71(57(Co,020))

S § a1 (S5% (o, c20))]
~ 6—nt+n

where the last inequality holds by Lemma 3.3 and (2.2). Since

127 (p(), 2)le

= A$
K, ~ Ae®) =0
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xT
ot

LY(S). The argument for x = h, using the alternate lower bounds provided by Lem-

as |z| = 17 by continuity of A we conclude by Lemma 2.2 that CF is compact on

mas 3.3 and 3.4, is similar. This completes the proof of the sufficiency and thus of the
proposition. 0O

We now turn to the compactness characterization for the case t = 1. We need some
preliminary lemmas.

Lemma 4.2. Let x € {c,h,m,p} and ¢ be as in (1.2). Assume, in addition, ¢ takes S
into a compact subset of B. Then Cg is compact on LY(S) for each 1 <t < oo.

Proof. Fix « € {c,h,m,p} and 1 <t < oo. Since p(S) is contained in a compact subset

of B, it is easily seen from Lemma 3.4 that A, is bounded on B. So, C7 is bounded

on L*(S) by Propositions 3.1 and 3.5. Now, using Lemma 2.1, the rest of the proof is a
standard normal family argument. 0O

Lemma 4.3. Let € {c,h,m,p} and ¢ be as in (1.2), and define the function G* on
B\ {0} by

G2 () = / 7 (vp(C)m) — 7 (2(C),m) | dor(() (4.3)
S

forO0<v<1andn€S. Then, for0<s <1,

HC’Z,”W — C’ZHLl(S) < lim sup(sup [Gi(rsr]) + Gi(rn)]).

r—1- nes

Proof. Fix 0 < s < 1. Note that sy satisfies (1.2), because o o (sp)~t|g is the zero
measure. Given f € L'(S), using Fatou’s Lemma, we have

(¢, = C2) I, < liminf / ‘ / P [K*(rs(C).n) = A+ (w((),n)]do(n)‘ dor (¢)
S S

< 1711 timsup (‘sup G (rsn) + G5 ()] )
nes

r—1-

as required. O

We remark that if € {c, h,p}, then (1.6) is available to give

G (i) = / 7 (0(C)svm) — 7 (0(C),m) | do ().
S

Now use of Lemma 2.4 shows that if A% ; € C(B), then G% € C(B\ {0}) and vanishes
on S. Hence, for = € {c,h,p}, AL, € C(B) implies ||CZ, — C%||is) = 0as s — 17,
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from Lemma 4.3. Since each C%, is compact on L'(S) by Lemma 4.2, it follows that C
is as well.

These remarks do not extend to x = m, since (1.6) is not available in that case. We
will see in Proposition 4.6 below that the extension to x = m is valid, though the proof
is much more involved. The next two lemmas will be used in that proof.

Lemma 4.4. Let ¢ be as in (1.2). If A7}, € C(B), then CJ' : H'(S) — L*(S) is compact.

Proof. As in the proof of Lemma 4.3, each sp, 0 < s < 1, satisfies (1.2) and Cop -
H(S) — LY(S) is compact by Lemma 4.2. So it suffices to show

||C;:Z - C;le —0 ass— 1" (4.4)

where [|C7, — C|| denote the operator norm acting from H'(S) into L'(S).
Let Q™ be the function defined on B\ {0} by

Q" () := / ™ (0(C), vm) — ™ (0(C).m) | dor(C),
S

for 0 <v <1 and n € S. From the hypothesis that A7 € C(B) and Lemma 2.4, we see
that Q™ is a continuous function vanishing on S. So, given € > 0, we can fix a v € (0,1)
such that

sup Q@™ (vn) < e. (4.5)
nes

Let f € HY(S) and identify it with f € H(B). Let 0 < s < 1 and put f.(2) := f(s2).

Note O3, f = f(sp) = fs(p) = Cy' fs for each 0 < s < 1, because f is holomorphic. It

follows from (3.1) that
(Clp = C2) Q) =C2(fs = Q)
= lim [ ™ (p(C),rn) [fs(n) — f(n)] do(n)

r—1-
S

for o-almost every ¢ € S. Thus, by Fatou’s Lemma, we have
I(czy = cg) I, < tim in / ] / A (@(C)rn) [Fum) = F(m)] do(n)| do(C).  (4.6)
S s

Meanwhile, note from Fubini’s Theorem

[ 1 (otc1.m) = ™ (@) ) = )| dotn) do(<)
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< Ifs = Sl [sup @™ (rn)|
nes
<2|Iflh [sume(rn)} —0 asr—17.
nes

Therefore, by the triangle inequality and Fubini’s Theorem, for the v fixed above, we
obtain from (4.6)

l(cm -z, < / ] / A (0(C)m) [fn) — ()] do(m) | do (<)
<I+1I,
where
Fi= [ Q)| futn) = £ dotn) < 261, (4.7)
4

by (4.5), and
- / ‘ / H ™ (@(Q)yvm) [fs(m) = f(n)] do(n)|do(C).

To estimate II, we first note from the reproducing property

f(vsz) = / A () fu(n) do(n), = €S,

S

because £ (z,vn) = K™(vn,z) = K™(vz,n) by (1.1). This also remains valid for
z € B. To see it, note from Fubini’s Theorem, (1.1), and the reproducing property of
the kernel that

/%m 2 o) fa(n) do (i /fs {/KW (2, ) K um&)da(é)}d (n)
- [{ ] & wensmaotn b g aste)
S S

= / fVS(E)Km(Z’ f) dO’(f)

= f(vsz).

A similar argument yields
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flvsz) = /%m(sz,yn)f(n) do(n), zé€B.

Therefore, we have

[ @) 1 dotn) = [ 7 (s0(0).v) ) dot)
] ]
at o-almost every ¢ € S and thus by Fubini’s Theorem

HS//|%/M(SSD(C)7V77) = (9(C),vn) | - | £ ()| do(n) do ()

S S

< Iflllitelg/!%m(sw(é“)wn) =A™ (9(C),vn) | do(¢)
S

Now, since 0 < v < 1, the Dominated Convergence Theorem can be used to see the
(uniform) continuity of the mapping (s,n) — # ™ (s¢(-),vn) from [0,1] x S to L*(S),
yielding

I < €| fl]1,

provided s is sufficiently close to 1. Along with (4.7), this shows that C, —C7' boundedly
takes H'(S) into L'(S) and, moreover, that (4.4) holds. The proof is complete. O

Lemma 4.5. Let ¢ be as in (1.2) and put

1 - |§0 |2) m
™ () / ]1_ s = 7 (00| do )

for0<r<1andneS. If A7, € C(B), then G™ e C(B\{0}).

Proof. Assume A7, € C(B). Since G™ is clearly continuous on B\ {0} by the Dominated
Convergence Theorem, it suffices to prove G™ is continuous at every point in S, where
G™ vanishes. Given s € (0,1) and n € S, we use temporary notation

Ey(n) =@ '[S™(n,5)] NS

for short.
Givenn € S and 0 < r < 1, note

1 — =" 2"

< f B
Ty = (= 2SS




B.R. Choe et al. / Advances in Mathematics 273 (2015) 149-187 173

and

for z ¢ S™(n,2(1 —1)).

‘1<z,m>‘>1_‘m %

1—<Z,77> N

Therefore, given arbitrary 7o € S and 0 < § < 1, we have

(1= leQP)" _
/ T (e(Q).rmpn ) = / " /
Es(no) Bs(mo\Ez—ry(n)  Es(m0)NE21—r)(n)
o|Fy1—r
S / %m(¢(<),n)d0(0+[(f(i—r;,(:m~
Es(n0)
Thus, setting
/ [ () m) = ™ (1€, m0) | dor(€)
we obtain
B )[2)
/‘u— onit e GO L
Es(no)
o|Ea(1_r
S / fm(w(C),n)da(CH%
Es(no)
S [ A0 m) do(O) + 1) + M (o).
Es(m0)

Note that o o ¢! is a compact m-Carleson measure, since C* : H'(S) — L'(S) is
compact by Lemma 4.4. Thus the last term of the above tends to 0 uniformly in 7 as
r — 17. Meanwhile, since

n—"no
S

tim [ (0(0).1) do(Q) = [ ™ (0(0).m) do(€)
S

by the continuity of A7, on S, we have I(n) — 0 as n — 1o by Lemma 2.4. Also, note

. — |p(O)P)"

1

rnsm, ‘u —((0), rmy "
S\Es(no)

— A" ((¢),m)|do(¢) =0

by the Dominated Convergence Theorem. It follows from these observations that
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lim sup ém(rn)f, / Ji/m(@(()ﬂ?O) do ().

rn—n0,0<r<1
Es(n0)

In the display above note that the right-hand tends to 0 as § — 0%, because
27 (o(-),m0)llh = AZ1(m0) < oo. Since the left-hand side is independent of d, we
conclude that

limsup G™(rn) = 0= G™ ().

rn—n0,0<r<1
Hence G™ is continuous at every point in S as required, and the proof is complete. O
We are now ready to characterize the compactness for the case t = 1.

Proposition 4.6. Let x € {c,h,m,p} and ¢ be as in (1.2). Then CZ is compact on L*(S)
if and only if A, | € C(B).

Proof. We first prove the necessity. So, suppose Cg is compact on LY(S) and let {w’} be
a sequence of points in B with w’ — wg. To show A ; € C(B), it suffices to show that
there is a subsequence {w/*} such that AZ ) (w/*) — A% | (wo). Let ky := " (w,-) for
x € {¢,p,h} and ky, := H "™ (w, ) for x = m. Then ||ky||1 = 1 for w € B and ||ky||1 =0
for w € S. Thus {k,,; } is a bounded sequence in L*(S), and since C¢ is compact it follows
that {CZkys} = {7 (p(-),w?)} has a subsequence {£(p(-), w’*)} that converges
in norm. Since % (p(-),w!) — H(p(-),wp) o-a.e., it follows that H*(p(-),w*) —
A" (p(), wo) in norm. Hence,

AG 1 (W) = [ (0 0)sw?) || = (|27 (0(), wo) [ = 4G 1 (wo)

as required, and this completes the proof that Ag ; € C (B).

Sufficiency has already been proved for z € {¢, h, p} in the remarks following the proof
of Lemma 4.3. So for the rest of the proof we put z = m, and assume A7, € C(B). As
in those remarks, it suffices to show that

||C§Z, — OSTHLl(S) —0 ass—1".

From Lemma 4.3, it suffices to show

I G (sn)) =0 4.
55{17(2‘;2 Sp(sn)) ; (4.8)

where G7' was defined in (4.3). Let z € B and n € S. When s < 1, ™ (sz,1) =
K™(sz,m), so the explicit formula of the kernel can be used. For s € [0,1) we have
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(1 - [s2)"
K20 = Ttz P
(= P+ R = s
(. sm
(1 |2 "1 )R a2
s oW D 1= (oo

where O(1) is uniform in z and s. Thus

(L —[=[)"

K (szm) - W

1—5 =
<
Nz\l— s [rE z € B.
Hence, setting

(1 —lap*

= o e =120

we obtain

G (sn) £ GE (sn) + D _[|1CL gsni] -
k=1

The function C:’Z‘ was introduced in Lemma 4.5, where it was shown that C:‘Z;l(sn) —0
as s — 17 uniformly in 7. So, to complete the proof, it suffices to show the sum in the
right-hand side of the display above converges to 0 uniformly in n as s — 1~

Note that {gs;x} is a bounded set in H'(S) by (2.1). Also, note that, given
a’ = no €S, {Claik} = {9aik © @} (with k fixed) converges pointwise to 0 on
S\ ¢ '{m} and hence o-a.e. by (1.2). Since C* : H'(S) — L'(S) is compact by
Lemma 4.4, a subsequence converges to 0 in norm. It follows that

i s0p ], =0

s—1—
as desired. This completes the proof. 0O

Having proved the compactness characterizations, we now prove the following, which
is the content of the compactness part of Theorem 1.4(a).

Proposition 4.7. Let x € {c,h,m,p}, 1 <t < oo and p be as in (1.2). If CF is compact
on L*(S), then C% is compact on L'(S).

Proof. As in the proof of Proposition 3.6, the case x # h is contained in Theorem 2.3(c).
For z = h, from Proposition 4.6 and the hypothesis that CZ is compact on L!(S) we have
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that /1’9};71 € C(B). So by Lemma 2.4 it follows that Gf};, defined in (4.3), is continuous
and vanishes on S. Thus Lemma 4.3 shows that given € > 0, there exists § > 0 such that

||Csh¢ - CZHD(S) <e¢, forallse(l—9,1).

Also, the operator Cg@ — C’:;” clearly acts boundedly on L>°(S) with
h h
€5 = Gl sy = 2
It now follows from the Riesz—Thorin Interpolation Theorem that
h h 1-1/t 1/t .
||C'w — C«pHLt(S) < 21TVE/t forall s € (1—6,1);

the slightly different norm estimate implicit in the proof of the Marcinkiewicz Interpo-
lation Theorem in [16, p. 43] could also be used. (An alternate approach, available since
Cl is an integral operator, is to use Schur’s test; see [12, Lemma 1].) Hence

hr{{Hng - C«ZHU(S) =0.

S—r

: h
Since each Cg,,

is complete. O

0 < s < 1 is compact on L*(S) from Lemma 4.2, C’Z is also. The proof

Applying our compactness characterization, we can show by explicit examples that
L'-compactness for each 1 < ¢ < co may not imply L!'-boundedness. This, in particular,
shows that the converse of Proposition 3.6 does not hold.

Proposition 4.8. For each x € {c,h,m,p} there exists ¢, such that C’;m is compact on
LY(S), 1 <t < oo, but CZ_ is not bounded on L*(S).

We fix as a standard reference point

e:=(1,0,...,0) €S. (4.9)
Proof. Put
|]‘7<evc>| ifz:capvm
d = €S
() {|e—4| IR
and
s|log s|1/™ ifx=c,pm
hx(s) := 0<s<e
=(¢) { s|log s|V/ =1 if o = b, N
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where € > 0 is a sufficiently small number chosen so that 0 < h,(s) < 1. Given x €
{¢,h,m,p}, put V, = S*(e,e) NS and define

@w(() = (1 - (hw © dw)(()’ 0,... aO)XVm (C)

where xy, denotes the characteristic function of V,. Clearly, this function satisfies (1.2).

We show that C  is not bounded on L(S), only for the case x = ¢; the proofs for other
cases are similar and thus omitted. By Fatou’s Lemma A¢,_;(e) < liminf, ;- A ,(re),
and so by Proposition 3.1 it suffices to prove that A, ,(e) = oo. Note

c = 1 ! R
|<%/ (@c(g)ve”_ |1_<e,c>|n (1 g1_<e7<>|> ek

and so

A;w“e)zg{:1—<L<Mn<kg|1—1acn>1d““)

It is elementary to see that this integral diverges when n = 1. When n > 1, one can use
(3.2) to see that the integral also diverges. So, C¢,_is not bounded on L'(S).

Now, we let 1 <t < oo and show that each Cg_ is compact on LY(S). By Lemma 2.2
it suffices to show that o o p ! is a compact x-Carleson measure. It is easy to see

1= (e,02(¢))] < 1= (1,02(0))|

for any ¢,n € S. Thus we have
0 (5" (n,0)) C ;' (5%(e,8)), neS, 0<d<1

and consequently it suffices to consider the Carleson sets S*(e,0).

Continuing under the assumption that x = ¢, the other cases being similar, note that
h. is invertible (when e is sufficiently small). Thus, for ¢ € V., we see that ¢.(¢) € S°(e, §)
if and only if d.(¢) < h;1(8). Thus ¢ 1[S¢(e,d)] = S¢(e,h;1(5)) for all § sufficiently
small. Hence

(7o S 0] _ (hON" o s ot
o[5°(e,0)] “( 5 )‘” 0%,

1

and so o o ™+ is a compact c-Carleson measure. This completes the proof. O

As another consequence of our compactness characterization, we can easily recover
Sarason’s result. Recall that (1.2) is satisfied by all holomorphic self-maps of D; see
Section 2.5.
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Corollary 4.9. (See Sarason [12].) Let ¢ be a holomorphic self-map of D such that
©(0) = 0. Then Ch is compact on L*(OD) if and only if /1271(77) =1 for alln € 0D.

Proof. Note that #"(¢(-), z) is a bounded harmonic function on D for each z € D. We
thus have

AL (2) = H(p(0),2) = #7(0,2) = 1
for all z € D. So, the corollary is immediate from Proposition 4.6. O
5. Examples for t = 1

From Theorem 2.3, if z,y € {¢,p,m},t > 1, and CZ is bounded (respectively compact)
on L*(S), then C¥ is bounded (compact) on L*(S). Also, if CL} is bounded (respectively
compact) on L*(S), 1 < t < oo, then C7 is bounded (compact) on L*(S) for z € {c, p, m}.
Example 5.2 below shows that the converse fails badly: Cg, x € {e, p,m}, can be compact
while C! is not bounded.

Carleson measure methods were used to get these results for ¢ > 1. When ¢t = 1,
Carleson measure methods are not available and the situation is quite different. In this
section we consider the 12 implications of the type

If C is bounded on L*(S), then CY is bounded on LY(S),

where x # y. We show that 2 of these implications hold (see Proposition 5.1 below),
while 9 of the remaining 10 fail. In fact we show that 7 of these fail badly, in that CZ
can be compact while C¥ is not bounded. The last cases that we were not able to resolve
will be stated as questions at the end of this section. We begin with the two implications
that do hold:

Proposition 5.1. Let ¢ be as in (1.2). If C¢ is bounded (respectively compact) on L'(8S),
then C% is bounded (compact) on L*(S) for x = p,m.

Proof. We first consider x = p. We have #P = 2Re #° — 1 and so the boundedness
part of the statement is clear from Proposition 3.1. For compactness, if z,w € B, then

[ (o(),2) = 2P (0(), w) ||, < 2|7 (0(), 2) = H°(0(), w) |-

Proposition 2.4 now shows that AS ; € C(B) implies A, ; € C(B), and so the statement
for compactness follows from Proposition 4.6.

We now consider the boundedness for « = m. Let z € B. Since K™(p(¢),n)
2"|K°(p(¢),n)|, we have by Fubini’s Theorem and Fatou’s Lemma

IN
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o™ ()2, = /{/Km 1) do(§) | ™ (z1n) dr ()

< Z”Iim_glf/{/pifc ),rn)| do(¢ }KM(ZJ]) do(n)
bupH,/"i/C H1 /K z,n) do(n).

Since the last integral above is equal to 1, this shows that A7'; is bounded by 2"A¢ ,
Hence the result for boundedness follows from Proposition 3.1.

Finally, we consider the compactness for x = m. Assume that C¢, is compact on LY(S),
or equivalently by Proposition 4.6 that A ; is continuous on B. Now by Proposition 4.6
again, to see that C7' is compact, it suffices to show that A’;l is continuous on B. Since
A7 is continuous on B, it suffices to show that it is radially uniformly continuous. Let
€ >0 and n € S. By Lemma 2.4, there is § > 0 independent of n € S such that for all
§£esmn,d)

/HKc n)| = [K=(9(0), )] dor(€) < e, (5.1)

since Ag, ; is (uniformly) continuous on B.
Note

|K™(2,1) — K™(2,6)| = (1 - |21%)" ]| K(2,m)|* — |K°(2,€)|]
< 2" KO(z,m)| - |K(2,9) |

for ¢ € S and z € B. With K" replaced by £ this estimate extends to all z € S, since
A ™(z,m) =0 when z € S. Thus we see from (5.1)

/’Ji/m — ™ (( ),f)‘ do(¢) < 2"t e (5.2)

for £ € S™(n,d). Let 0 < r < 1. Since [ K™ (rn,§)do (&) = 1, using Corollary 3.2 we
have

A$1 (rn) — A:Zl (1)

= [{ 6106 = 7 (@) K7 .8 do(©) f ao(c)
S

S

Thus, setting M := sup,cg A7 (2), we obtain by Fubini’s Theorem and (5.2)
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|A$1(”7) - A$1(77)|

/{/WW (©16) = ™ (o€ 1) do(©) {7 1. €) o)

]
< ontle / K™(rn, &) do(&) + 2M / K™(rn,&) do(€)
Sm(n,6) S\S™(n.9)
1— 2\n
S 2n+1€+2M(5#.

Therefore we have
|A¢ 1(rn) — AZL,1(77)| < (2”*1 + 1)6, neS
for all r sufficiently close to 1. The proof is complete. O

We now turn to the examples that demonstrate the failures of the implications dis-
cussed at the beginning of this section.

Recall CF = CF' = Cg in the one-dimensional case. So, the restriction n > 2 in the
next example is required, by Theorem 2.3(b) for 1 < ¢ < oo, and by Proposition 5.1 for
t = 1. In what follows, e € S denotes the point specified in (4.9).

Example 5.2. Let 1 <t < oo, z € {¢,p,m}, and n > 2. Then there exists ¢ such that
C% is compact on L'(S), but C is not bounded on L*(S).

Proof. First, consider the case 1 < t < oco. In this case we use the Carleson measure
characterizations. Fix 5= < a < 1 and let

o(C) = (La(CI)a 0,... 70)

where Ly(A) = 1 — (1 — X% X € D. We remark that L, is a conformal map of D
onto a teardrop-shaped region in D with vertex at 1. Clearly, ¢ satisfies (1.2). Since

lo(€) —e| =11 —C|* = 1|1 = (p({), e)], we have
(aoap_l)[S‘T(e,é)] = (aogo_l)[Sh(e,(S)]
=o{CeS:[1-{| <6}
~ 6V by (3.2).

Accordingly, using (2.9), we obtain

6n/a

M;(Uocp_l)zw—_l%oo aS(S—>0+,
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which, together with Lemma 2.2, shows that C:; is not bounded on L!(S). On the other
hand, using (2.9), we see

(009 h)[S"(e,8)] _ &

+
15%(e,0)] N e —0 asd—0".

As in the proof of Proposition 4.8, this shows that C7 is compact on L*(S). This completes
the proof for ¢ > 1.
Now, we consider the case t = 1. This time we let

©(¢) == (1 = h(Re(1),0,...,0)

where h(s) = (1 — 5)/2 for 0 < s < 1 and h(s) = 1 otherwise. Again, ¢ clearly satisfies
(1.2). A little manipulation using (3.2) yields

1

n3/2 1 ds
/ h2n1 %1—}-/1_
0

-1

Thus we see from Proposition 3.1 and Fatou’s Lemma that C’g is not bounded on L'(S).

To prove that Cg is compact on L'(S), we only need to consider for 2 = ¢ by Propo-
sition 5.1. Since (S) touches S only at e, it suffices to show that Ag ; is continuous at
e by Proposition 4.6. Let w € B. Since Re(1 — @w;) > 0, we have

11— {p(¢),w)| = |hRe ) + (1 —w1)(1 — M(Re(1))| = h(Re(y)
so that

1

)}SW7 CES,’U)EB.

| (0(C), w

Note by (3.2)

1

dO’( _ n 3/2
/|1Rec1|”/2 ’“H/ A= =
0

this is where the restriction n > 2 comes into play. Thus we conclude via the Dom-
inated Convergence Theorem that A;,l is continuous at e, as required. The proof is
complete. O

Next we give a simple example that shows CZ and CZ' may be bounded on L'(S),
while C? is not. Recall that id denotes the identity map of S.
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Example 5.3. For n > 2, Ci’b and C are bounded on L'(S), but C¢, and C?, are not
bounded on L!(S).

Proof. C and CI are simply the identity operator on L!(S) by Proposition 1.2(b), and
so bounded. That C?, is not bounded is a consequence of Corollary 3.2, and it follows

from Proposition 5.1 that Cf; is not bounded. O

The restriction n > 2 in the next two examples is required, since CL = C7' when
n = 1. Also, when n = 1, C?, is bounded on L'(S) but C¢, is not, as dlscubsed above.
But a different example is required to differentiate between the behavior of C% and C'g
on L'(S) when n > 2, since in that case C¥, is not bounded.

Example 5.4. Let n > 2. Then there is ¢ satisfying (1.2) such that C7' is compact on
L'(S), but C¢ and CE are not bounded on L'(S).

In the proof below we will use the non-isotropic triangle inequality (see, for example,
[10, Proposition 5.1.2])

1= < L= (A - () (5.3)
valid for all 2!, 22, 23 € B.

Proof. Define a sequence {qr} C B by

1 2 1 1
(4 21 k=2
qk < 2]‘7,\/2"’ 22k Qk(logk)Qv ) 30>a 733
so that
1 (ge) = o~ and 1—|gf =t (5.4)
’ 2k 2k(log k)2" '
Let {Ex}72, be a partition of S into Borel sets Ej such that o(Ey) = 5%, where

(cn) ™' =5, 757w - Denote by x; the characteristic function of Ej and define ¢ : S —
B by ¢ = > i, qixk- Then ¢ is a Borel function and

o0

Uocp_lz Z an’

k=2

where §j is the point mass at gx. Clearly ¢ satisfies (1.2) since ¢ ~1(S) = (). Also, note

weB (5.5)

. = 1 .
Ag 1 (w) = an WM/ (g, w)),
=2

for any .
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Note

— 1 2 o 2
A’;71(e)+120nk22k2nk|17<que>|n zcnzzzoo. (5.6)
Thus, from Fatou’s Lemma and Proposition 3.1, CZ is not bounded on LY(S) which in
turn implies C¢ is not bounded on L'(S) by Proposition 5.1.

We now turn to the proof that C7}' is compact on LY(S). Since g — e, it follows from
(1.7) that the sequence {# ™ (g, )}k is uniformly bounded on each compact subset of
B\ {e}. Accordingly, the series in (5.5) for z = m converges uniformly on each compact
subset of B\ {e}. So, A7y is continuous on B\ {e}, because each # ™ (g, -) is continuous
on B. Thus, by Proposition 4.6 it suffices to show that A’;,l is continuous at e. For this
it is enough to show that there is a constant C' = C(n) > 0 such that

m m 1 A" (g, w) — A (gr, )|
C|AT ) (w) — AT (e)] < gl Z ok (5.7)

for any integers M, N with N —2> M >3 and w € S™(e,27V).
Let M > 3 be a given positive integer. As a preliminary step towards (5.7), we need
certain estimate for the series Y5, 2 {ak)

C = C(n) > 0 such that

. First, we show that there is a constant

£—=2

Qk7 C m —/
kz ok glOgM, we S™(e,27") (5.8)

for £ > M + 2. To see this, for M < k < ¢ —2 and w € S™(e,27¢), note by (5.3)

|1 <q’€’e>|_|1_<w’e>|22k+1_?22k+2

DN | =

|1 - <qk, U}>| >
so that using (1.7) we get that

(1= lage)" + (L= [wl)" _ opn 1 1

o < T
@) S )~ | Tlog ke T am

Since Y43 [k(log k)2") 71 < (log M)'=2" < (log M) ™" and Yj_5, 2" /(k2") < M~
this yields (5.8). Next, since

1

— _gnk log k 2n
T Jgpy 2 (osk)

H (s w) S

there is a constant C' = C(n) > 0 such that
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0+2
A (qr, w) (log )" =
< B .
kZZH i SO, we (5.9)

for all integers ¢ > 2. Finally, we show that there is a constant C' = C(n) > 0 such that

i A" (qr, w)

ank S

c m —(—1
— wgsm(e2 ) (5.10)

k=043
for positive integers £. To see this, for k > ¢+ 3 and w ¢ S™(e,27*"1), note by (5.3)

1 1 1 1
‘1_ <qk’w>’ = §‘l_<w>e>’ - |1_ <37Qk>‘ > 502 ok > 5073

so that, again using (1.7),

%/m < " < 24n+£n.
(g, w) < TR pmmITES
Since Y7, 42" /(k2"%) < 1/¢, this yields (5.10).

Now, we proceed to the proof of (5.7). Since

= (g, e
> =y

oo
1 < 1
k=M k=M

k(log k)2 ~ log M’

we have

AT (w) — AT (e)]

< i | (@, w) — ™ (g, €)]

nk
= k2
—1 e’}
|2 ™ (g, w) — ™ (g, €)] A (g, w) 1
— 11
];2 k2nk + k:ZM k2nk + log M (5.11)

for w € B. Let N be a given positive integer with N > M + 2 and fix w € S™(e,27V).
Choose £ > N such that w € S™(e,27%) \ S™(e,27¢"1). Then we see from (5.8), (5.9)
and (5.10) that the second term of the above is dominated by some constant (depending
only on n) times

2n 2n
1 (log £) Jr}S 1 Jr(logM) +i5 1 ;
log M { £~ logM M M ~ log M

the constants suppressed in these estimates are independent of M and N. From this and
(5.11) we conclude (5.7), as asserted. The proof is complete. O
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Remark. (1) Closely looking at the proof of Example 5.4, one may check that the proof
goes through whenever (5.4) is satisfied and the first component of each ¢y is real; the
latter condition is needed for the first inequality in (5.6). Note that construction of such
sequence {qx} is possible only when n > 2.

(2) In conjunction with previous remark, note that there is a sequence {¢x} C D
satisfying (5.4). So, by the same proof, one may see that there is ¢ satisfying (1.2) such
that Cl! = C* = C¥ is compact on L' (dD), but C¢ is not bounded on L' (D).

Example 5.5. Let n > 2. Then there is ¢ such that C¥ is compact on LY(S) but Cg and
C7 are not bounded on L'(8S).

Proof. Define a sequence {ay} of complex numbers by

eiﬂ/Qn

ak:1—2—k7 k:1,27

so that
1 n
|1 —ag| = o* and Re(l —ag)" =0.

Also, since

1—la* 1 m 1

2 2R\ Pop T ok )
we have
1
1—|a;€|%2—k7 k=1,2,...; (5.12)

it is this step where the restriction n > 2 comes into play. This in particular shows
{ak} c D.
Now, as in the proof of Example 5.4, take a Borel function ¢ : S — B such that

T = 1 T R
AL 1 (w) = ¢ Z W‘% (are,w)|, weB (5.13)
k=1

for any x; this time we take ¢, = (3_;—; 73%) ' It is easily checked that A7 (e) = oc.
So, as in the proof of Example 5.4, C7" is not bounded on L'(S), which in turn implies
C¢ is not bounded on L'(S) by Proposition 5.1.

Turning to the proof that C¥ is compact on LY(S), first note that an argument similar
to the one used in the previous example will show that A? ; is continuous on B\ {e}.
Thus, by Proposition 4.6 it suffices to show that /1’;,71 is continuous at e. To this end we

will prove
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(5.14)

2/Q

|48 1 (w) — A7 4 (e)| <

for w € S¢(e,27V)\ S¢(e, 27V 1) and for some constant C' > 0 independent of N and w.
Here, and in the rest of the proof, N denotes an arbitrary positive integer.
To begin with, let w € B. Note

Re(1 — agwy)™

HP =2— -1
(are, w) 11— apwg|?
and, in particular,
Re(1 — ag)™
HP =2———1=-1
(akea e) ‘1 _ ak|2”

for each k. Hence we have by (5.13)

|
{Ag,l(w) 7AZ,1(e)| S CnZWH%z}(ake,w” — 1|
— k2

i 1 |Re(1l — apwr)™|

— nk 1 _ akw1|2n

=Ty

k>N+1
We now restrict w € S¢(e,27V) \ S¢(e,27V~1) and estimate each sum of the above
separately. For the second term, since
1

|1 —apwr| > |1 —w1| — |1 —ag| > ONFT T 9%

for each k, we have, as in the proof of Example 5.4,

PSS % (5.15)

k>N+1
To estimate the first sum, note
1 —wy|~27" <21 —ay, kK<N+1
Hence, using that Re(1 — a;)™ = 0, we have

|Re(1 — akw_l)"| = {Re[(l —ag) +ap(l — w_l)]n|
S — a1 = wi

1
~ STV k<N+1
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This, together with (5.12), yields

N+1

> £ g = 7
Tonk ok(n—1)9oN _ 9N
k<N+1 k=1 kZ 2 ( )2 2

1
N

M+

Lok
— < 1
- < (5.16)

=~
Il

1

Now, we conclude (5.14) by (5.15) and (5.16). The proof is complete. O

Proposition 5.1 and the examples in this section leave unresolved one (respectively
three) implication(s) of the type “If C is bounded (compact) on L*(S), does it follow
that C¥ is bounded on L'(S)?”. We end with statements of these remaining cases as
questions.

Question 5.6. For n > 2, if C' is bounded on L'(S), does it follow that CJ' is bounded
on L'(S)?

Question 5.7. For n > 2 and x € {c¢,m,p}, if C’Z is compact on L*(S), does it follow
that C% is bounded on L'(S)?
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