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Abstract. Let 1 ≤ p < ∞ and let µ be a positive finite Borel measure

on the unit disk D. The area Nevanlinna-Lebesgue space Np(µ) consists of
all measurable functions h on D such that log+ |h| ∈ Lp(µ), and the area

Nevanlinna space Np
α is the subspace of Np((1 − |z|2)αdν(z)), where α > −1

and ν is area measure on D, consisting of all holomorphic functions. We
characterize Carleson measures for Np

α, defined to be those measures µ for

which Np
α ⊂ Np(µ). One application is that the spaces Np

α are all closed

under both differentiation and integration. This is in contrast to the classical
Nevanlinna space defined by integration on circles centered at the origin, which

is closed under neither. Applications to composition operators and to integral

operators are also given.

1. Introduction

Let D be the unit disk of the complex plane C and H(D) be the algebra of
all functions holomorphic on D. Let ν be the area measure on D normalized to
have total mass 1. Given α > −1, let να be the weighted measure defined by
dνα(z) = (α+ 1)(1− |z|2)αdν(z).

For 1 ≤ p <∞ and α > −1, we letNp
α denote the space of all functions f ∈ H(D)

such that ∫
D

(log+ |f |)p dνα <∞. (1.1)

We will refer to the spaces Np
α as (weighted) area Nevanlinna spaces. Clearly,

each area Nevanlinna space is a subalgebra of H(D). The area Nevanlinna spaces
are large in the sense that each Np

α contains all the well-known Bergman spaces.
This follows from standard growth estimates for Bergman functions (see [9, Lemma
3.2]). Also, by the elementary inequalities log+ x ≤ log(1 + x) ≤ log 2 + log+ x for
x ≥ 0, we see that (1.1) holds if and only if log(1 + |f |) ∈ Lp(να). Next, note that
log(1+x+ y) ≤ log(1+x)+ log(1+ y) for x, y ≥ 0. These simple observations lead
us to define the “norm” ‖f‖Np

α
of f ∈ Np

α by the formula

‖f‖p
Np

α
=
∫

D

[log(1 + |f |)]p dνα.
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This norm satisfies the triangle inequality and thus induces a translation-invariant
metric on Np

α defined by (f, g) 7→ ‖f − g‖Np
α
. Also, we have by subharmonicity

log(1 + |f(a)|) ≤ C
‖f‖Np

α

(1− |a|)(2+α)/p
, a ∈ D (1.2)

for a constant C = C(p, α) and all f ∈ Np
α. In particular, this tells us that if

fn → f in Np
α, then fn → f locally uniformly. Here, the local uniform convergence

refers to the uniform convergence on every compact subset of D. It follows that
each Np

α is a translation-invariant complete metric space.
Let µ be a positive finite Borel measure µ on D (hereafter we simply write

µ ≥ 0). We introduce the spaces Np(µ), 1 ≤ p <∞, which we call area Nevanlinna-
Lebesgue spaces. Namely, we define Np(µ) to be the space of all measurable func-
tions h on D such that

‖h‖p
Np(µ) :=

∫
D

[log(1 + |h|)]p dµ <∞.

This norm also induces a translation-invariant metric on Np(µ), which is also com-
plete (see [11, Proposition 2.1]). Clearly, Np

α is a closed subspace of Np(να). We
also recall the well-known (weighted) Bergman spaces Ap

α := Lp(να)∩H(D), where
α > −1 and 1 ≤ p < ∞. Note that while the area Nevanlinna(-Lebesgue) spaces
are not Banach spaces, the restriction 1 ≤ p < ∞ means that the spaces Ap

α are.
Some of our results assert that certain operators are bounded or compact in a sense
that is stronger than the general notion of bounded or compact on a topologi-
cal vector space. Precise definitions of those strong notions, that we call “metric
boundedness” and “metric compactness”, are given in Section 2. For now we just
mention that on a Banach space these properties coincide with the usual notions
of boundedness and compactness.

In what follows, we let I denote the integration operator defined by

If(z) =
∫ z

0

f(ζ) dζ, z ∈ D

for f ∈ H(D). Also let ∂ = ∂
∂z denote the differentiation operator. We can now

state our first result.

Theorem 1.1. Let 1 ≤ p <∞ and α > −1. Given µ ≥ 0, the following conditions
are equivalent:

(a) Ap
α ⊂ Lp(µ);

(b) Np
α ⊂ Np(µ);

(c) The embedding Np
α ⊂ Np(µ) is metrically bounded;

(d) I(Np
α) ⊂ Np(µ);

(e) I : Np
α → Np(µ) is metrically bounded;

(f) ∂(Np
α) ⊂ Np(µ);

(g) There is a constant C such that

‖f ′‖Np(µ) ≤ C(1 + ‖f‖Np
α
)

for f ∈ Np
α.

As an immediate consequence of Theorem 1.1 with µ = να, we see (Corollary
3.3) that area Nevanlinna spaces are all closed under differentiation and integration.
This is in contrast to differentiation and integration on the classical Nevanlinna
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spaces defined by integration on circles centered at the origin. For p ≥ 1, a function
f ∈ H(D) is said to belong to N p if the integrals∫ 2π

0

(
log+ |f(reiθ)|

)p
dθ

are uniformly bounded for r < 1. In 1929 A. Bloch and R. Nevanlinna [16] posed
the problem of whether N 1 is closed under differentiation. Subsequently many
counterexamples have been constructed. It is now known that the derivative of a
bounded holomorphic function on the unit disk need not belong to N 1, so none of
the spaces N p, p ≥ 1, are closed under differentiation; see for example [6] or [8].
Thus the area Nevanlinna spaces Np

α may be viewed as the proper setting for the
Bloch-Nevanlinna problem. On the other hand, W. K. Hayman has shown [8] that
while the spaces N p, p > 1, are closed under integration, the space N 1 is not.

Measures µ that satisfy Ap
α ⊂ Lp(µ) have been extensively studied and are known

as Carleson measures for Ap
α. We will often call such a measure an α-Carleson

measure (they are independent of p). Some basic properties of these measures will
be reviewed in Section 2. By analogy we define a Carleson measure for Np

α to be
a measure µ ≥ 0 such that Np

α ⊂ Np(µ). In this terminology Theorem 1.1 says, in
part, that µ is a Carleson measure for Ap

α if and only if it is a Carleson measure for
Np

α.
Since the spaces Np

α and Np(µ) are complete translation-invariant metric spaces,
it is an immediate consequence of the Closed Graph Theorem that if ∂(Np

α) ⊂
Np(µ), then the differentiation operator ∂ : Np

α → Np(µ) is continuous and hence
bounded in the sense of an operator on a topological vector space; see [19, Theorem
1.32]. So we see from Theorem 1.1 that ∂ : Np

α → Np(µ) is bounded if and only if
µ is an α-Carleson measure. It is natural to ask when ∂ : Np

α → Np(µ) metrically
bounded.

Theorem 1.2. Let 1 ≤ p <∞ and α > −1. Given µ ≥ 0, the following conditions
are equivalent:

(a) µ is an (α+ p)-Carleson measure;
(b) ∂ : Np

α → Np(µ) is metrically bounded.

Thus ∂ distinguishes between the properties “bounded” and “metrically bounded”,
and in particular ∂ is not metrically bounded on any Np

α. This intuitively tells us
that, while area Nevanlinna spaces are large enough to retain all the derivatives of
their functions, size of derivatives cannot be controlled well.

In [2] it was shown that for composition operators acting on the Smirnov class
N+, the properties of compactness, metric compactness, and a notion of bounded-
ness that we call τ -bounded, are all equivalent. The next theorem shows that the
situation is the same for certain operators acting on the area Nevanlinna spaces. In
particular, the differentiation operator does not distinguish between the properties
of compactness and metric compactness, contrary to the case for boundedness and
metric boundedness. For the definition of τ -bounded and the notion of compact
α-Carleson measures, see Section 2.

Theorem 1.3. Let 1 ≤ p <∞, α > −1 and let T be any of the operators (i) em-
bedding ⊂, (ii) integration I, or (iii) differentiation ∂. Given µ ≥ 0, the following
conditions are equivalent:

(a) µ is a compact α-Carleson measure;
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(b) T : Np
α → Np(µ) is metrically compact;

(c) T : Np
α → Np(µ) is compact;

(d) T : Np
α → Np(µ) is τ -bounded.

We note the consequence of Theorem 1.3 that, since να is not a compact α-
Carleson measure, integration is not a compact operator on Np

α. This is in contrast
to integration on Ap

α, which is well known to be compact. Thus, while differentiation
is better behaved on Np

α than on Ap
α, integration is not as well behaved.

In Section 2 we briefly review various general notions of boundedness(compactness)
and give definitions of metric boundedness(compactness). We also review some
background on Carleson measures. In Section 3 we give the proofs of higher order
versions of Theorems 1.1, 1.2 and 1.3. The section ends with a discussion of exten-
sions that apply to mappings of Np

α into Nq(µ), where q ≥ p. Then in Section 4 we
turn to applications of these results. We first consider composition operators acting
between area Nevanlinna spaces and show how our work gives a different approach
to a recent characterization by A. Haldimann and J. Jarchow of when such an op-
erator is bounded or compact. Our next application is to Volterra operators and
their companion operators. We characterize when these operators are bounded or
compact, in various senses, on area Nevanlinna spaces. Our final application con-
cerns the spherical derivative f ] = |f ′|/(1+ |f |2) of a function f ∈ H(D). We show
that f ] naturally occurs in the study of area Nevanlinna spaces, and a consequence
of our work is that (1− |z|)f ] ∈ L2(ν) if and only if (1− |z|)(f ′)] ∈ L2(ν).

Notation: In the rest of the paper the same letter C will denote various positive
constants, unless otherwise specified, which may change at each occurrence. We will
often write X . Y or Y & X if X ≤ CY for some positive constant C dependent
only on allowed parameters, and X ≈ Y if X . Y . X. Also, we will often use the
letter z not only to denote points in D, but also to denote the identity function on
D.

2. Prerequisites

2.1. Bounded(Compact) operators. We first clarify two notions of a bounded
set, that are relevant to our work, on a metrizable topological vector space. A
subset A of a topological vector space X is called τ -bounded (τ for “topology”)
if, for every neighborhood V of the origin, A is absorbed in V, or said differently,
A ⊂ tV for some t > 0. If the topology of X is given by a metric d, there is
another natural notion of a bounded set. That is, A ⊂ X is called d-bounded if
A is contained in a metric ball. These two notions of boundedness do not agree
in general. In fact no metric ball of an area Nevanlinna space is τ -bounded; see
Corollary 3.9 below. For the rest of the paper, the term “bounded” (for a set) will
always refer to the d-boundedness.

Let T : X → Y be a linear operator where X and Y are general topological
vector spaces. Various notions of when such an operator is bounded or compact
have appeared in the literature. We say that T is bounded if it takes τ -bounded sets
to τ -bounded sets (see [19]); T is τ -bounded if it takes some neighborhood of the
origin to a τ -bounded set (see [2]); T is compact if it maps some neighborhood of
the origin to a relatively compact set. Since relatively compact sets are τ -bounded,
compact linear operators are always τ -bounded. It is not hard to see that τ -bounded
linear operators are always continuous and conversely if Y possesses a τ -bounded
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neighborhood of the origin. In addition, continuous linear operators are always
bounded and conversely if X is metrizable; see [19, Theorem 1.32].

Now, we further assume that topologies of X and Y are given by translation-
invariant metrics dX and dY , respectively. We introduce additional notions of
boundedness and compactness which are motivated by those given in [2]. We say
that T is metrically bounded if there exists some constant C > 0 such that

dY (0, Tx) ≤ CdX(0, x)

for all x ∈ X. Thus T is metrically bounded if and only if T maps every metric
ball B in X into another in Y with radius a fixed multiple of the radius of B.
Also, T is said to be metrically compact if it takes every metric ball in X into
a relatively compact set in Y . Due to the metric topology of Y , the operator T
will be metrically compact if and only if the image of every bounded sequence in
X has a subsequence that converges in Y . We remark that if the metrics sat-
isfy d(tx, ty) = |t|d(x, y), then metric boundedness(compactness) coincide with the
standard definitions, mentioned above, of bounded(compact) linear operators on a
topological vector space.

Clearly, metric boundedness and metric compactness imply continuity and com-
pactness, respectively. However, a metrically compact linear operator may not be
metrically bounded. In fact, as consequences of Theorem 1.3, Theorem 1.2 and the
Carleson characterizations for Bergman spaces stated below, we have ∂k : Np

α → Np
β

is metrically bounded if and only if β ≥ α + pk, while it is metrically compact if
and only if β > α.

2.2. Carleson measures. We now recall the well-known notion of Carleson mea-
sures for the weighted Bergman spaces Ap

α. Here, the parameter range of p is
restricted to 1 ≤ p < ∞ to be consistent with that for area Nevanlinna spaces,
while all the Carleson (type) characterizations mentioned for Ap

α in this subsection
still holds for 0 < p < 1.

We say that µ ≥ 0 is a Carleson measure for Ap
α if there exists some constant C

such that ∫
D

|f |p dµ ≤ C

∫
D

|f |p dνα

for f ∈ Ap
α. That is, µ is a Carleson measure for Ap

α if and only if the embedding
Ap

α ⊂ Lp(µ) is continuous, or equivalently by the Closed Graph Theorem, if and
only if Ap

α ⊂ Lp(µ). If, in addition, the embedding Ap
α ⊂ Lp(µ) is compact, then

µ is said to be a compact Carleson measure for Ap
α. Various characterizations for

Carleson measures for Ap
α are well known. Among those characterizations, we recall

below the characterization in terms of averaging functions over pseudohyperbolic
disks.

The pseudohyperbolic distance ρ(z, w) between z and w in D is given by

ρ(z, w) =
∣∣∣∣ z − w

1− zw

∣∣∣∣ .
For 0 < r < 1 we let Er(z) denote the pseudohyperbolic disk with radius r and
center z. Note that Er(z) is a Euclidean disk with

(center) =
(1− r2)z
1− |z|2r2

and (radius) =
(1− |z|2)r
1− |z|2r2

.
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We recall a well-known estimate which is helpful in dealing with estimates involv-
ing pseudohyperbolic disks (see, for example, [21, Lemma 2.27]): Given 0 < r < 1
and s real, there exists a constant C = C(r, s) such that∣∣∣∣( 1− az

1− aw

)s

− 1
∣∣∣∣ ≤ Cρ(z, w)

for all a, z, w ∈ D with ρ(z, w) < r. We will frequently and tacitly use the following
consequences for z, w ∈ D with ρ(z, w) < r:

(1)
1− |z|2

|1− zw|
≈ 1− |z|2

1− |w|2
≈ 1.

(2) <
(

1− |z|2

1− zw

)s

≈ 1 (if r = r(s) is sufficiently small). .

(3) να[Er(z)] ≈ (1− |z|)2+α.

Given µ ≥ 0, α > −1, and 0 < r < 1, we let µ̂α,r denote the averaging function
of µ defined by

µ̂α,r(z) =
µ[Er(z)]
να [Er(z)]

.

A basic inequality satisfied by these averaging functions is the following:∫
D

h dµ ≤ C

∫
D

hµ̂α,r dνα (2.1)

for all functions h ≥ 0 subharmonic on D and for some constant C = C(α, r). In
order to see this, note that subharmonicity yields

h(z) ≤ C(α, r)
∫

Er(z)

h(w)
(1− |w|2)2+α

dνα(w) (2.2)

for z ∈ D. Now, integrating both sides against the measure dµ(z) and then changing
the order of integrations, one obtains (2.1). The inequality (2.1) tells us that if µ̂α,r

is bounded, then the embedding Ap
α ⊂ Lp(µ) is bounded. Also, it turns out that

the converse is also true by considering suitable test functions. Furthermore, its
compact version is also available. So, we have the following characterization for
each r (see, for example, [4, Theorem 2.36] or [21, Theorems 2.15 and 2.16] for
details):

• µ is a Carleson measure for Ap
α ⇐⇒ µ̂α,r ∈ L∞(D).

• µ is a compact Carleson measure for Ap
α ⇐⇒ µ̂α,r(z) → 0 as |z| → 1.

Note that these characterizations are independent of parameters p and r. Hence
we will sometimes simplify the notation by writing µ̂α in place of µ̂α,r. Also we
will sometimes simply say “(compact) α-Carleson measure” instead of “(compact)
Carleson measure for Ap

α”.
Carleson type characterizations for differentiation are also well known. Given an

integer k ≥ 1, characterizations are as follows (for each r):
• ∂k : Ap

α → Lp(µ) is bounded ⇐⇒ µ̂α+kp,r ∈ L∞(D).
• ∂k : Ap

α → Lp(µ) is compact ⇐⇒ µ̂α+kp,r(z) → 0 as |z| → 1.
This was first proved in [13, Theorem 2.2]. Also, see [3, Lemma 2.5] for details (in
terms of the so-called Carelson squares) of compactness. We will also sometimes
simplify the notation by writing µ̂α+kp in place of µ̂α+kp,r. Later we will use these
characterizations without any further reference.
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3. Carleson Measures

Recall that in the Introduction we defined µ ≥ 0 to be a Carleson measure for
Np

α if and only if Np
α ⊂ Np(µ), and since Np

α is a metric space this is equivalent to
the embedding Np

α ⊂ Np(µ) being continuous or bounded in the sense of a bounded
operator on a topological vector space. Similarly, µ is said to be a compact Carleson
measure for Np

α if and only if the embedding Np
α ⊂ Np(µ) is compact.

Our goal in this section is to obtain characterizations of (compact) Carleson
measures for area Nevanlinna spaces in terms of averaging functions. Our charac-
terizations reveal that Carleson measures for area Nevanlinna spaces and Bergman
spaces are exactly the same, which is not too surprising, because area Nevanlinna
spaces can be viewed as the limiting spaces of the Bergman spaces. In addition, our
characterizations reveal some facts about metric boundedness of integration and a
similar property of differentiation that may not be expected.

The following inequalities are useful for the characterization involving differen-
tiation.

Proposition 3.1. Let 1 ≤ p < ∞, α > −1, 0 < r < 1 and k ≥ 1 be an integer.
Then there exist constants C = C(p, α, r, k) such that the following inequalities
hold:

(a) ‖f (k)‖p
Np(µ) ≤ C

∫
D

{
[log(1 + |f |)]p +

[
log
(

2
1− |z|

)]p}
µ̂α,r dνα;

(b) ‖f (k)‖p
Np(µ) ≤ C

∫
D

[log(1 + |f |)]pµ̂α+kp,r dνα

for all µ ≥ 0 and f ∈ H(D).

Proof. Let µ ≥ 0 and f ∈ H(D). Let z ∈ D. Put ωp(x) = [log(1 + x)]p for
simplicity. By subharmonicity we have

|f(a)| ≤ ω−1
p

{
C

∫
Er/2(a)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w)

}
, a ∈ D

for some constant C = C(α, r). A routine calculation shows that the disk with
center z and radius r(1 − |z|)/2 is contained in Er/2(z). Thus, applying Cauchy’s
estimate on that disk, we have

|f (k)(z)| ≤ 1
rk
1 (1− |z|)k

sup
a∈Er/2(z)

ω−1
p

(
C

∫
Er/2(a)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w)

)
where r1 = r/2 and thus

ωp(|f (k)(z)|) . ωp

(
1

rk
1 (1− |z|)k

)
+ sup

a∈Er/2(z)

∫
Er/2(a)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w)

.

[
log
(

2
1− |z|

)]p

+
∫

Er(z)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w).

Note that the function [− log(1 − |z|)]p is subharmonic. Thus, integrating against
the measure dµ(z) and then changing the order of integrations, we conclude (a) by
(2.1).

The proof above showed that

ωp

(
rk
1 (1− |z|)k|f (k)(z)|

)
.
∫

Er(z)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w). (3.1)
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Thus, using the elementary inequality y log(1 + x) ≤ log(1 + xy) for x ≥ 0 and
0 ≤ y ≤ 1, we obtain

ωp

(
|f (k)(z)|

)
.

1
(1− |z|)kp

∫
Er(z)

ωp(|f(w)|)
(1− |w|)2+α

dνα(w)

≈
∫

Er(z)

ωp(|f(w)|)
(1− |w|)kp+2+α

dνα(w).

Having this estimate, one may now repeat the argument above and conclude (b).
The proof is complete. �

A preliminary result is needed for the characterization involving integration.
Note that we have

|Ikf(z)| ≤ sup
0≤t≤1

|f(tz)| (3.2)

for f ∈ H(D) and integers k ≥ 1. By this we are led to consider an area analogue
of the well-known radial maximal function. Given a measurable function h on D,
we define Mh by

Mh(z) = sup
0≤t≤1

|h(tz)|.

For 1 < p ≤ ∞, but not for p = 1, the Hardy-Littlewood maximal theorem ([5,
Theorem 1.8]) implies that this maximal operator, when restricted to nonnegative
subharmonic functions, is bounded on Lp(να). We show this extends to the end
point case p = 1 in Theorem 3.2 (with µ = να) below.

Given z ∈ D and 0 < r < 1, let Pr(z) ⊂ ∂D be the radial projection of Er(z)
and Sr(z) be the interior of the convex hull generated by Pr(z) and Er(z). Also,
given µ ≥ 0, let

µ̃α(z) = µ̃α,r(z) =
µ[Sr(z)]
να[Sr(z)]

.

Theorem 3.2. Given α > −1 and 0 < r < 1, there exists a constant C = C(α, r)
such that ∫

D

Mh dµ ≤ C

∫
D

hµ̃α,r dνα

for all functions h ≥ 0 subharmonic on D and µ ≥ 0.

Proof. Fix α > −1 and 0 < r < 1. Let h ≥ 0 be a subharmonic function on D. Let
z ∈ D. We have by (2.2)

Mh(z) . sup
0≤t≤1

∫
Er(tz)

h(w)
(1− |w|2)2+α

dνα(w)

≤
∫

D

{
sup

0≤t≤1
χEr(tz)(w)

}
h(w)

(1− |w|2)2+α
dνα(w)

=
∫

D

{
sup

0≤t≤1
χEr(w)(tz)

}
h(w)

(1− |w|2)2+α
dνα(w).

Here, χE denotes the characteristic function of E ⊂ D. Note that we have

sup
0≤t≤1

χEr(w)(tz) = χSr(w)(z).
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Therefore, given µ ≥ 0, integrating against the measure dµ(z) and then changing
the order of integrations, we have∫

D

Mh(z) dµ(z) ≤ C

∫
D

h(w)
µ[Sr(w)]

(1− |w|2)2+α
dνα(w)

for some constant C = C(α, r).
It remains to estimate the size the sets Sr(w):

C−1(1− |w|)2+α ≤ να[Sr(w)] ≤ C(1− |w|)2+α (3.3)

for some constants C = C(α, r). Note that Er(w) ⊂ Sr(w), which yields the lower
estimate of (3.3). In order to see the upper estimate of (3.3), note that we have

Pr(w) =
{
ζ ∈ ∂D :

(1− r2)|w|ζ
1− |w|2r2

∈ Er(w)
}

and thus

s := length of Pr(w) ≈ (1− |w|2)r
1− |w|2r2

≈ (1− |w|).

Next, for |w| > r, note that we have

t := inf
z∈Sr(w)

|z| = (1− r2)|w| − (1− |w|2)r
1− |w|2r2

≥ |w| − r

1− r
(1− |w|).

It follows that

να[Sr(w)] . s(1− t)1+α ≤ (1− |w|)2+α

1− r
, |w| > r.

Also, for |w| ≤ r, we have

να[Sr(w)] ≤ 1 ≤
(

1− |w|
1− r

)2+α

, |w| ≤ r.

The proof is complete. �

Corollary 3.3. Let 1 ≤ p <∞ and α > −1. Then

∂(Np
α) = Np

α and I(Np
α) = Np

α,0,

where Np
α,0 = {f ∈ Np

α : f(0) = 0}.

Proof. That ∂(Np
α) ⊂ Np

α is immediate from Proposition 3.1(a), while I(Np
α) ⊂

Np
α,0 follows from (3.2) and Theorem 3.2 (with µ = να). The reverse inclusions are

then consequences of the usual inverse relationship of ∂ and I. �

The next lemma will be used to estimate norms in Np
α. For a proof see [21,

Theorem 1.12].

Lemma 3.4. Given α > −1 and s > 0, there exists a constant C = C(α, s) such
that

C−1 ≤ (1− |z|2)s

∫
D

dνα(w)
|1− wz|2+α+s

≤ C

for z ∈ D.

We are now ready to prove the higher order version of Theorem 1.1. The proof
will be competed in two steps. First we prove the following.

Theorem 3.5. Let 1 ≤ p <∞, α > −1 and k ≥ 1 be an integer. Given µ ≥ 0, the
following conditions are equivalent:
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(a) µ is an α-Carleson measure;
(b) The embedding Np

α ⊂ Np(µ) is metrically bounded;
(c) Ik : Np

α → Np(µ) is metrically bounded;
(d) There is a constant C such that

‖f (k)‖Np(µ) ≤ C(1 + ‖f‖Np
α
), f ∈ Np

α.

Moreover, given 0 < r < 1, the quantities

‖µ̂r‖1/p
∞ , sup

0 6=f∈Np
α

‖f‖Np(µ)

‖f‖Np
α

, sup
0 6=f∈Np

α

‖Ikf‖Np(µ)

‖f‖Np
α

, sup
f∈Np

α

‖f (k)‖Np(µ)

1 + ‖f‖Np
α

are all comparable.

Proof. Throughout the proof r ∈ (0, 1) is fixed and sufficiently small, as needed.
Let µ ≥ 0. First, we assume (a) and prove that (b)-(d) hold. Applying (2.1) to
h = [log(1 + |f |)]p with f ∈ Np

α, we see that (b) holds with the estimate

‖f‖p
Np(µ) . ‖µ̂α‖∞‖f‖p

Np
α
, f ∈ Np

α.

In order to prove (c), we recall that when one of µ̃α and µ̂α belongs to L∞(D),
then both do and their norms are comparable; see [13, p. 89–90]. Using this fact
and the inequality [log(1 + |Ikf |)]p ≤ M[log(1 + |f |)]p for f ∈ H(D), we see that
(c) with the estimate

‖Ikf‖p
Np(µ) . ‖µ̂α‖∞‖f‖p

Np
α
, f ∈ Np

α

follows from Theorem 3.2. Also, the implication (a) =⇒ (d) with the estimate

‖f (k)‖p
Np(µ) . ‖µ̂α‖∞(1 + ‖f‖p

Np
α
), f ∈ Np

α

is a consequence of Proposition 3.1(a).
Next, we prove that each of (b)-(d) implies (a) by utilizing suitable test functions.

For example, we can take

fz(w) = exp
[

1− |z|
(1− wz)3+α

]1/p

for z ∈ D as our test functions. It is easily checked by Lemma 3.4 that {fz} is
bounded in Np

α. Also, note that we have

log |fz(w)| = <
[

1− |z|
(1− wz)3+α

]1/p

& (1− |z|)−(2+α)/p (3.4)

for w ∈ Er(z). It follows that

‖fz‖p
Np(µ)

‖fz‖p
Np

α

& ‖fz‖p
Np(µ) &

∫
Er(z)

dµ(w)
(1− |z|)2+α

≈ µ̂α(z) (3.5)

for all z ∈ D. This shows that (b) implies (a).
We now prove that (d) implies (a). An elementary induction yields f (k)

z = zkgfz

for some g ∈ H(D) that is a sum of functions of the form c(1 − |z|)β(1 − zw)−γ ,
where the parameters c > 0 and γ > β ≥ 1/p depend only on p, α and k. Thus
there exists s = s(p, α, k) > 0 such that g(w) & (1 − |z|)−s for w ∈ Er(z), and by
(3.4) we have

log |f (k)
z (w)| & (1− |z|)−(2+α)/p + log

(
C

1− |z|

)
& (1− |z|)−(2+α)/p
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for |z| > 1/2, w ∈ Er(z) and for some constant C = C(p, α, k, r). Now, assuming
(d) and proceeding as above, we get

‖f (k)
z ‖p

Np(µ)

1 + ‖fz‖p
Np

α

& ‖f (k)
z ‖p

Np(µ) & µ̂α(z) (3.6)

for |z| > 1/2. Since µ is a finite measure, this shows that (d) implies (a).
To show that (c) implies (a), we take the functions f (k)

z as our test functions.
Note that {f (k)

z } is also bounded in Np
α by Proposition 3.1(a). Also, note

Ikf (k)
z (w) = fz(w)−

k−1∑
j=0

f
(j)
z (0)
j!

wj .

Clearly, |f (j)
z (0)| . 1 for all z and j = 1, . . . , k − 1. Thus, for w ∈ Er(z), we have

log |Ikf (k)
z (w)| & (1− |z|)−(2+α)/p

as |z| → 1. So, assuming (c) and proceeding as above, we conclude that

‖Ikf
(k)
z ‖p

Np(µ)

‖f (k)
z ‖p

Np
α

& ‖Ikf (k)
z ‖p

Np(µ) & µ̂α(z) (3.7)

as |z| → 1. This yields (a) as before and completes the proof of the first part of the
theorem. The second part of the theorem is implicit in the argument given, so the
proof is complete. �

We now complete the proof of the higher order version of Theorem 1.1 by estab-
lishing the equivalence of the remaining statements.

Theorem 3.6. Let 1 ≤ p <∞, α > −1 and k ≥ 1 be an integer. Given µ ≥ 0, the
following conditions are equivalent:

(a) µ is an α-Carleson measure;
(b) Np

α ⊂ Np(µ);
(c) Ik(Np

α) ⊂ Np(µ);
(d) ∂k(Np

α) ⊂ Np(µ).

Proof. Let µ ≥ 0. That (a) implies each of the other statements is immediate from
Theorem 3.5. Also, the equivalence of (b), (c), and (d) is immediate from Corollary
3.3. Fix r > 0 sufficiently small and assume that (a) does not hold. The proof
will be completed by showing that (b) does not hold. Since (a) fails, there exists a
sequence {an} in D such that

µ̂α(an) ≥ 2n and an → ζ

for some ζ ∈ ∂D. We may assume ζ = 1. Furthermore, for M = M(p, α, r) > 1 to
be chosen later, we can take a subsequence (still denoted by {an}) which satisfies

|1− an| <
1− |aj |
Mn

, j = 1, . . . , n− 1

for all n ≥ 2.
Now define functions hn by

hn(w) =
1− |an|

(1− anw)3+α
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and put h =
∑∞

n=1(2
−nhn)1/p. Also, put f = exph. From Lemma 3.4 we get

||f ||Np
a

. 1 +
∞∑

n=1

‖(2−nhn)1/p‖Lp(να) = 1 +
∞∑

n=1

2−n/p‖hn‖1/p
L1(να) <∞,

so f ∈ Np
α. We will show that f /∈ Np(µ), which means that (b) does not hold and

thus will complete the proof.
Fix an integer n ≥ 1 and let w ∈ Er(an). For each j < n, we have

|hj(w)| ≤ 1
(1− |aj |)2+α

≤ 1
(Mn|1− an|)2+α

≤ 1
Mn(1− |an|)2+α

.

Also, for each j > n, we have

|hj(w)| ≤ |1− aj |
(1− |w|)3+α

≤ 1− |an|
M j(1− |w|)3+α

.
1

Mn(1− |an|)2+α

But, for j = n, we have

<hn(w) ≈ 1
(1− |an|)2+α

.

It follows that

<h(w) ≥ <
[
hn(w)

2n

]1/p

−
∑
j 6=n

∣∣∣∣hj(w)
2j

∣∣∣∣1/p

≥
[

C1

2n(1− |an|)2+α

]1/p
[
1− C2

(
2
M

)n/p
]

for some constants C1 and C2 depending only on p, α and r. Therefore, choosing
M > 2(2C2)p/n, we obtain

[<h(w)]p &
1

2n(1− |an|)2+α
, w ∈ Er(an)

for all n. It follows that

||f ||pNp(µ) ≥
∞∑

n=1

∫
Er(an)

(<h)p dµ &
∞∑

n=1

µ̂α(an)
2n

≥
∞∑

n=1

1 = ∞.

Hence f /∈ Np(µ) as required, and the proof is complete. �

The next lemma will be used in the proof of Theorem 1.3.

Lemma 3.7. Let 1 ≤ p < ∞ and α > −1. For z ∈ D and c > 0, define the
function fz,c by

fz,c(w) = exp
[

c(1− |z|)
(1− zw)3+α

]1/p

− 1.

Given an integer k ≥ 0 and s > 0, there exists c = c(p, α, k, s) > 0 such that

sup
z∈D

‖f (k)
z,c ‖Np

α
< s.

Proof. First, consider the case k = 0. We use the inequality |ea−1| ≤ e|a|−1, valid
for all complex numbers a, which is easily verified using the usual series expansion
of the exponential function. From this we get

[log(1 + |fz,c(w)|)]p ≤ c(1− |z|)
|1− zw|3+α

,
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and now ‖fz,c‖Np
α

can be made uniformly and arbitrarily small as c→ 0 by Lemma
3.4.

Now, assume k ≥ 1. By an elementary induction we have f (k)
z,c = zk(fz,c + 1)g

for some g ∈ H(D) that is a sum of functions of the form b[c(1− |z|)]β(1− zw)−γ ,
where parameters b and γ > β ≥ 1/p depend only on p, α and k. Hence, taking
c ≤ 1, we obtain

|f (k)
z,c | ≤ c1/p(1 + |fz,c|)ψ

where ψ(w) = C(1 − |w|)−N for some constants C and N depending only on p, α
and k. Thus we have

1 + |f (k)
z,c | ≤ (1 + c1/pψ)(1 + |fz,c|),

which, in turn, yields

‖f (k)
z,c ‖Np

α
≤ ‖c1/pψ‖Np(να) + ‖fz,c‖Np

α
.

The second term of the above was already estimated. The first term can be made
arbitrarily small as c→ 0 by the Dominated Convergence Theorem. This completes
the proof. �

We now turn to the proof of the higher order version of Theorem 1.3.

Theorem 3.8. Let 1 ≤ p <∞, α > −1 and k ≥ 1 be an integer. Let T be any of
the operators (i) embedding ⊂, (ii) integration Ik, or (iii) differentiation ∂k. Given
µ ≥ 0, the following conditions are equivalent:

(a) µ is a compact α-Carleson measure;
(b) T : Np

α → Np(µ) is metrically compact;
(c) T : Np

α → Np(µ) is compact;
(d) T : Np

α → Np(µ) is τ -bounded.

Proof. Let µ ≥ 0. Fix r ∈ (0, 1), sufficiently small as needed. It is clear that (b)
implies (c) and that (c) implies (d), so it suffices to show that (a) implies (b) and
that (d) implies (a).

First, we assume (a) and show (b). With Theorem 3.5 granted, the proof here
is an easy modification of the proof of [3, Lemma 2.5] and included here for com-
pleteness. Let {fn} be a bounded sequence in Np

α. Then {Tfn} is also a bounded
sequence in Np

α, say of norm at most M/2, by Theorem 3.5 (with µ = να). We
must show that {Tfn} contains a subsequence that converges in Np(µ). Note that
a bounded set in Np

α is a normal family by (1.2), and so by re-indexing an appro-
priate subsequence that converges locally uniformly to some g ∈ H(D), we may
assume that Tfn → g locally uniformly. Note g ∈ Np

α with ‖g‖Np
α
≤ M/2 by

Fatou’s lemma. Thus, we have ‖Tfn − g‖Np
α
≤M .

We need to show Tfn → g in Np(µ). Let ε > 0 be given. By assumption there
exists some t ∈ (0, 1) sufficiently close to 1 such that sup|z|>t µ̂α(z) ≤ ε. Corre-
sponding to such t, we let s ∈ (t, 1) be the number satisfying ∪|z|≤tEr(z) = sD.
Now, setting dτ = χD\sDdµ, we see that τ̂α(z) = 0 for |z| ≤ t and τ̂α(z) ≤ µ̂α(z) ≤ ε
for |z| > t. Thus, τ is an α-Carleson measure with ‖τ̂α‖∞ ≤ ε. Accordingly, we
have by Theorem 3.5

‖Tfn − g‖p
Np(µ) = ‖(Tfn − g)χsD‖p

Np(µ) + ‖Tfn − g‖p
Np(τ)

. µ(D)‖(Tfn − g)χsD‖p
∞ + εMp.
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Note that the constant suppressed in the above inequality is independent of n.
Now, since Tfn → g locally uniformly, the above inequality implies that Tfn → g
in Np(µ) as required.

Next, we assume (d) and show (a). We will prove the contrapositive, so assume
that µ is not a compact α-Carleson measure. We must show that no metric ball in
Np

α is mapped by T into a τ -bounded set in Np(µ). Let s > 0 be given. Since µ is
not a compact α-Carleson measure, there is a constant C1 > 0 and a sequence of
points {an} in D such that

µ̂α(an) ≥ C1 and |an| → 1.

Corresponding to the sequence {an}, define functions fn defined by

fn(w) = exp
[

c(1− |an|)
(1− anw)3+α

]1/p

− 1, n = 1, 2, . . .

where c > 0 is a constant to be chosen in a moment. Put gn = fn if T is the
embedding operator, gn = Ikfn if T = ∂k, and gn = ∂kfn if T = Ik. Using Lemma
3.7 and/or Theorem 3.5 (with µ = να), we can pick a number c > 0 such that
functions gn are all contained in Bs, the metric ball in Np

α with center 0 and radius
s.

Now, we prove that TBs is not τ -bounded in Np(µ). We only consider the case
T = Ik; other cases are simpler. As in the proof of Theorem 3.5, we have

log |Tgn(w)| = log |Ik∂kfn(w)| & c1/p(1− |an|)−(2+α)/p

for w ∈ Er(an) as |an| → 1. Now, given t > 0, we have

‖t−1Tgn‖p
Np(dµ) ≥

∫
Er(an)

[log(1 + t−1|Tgn(w)|)]p dµ(w)

& µ[Er(an)][c(1− |an|)−(2+α) − | log t|p]

& µ̂α(an)[c− (1− |an|)(2+α)| log t|p]

≥ C1[c− (1− |an|)(2+α)| log t|p]

≥ cC1

2
for |an| sufficiently close to 1. This means that TBs is not absorbed in some
neighborhood of the origin in Np(µ). In other words, TBs is not τ -bounded in
Np(µ), as required. This completes the proof. �

Taking µ = να and T the embedding operator, we get the following corollary.

Corollary 3.9. No metric ball in any area Nevanlinna space is τ -bounded.

Theorem 3.5 implies continuity of differentiation on area Nevanlinna spaces, as
mentioned in the Introduction. The same theorem also suggests that differenti-
ation might not be metrically bounded on any area Nevanlinna space. This led
us to a Carleson type characterization for metric boundedness of differentiation.
Our characterization, Theorem 3.10 below, shows that the derivative analogues of
Carleson measures for the area Nevanlinna spaces are also the same as they are for
the corresponding Bergman spaces.

We now prove the following higher order version of Theorem 1.2.
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Theorem 3.10. Let 1 ≤ p < ∞, α > −1 and k ≥ 1 be an integer. Given µ ≥ 0,
the following conditions are equivalent:

(a) µ is an (α+ kp)-Carleson measure;
(b) ∂k : Np

α → Np(µ) is metrically bounded.
Moreover, given 0 < r < 1, the quantities

‖µ̂α+kp,r‖1/p
∞ , sup

0 6=f∈Np
α

‖f (k)‖Np(µ)

‖f‖Np
α

are comparable.

Proof. Let µ ≥ 0. That (a) implies (b) is an immediate consequence of Proposition
3.1(b). We now assume (b) and show (a). Given z ∈ D, let

fz(w) =
(1− |z|)k+(3+α)/p

(1− zw)(3+α)/p
.

By Lemma 3.4 we have

‖fz‖p
Np

α
≤ ‖fz‖p

Ap
α
≈ (1− |z|)kp+2+α

for all z ∈ D. Note |f (k)
z (w)| ≤ C for some constant C = C(p, α, k) and thus

log(1+ |f (k)
z (w)|) ≈ |f (k)

z (w)| for all z, w ∈ D. In addition, we have |f (k)
z (w)| ≈ |z|k

for w ∈ Er(z). Thus we have

‖f (k)
z ‖p

Np(µ) &
∫

Er(z)

|f (k)
z (w)|p dµ(w) ≈ |z|kpµ[Er(z)]

for all z ∈ D. Combining these two estimates, we deduce

µ̂α+kp(z) .
‖f (k)

z ‖p
Np(µ)

‖fz‖p
Np

α

for |z| ≥ 1/2. Since µ is a finite measure, this yields (a) and completes the proof
of the first part of the theorem. The second part of the theorem is implicit in the
argument given, so the proof is complete. �

The results of this section may easily be extended to apply to mappings of Np
α

into Nq(µ), where q ≥ p. We will sketch extension for the embedding operator;
details of other extensions are left to the interested reader.

Theorem 3.11. Let 1 ≤ p ≤ q < ∞ and α > −1. Set s = (2 + α)q/p − 2. Given
µ ≥ 0, the following conditions are equivalent:

(a) µ is an s-Carleson measure;
(b) Ap

α ⊂ Lq(µ);
(c) The embedding Np

α ⊂ Nq(µ) is metrically bounded;
(d) Np

α ⊂ Nq(µ).

Proof. The equivalence of (a) and (b) is well known and due to Luecking; see [13,
Theorem 2.2]. Assume µ is an s-Carleson measure and let f ∈ Np

α. The growth
estimate (1.2) shows that

‖f‖Nq(µ) ≤ C‖f‖1−p/q

Np
α

‖f‖p/q
Np((1−|z|)α−sdµ(z)).
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Since µ is an s-Carleson measure, it is clear that (1−|z|)α−sdµ(z) is an α-Carleson
measure, and so

‖f‖Np((1−|z|)α−sdµ(z)) ≤ C‖f‖Np
α

by Theorem 3.5. Combining these estimates completes the proof that (a) implies
(c). That (c) implies (d) is immediate, and the proof that (d) implies (a) is accom-
plished by making obvious modifications to the proof of the corresponding part of
Theorem 3.6. �

4. Applications

In this section we collect some applications of the results obtained above.

4.1. Composition operators. Our first application is to composition operators
on area Nevanlinna spaces. Let ϕ ∈ H(D) be a nonconstant self-map of D. Asso-
ciated with ϕ is the composition operator Cϕ defined by

Cϕf = f ◦ ϕ

for f ∈ H(D). It is clear that Cϕ takes H(D) into itself. Since log(1 + |f |)p, p ≥ 1,
is subharmonic when f ∈ H(D), the Littlewood Subordination Principle shows Cϕ

is always metrically bounded on Np
α with estimates

‖Cϕf‖Np
α
≤
(

1 + |ϕ(0)|
1− |ϕ(0)|

)2/p

‖f‖Np
α

for f ∈ Np
α.

Recent work of A. Haldimann, H. Jarchow, and J. Xiao has shown that the
action of Cϕ between area Nevanlinna spaces is closely related to its action between
corresponding Bergman spaces.

Theorem 4.1. ([7]; see also [11] and [20].) Let 1 ≤ p ≤ q <∞ and let ϕ ∈ H(D)
be a self-map of D. Then Cϕ : Np

α → Nq
β is (metrically) bounded[compact] if and

only if Cϕ : Ap
α → Aq

β is bounded[compact].

This theorem is easily derived from our work on Carleson measures. We just
give the argument for Cϕ bounded, the argument for Cϕ compact being similar.

A change of variables formula from measure theory involving the pullback mea-
sure defined by νβ ◦ ϕ−1(E) = νβ(ϕ−1(E)) shows that

‖f ◦ ϕ‖Nq
β

= ‖f‖Nq(νβ◦ϕ−1) and ‖f ◦ ϕ‖Aq
β

= ‖f‖Lq(νβ◦ϕ−1).

Thus, by Theorem 3.11, Cϕ : Np
α → Nq

β is (metrically) bounded if and only if
νβ ◦ϕ−1 is an [(2 +α)q/p− 2]-Carleson measure, which, again by Theorem 3.11, is
also equivalent to Cϕ : Ap

α → Aq
β being bounded.

4.2. Volterra operators. Next, we characterize various notions of boundedness or
compactness of Volterra operators and their companion operators. Given g ∈ H(D),
the Volterra operator Jg and its companion operator Ig with symbol g are the
operators defined by

Jgf(z) =
∫ z

0

f(ζ)g′(ζ) dζ
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and

Igf(z) =
∫ z

0

f ′(ζ)g(ζ) dζ

for z ∈ D and f ∈ H(D). Note that Jz is simply the integration operator I and Jg

with g(z) = log(1− z)−1 is the classical Cèsaro operator(see [10]). Also, note that
we have

Jgf + Igf = Mgf − f(0)g(0) (4.1)

where Mg denotes the multiplication operator with symbol g.
Given a subspace X ⊂ H(D), let

J [X] = {g ∈ H(D) : JgX ⊂ X}.

Also, we define I[X] and M [X] similarly. The symbol class M [X] has been exten-
sively studied for various Banach spaces X. In case X = H2, the Hardy space,
Pommerenke [18] first proved J [H2] = BMOA and initiated the extensive study
of describing J [X] or I[X], as well as their compact analogues, for various Banach
spaces X, including (weighted) Bergman spaces, (little) Bloch space, BMOA and
VMOA. See [12] and references therein. Recently, Nakazi [15] has studied the case
where X is a general algebra which is not necessarily a Banach space. Clearly, we
have M [X] = X for an algebra X containing constants. In case X = N 1, recall
that z /∈ J [N 1] as mentioned in the Introduction and hence z /∈ I[N 1] by (4.1). An
open problem in this direction is to prove or disprove J [N 1] = I[N 1] = C; see [15].

Here, we consider the case of area Nevanlinna spaces. Note that g ∈ J [Np
α] if

and only if Jg is continuous on Np
α by the Closed Graph Theorem and the same

is also true for I[Np
α] and M [Np

α]. To study analogues for metric boundedness,
compactness, etc., we introduce symbol classes as follows:

Jmb[Np
α] := {g ∈ H(D) : Jg is metrically bounded on Np

α};
Jmc[Np

α] := {g ∈ H(D) : Jg is metrically compact on Np
α};

Jc[Np
α] := {g ∈ H(D) : Jg is compact on Np

α};
Jτb[Np

α] := {g ∈ H(D) : Jg is τ -bounded on Np
α}.

The symbol classes Imb[Np
α], Mmb[Np

α], etc., are defined similarly.
For symbol classes except for metric boundedness, we have complete characteri-

zations, as given in the next theorem.

Theorem 4.2. Let 1 ≤ p <∞ and α > −1. Then the following statements hold:
(a) M [Np

α] = J [Np
α] = I[Np

α] = Np
α;

(b) Mmc[Np
α] = Imc[Np

α] = {0} and Jmc[Np
α] = C;

(c) Mc[Np
α] = Ic[Np

α] = {0} and Jc[Np
α] = C;

(d) Mτb[Np
α] = Iτb[Np

α] = {0} and Jτb[Np
α] = C.

Proof. As mentioned above, we have M [Np
α] = Np

α, because Np
α is an algebra con-

taining constants. Note that Jg = IMg′ and Ig = IMg∂ for g ∈ H(D). Also, note
that ∂Jg1 = g′ and ∂Igz = g for g ∈ H(D). These observations, together with
Corollary 3.3, yield J [Np

α] = I[Np
α] = Np

α and finish the proof of (a).
Since a metrically compact operator is compact, and a compact operator is τ -

bounded, we have Mmc[Np
α] ⊂ Mc[Np

α] ⊂ Mτb[Np
α], with analogous containments

for the operators I and J . Thus (b) and (c) will follow once we prove (d). To
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this end, let g ∈ Mτb[Np
α]. Assume g is not identically 0. Then there exist some

ε ∈ (0, 1) and a sequence {an} of points in D such that

|g(an)| ≥ ε > 0 and |an| → 1

as n→∞. Let s > 0. By Lemma 3.7 we can choose c > 0 so that the functions

fn(w) = exp
[
c(1− |an|2)

(1− anw)3+α

]1/p

− 1

all belong to Bs, the metric ball in Np
α with center 0 radius s. Let t > 1. Using

elementary inequality log(1 + xy) ≥ y log(1 + x) for x ≥ 0 and 0 ≤ y ≤ 1, we have
by (1.2) that

‖t−1gfn‖Np
α

& (1− |an|)(2+α)/p log(1 + t−1|g(an)fn(an)|)

≥ ε(1− |an|)(2+α)/p log[1 + t−1|fn(an)|]

≥ ε(1− |an|)(2+α)/p
[
c1/p(1− |an|2)−(2+α)/p − log t

]
> εc1/p2−1−(2+α)/p

for all n sufficiently large. Thus {Mgfn} is not contained in tBR, where R is some
constant C = C(p, α) times the constant appearing at the end of the display above.
Since this holds for all t > 1, we conclude that {Mgfn} and hence MgBs is not
τ -bounded. Since s > 0 was arbitrary, this contradicts the assumption that Mg is
τ -bounded. Thus g = 0, and we conclude that Mτb[Np

α] = {0}.
Note Mg = ∂IgI. Since ∂ is continuous and hence bounded on Np

α, and I is
metrically bounded on Np

α by Theorem 3.5, it follows that Iτb[Np
α] ⊂ Mτb[Np

α] =
{0}. By a similar argument using the relation Mg′ = ∂Jg, we get Jτb[Np

α] = C.
The proof is complete. �

In what follows H∞ denotes the algebra of all bounded holomorphic functions
on D and H∞

1 denotes the algebra of all functions f ∈ H∞ such that f ′ ∈ H∞.
Also, B denotes the well-known Bloch space consisting of all functions f ∈ H(D)
such that (1− |z|2)|f ′(z)| is bounded on D.

We have the following results for metrically bounded symbol classes. Character-
izations for Jmb[Np

α] and Imb[Np
α] seem to be more subtle and we do not know what

they are exactly. The main difficulty is caused by the fact that the differentiation
operator ∂, involved in the operators Jg and Ig, is not metrically bounded.

Proposition 4.3. Let 1 ≤ p < ∞ and α > −1. Then the following statements
hold:

(a) Mmb[Np
α] = H∞;

(b) H∞
1 ⊂ Jmb[Np

α] ⊂ B;
(c) H∞

1 ⊂ Imb[Np
α] ⊂ H∞.

Proof. We first prove (a). The containment H∞ ⊂ Mmb[Np
α] is clear by the ele-

mentary inequality log(1 + xy) ≤ max{1, y} log(1 + x) for x, y ≥ 0. Let g ∈ H(D)
and assume g ∈Mmb[Np

α]. Given z ∈ D, let

fz(w) =
(

1− |z|2

1− zw

)β/p
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for z ∈ D where β is chosen so that β > 2 + α + p. Note fz(z) = 1. We have by
(1.2) and the metric boundedness of Mg

log(1 + |g(z)|) = log(1 + |g(z)fz(z)|) . ‖Mg‖‖fz‖Np
α
(1− |z|)−(2+α)/p

for all z ∈ D where ‖Mg‖ is the “norm” of Mg. Meanwhile, we have by Lemma 3.4

‖fz‖p
Np

α
≤
∫

D

|fz(w)|p dνα(w) ≈ (1− |z|2)2+α. (4.2)

Combining these estimates, we see g ∈ H∞ and thus conclude (a).
Next, assume g ∈ Jmb[Np

α]. Fix r ∈ (0, 1/2). Then we have by (3.1) and (4.2)

log [1 + r(1− |z|)|g′(z)|] = log[1 + r(1− |z|)|(Jgfz)′(z)|]

. ‖Jg‖‖fz‖Np
α
(1− |z|)−(2+α)/p

. ‖Jg‖

for all z ∈ D. This yields g ∈ B. Thus Jmb[Np
α] ⊂ B. On the other hand, since

Jg = IMg′ and I : Np
α → Np

α is metrically bounded by Theorem 3.5, we see
H∞

1 ⊂ Jmb[Np
α], completing the proof of (b).

Finally, assume g ∈ Imb[Np
α]. A similar argument yields

log[1 + r(1− |z|)|g(z)|] = log[1 + r(1− |z|)|g(z)fz(z)|]
= log[1 + r(1− |z|)|(IgIfz)′(z)|]

. ‖Ig‖‖Ifz‖Np
α
(1− |z|)−(2+α)/p.

Meanwhile, since

Ifz(w) =
p

β − p
· 1− |z|2

z

{(
1− |z|2

1− zw

)β/p−1

− (1− |z|2)β/p−1

}
,

we have by Lemma 3.4

‖Ifz‖p
Np

α
. (1− |z|)β

∫
D

dνα(w)
|1− zw|β−p

+ (1− |z|2)β ≈ (1− |z|2)2+α+p

for |z| ≥ 1/2. Combining these estimates, we obtain

(1− |z|) log(1 + r|g(z)|) ≤ log[1 + r(1− |z|)|g(z)|] . (1− |z|)

for |z| ≥ 1/2. This implies g ∈ H∞. Thus Imb[Np
α] ⊂ H∞. On the other hand,

since Jmb[Np
α] ∩Mmb[Np

α] ⊂ Imb[Np
α] by (4.1), we have H∞

1 ⊂ Imb[Np
α] by (a) and

(b), completing the proof of (c). The proof is complete. �

Remarks. (1) As a consequence of (4.1) and Proposition 4.3, we have Imb[Np
α] =

Jmb[Np
α] ∩H∞. Also, note that IfIg = Ifg. Thus Imb[Np

α] is an algebra.
(2) As mentioned earlier, we have J [H2] = BMOA ([18]). The Bergman space

analogue is proved in [1]: J [Ap
α] = B and, moreover, Jc[Ap

α] = B0, the little Bloch
space. This and Theorem 4.2 reveal quite a different nature of area Nevanlinna
spaces and Bergman spaces, as far as the compact symbol classes for Volterra
operators are concerned. However, for the other operators, we have exactly the
same characterizations on Bergman spaces and area Nevanlinna spaces. That is,
we have M [Ap

α] = H∞ and Mc[Ap
α] = {0}, as is well known, and also, easily

modifying the arguments of [1], one can deduce I[Ap
α] = H∞ and Ic[Ap

α] = {0}.
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(3) Given f ∈ H(D), one can deduce from (3.1) that∫
D

[
log(1 + (1− |z|)|f ′|

]p
dνα ≤ C

∫
D

[
log(1 + |f − f(0)|)

]p
dνα.

For the converse, however, what we’ve so far is∫
D

[
log(1 + |f − f(0)|)

]p
dνα ≤ C

[
1 +

∫
D

[
log(1 + (1− |z|)|f ′|

]p
dνα

]
, (4.3)

which is easily seen from Theorem 3.5(c) (with k = 1 and µ = να). Attempting to
identify the symbol classes in (b) or (c) of Proposition 4.3, we are led to a question
whether the additive constant term in (4.3) would be indispensable, which would
be stronger than the metric boundedness of I on Np

α. Recall ∂ : Np
α → Np

α+p is
metrically bounded by Theorem 3.10. That is, we have∫

D

[
log(1 + |f ′|)

]p
dνα+p ≤ C

∫
D

[
log(1 + |f − f(0)|)

]p
dνα.

If the converse inequality of the above were to hold, then the additive constant
term in (4.3) could be removed. But, it certainly fails, because I(Np

α+p) 6⊂ Np
α by

Corollary 3.3.

4.3. Spherical derivatives. Finally, we deduce some integral behavior of spheri-
cal derivatives. Recall that the spherical derivative f ] of f ∈ H(D) is the function
on D defined by

f ] =
|f ′|

1 + |f |2
.

This spherical derivative naturally occurs in the study of the unweighted area
Nevanlinna space N1

0 . In order to see that, we need to introduce some notation.
Given f ∈ Np

0 , let

‖|f‖|p
Np

0
=
∫

D

[log(1 + |f |2)]p dν.

Note that
1
2
‖|f‖|p

Np
0
≤ ‖f‖p

Np
0
≤ log 2 + ‖|f‖|p

Np
0
.

The advantage of this new norm ‖| ·‖|Np
0

lies in the integral representation provided
by Proposition 4.4 below.

For 1 ≤ p <∞ we let

up(x) = [log(1 + x)]p and Up(x) = xu′′p(x) + u′p(x), x ≥ 0

for simplicity. A routine calculation yields

Up(x) =
p[log(1 + x)]p−1

(1 + x)2

{
1 +

(p− 1)x
log(1 + x)

}
.

Note that we have

∆(up ◦ |f |2) = 4(Up ◦ |f |2)|f ′|2 (4.4)

for f ∈ H(D) where ∆ denotes the Laplacian.

Proposition 4.4. Let 1 ≤ p <∞. If f ∈ Np
0 , then

‖|f‖|p
Np

0
= (up ◦ |f |2)(0) +

∫
D

(Up ◦ |f |2)|f ′|2
(
|z|2 − 1 + log

1
|z|2

)
dν.
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Proof. We first recall the integral identity

1
2π

∫ 2π

0

h(reiθ) dθ = h(0) +
1
2

∫
rD

(∆h) log
r

|z|
dν

for h ∈ C2(D) and 0 ≤ r < 1. This can be verified by the standard argument using
Green’s theorem: see, for example, [17]. Let f ∈ Np

0 . Applying the above identity
to the function h = up ◦ |f |2, we have by (4.4)

1
2π

∫ 2π

0

(up ◦ |f |2)(reiθ) dθ = (up ◦ |f |2)(0) + 2
∫

rD

(Up ◦ |f |2)|f ′|2 log
r

|z|
dν

for 0 ≤ r < 1. Now, integrating both sides above against the measure 2rdr on [0, 1)
and then applying Fubini’s theorem, we obtain

‖|f‖|p
Np

0
=
∫

D

up ◦ |f |2 dν

= (up ◦ |f |2)(0) + 4
∫

D

(Up ◦ |f |2)|f ′|2
(∫ 1

|z|
r log

r

|z|
dr

)
dν

= (up ◦ |f |2)(0) +
∫

D

(Up ◦ |f |2)|f ′|2
(
|z|2 − 1 + log

1
|z|2

)
dν,

as desired. The proof is complete. �

The case p = 1 of Proposition 4.4 is of particular interest, because it reduces to

‖|f‖|N1
0

= log(1 + |f(0)|2) +
∫

D

|f ]|2
(
|z|2 − 1 + log

1
|z|2

)
dν.

Note that
|z|2 − 1 + log

1
|z|2

≈ (1− |z|2)2

as |z| → 1. Thus we have

f ∈ N1
0 ⇐⇒ f ] ∈ L2(ν2)

for f ∈ H(D). Thus, by Corollary 3.3, we have the following result.

Theorem 4.5. Let f ∈ H(D). Then f ] ∈ L2(ν2) if and only if (f ′)] ∈ L2(ν2).

This is, of course, very different from the general integral behavior of ordinary
derivatives. For example, it is well known that f ∈ H(D) belongs to L2(ν) if and
only if f ′ ∈ L2(ν2); see [9, Proposition 1.11].
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