CARLESON MEASURES FOR THE AREA NEVANLINNA
SPACES AND APPLICATIONS

BOO RIM CHOE, HYUNGWOON KOO, AND WAYNE SMITH

ABSTRACT. Let 1 < p < oo and let p be a positive finite Borel measure
on the unit disk D. The area Nevanlinna-Lebesgue space NP (u) consists of
all measurable functions h on D such that log® |h| € LP(u), and the area
Nevanlinna space N& is the subspace of N?((1 — |z|2)*dv(z)), where a > —1
and v is area measure on D, consisting of all holomorphic functions. We
characterize Carleson measures for N&, defined to be those measures p for
which N} C NP(u). One application is that the spaces N& are all closed
under both differentiation and integration. This is in contrast to the classical
Nevanlinna space defined by integration on circles centered at the origin, which
is closed under neither. Applications to composition operators and to integral
operators are also given.

1. INTRODUCTION

Let D be the unit disk of the complex plane C and H(D) be the algebra of
all functions holomorphic on D. Let v be the area measure on D normalized to
have total mass 1. Given o > —1, let v, be the weighted measure defined by
v (2) = (a+1)(1 — |z|2)*dv(2).

For1 <p < ooand a > —1, we let NP denote the space of all functions f € H(D)
such that

/ (log™ | f)? dva, < o0. (1.1)
D

We will refer to the spaces NP as (weighted) area Nevanlinna spaces. Clearly,
each area Nevanlinna space is a subalgebra of H(D). The area Nevanlinna spaces
are large in the sense that each IN? contains all the well-known Bergman spaces.
This follows from standard growth estimates for Bergman functions (see [9, Lemma
3.2]). Also, by the elementary inequalities logt 2 < log(1 + z) < log2 + log™ « for
x > 0, we see that (1.1) holds if and only if log(1 + |f|) € L”(v,). Next, note that
log(1+z+y) <log(l+z)+log(l+y) for x,y > 0. These simple observations lead
us to define the “norm” || f||yz of f € N by the formula

11 = [ Doa(0 + 1)
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This norm satisfies the triangle inequality and thus induces a translation-invariant
metric on NP defined by (f,g) — [|f — gl[nz. Also, we have by subharmonicity

fog(1+ @) < C— Lo ae (12)

for a constant C = C(p,a) and all f € NP. In particular, this tells us that if
fn — fin NP then f,, — f locally umformly Here, the local uniform convergence
refers to the umform convergence on every compact subset of D. It follows that
each N? is a translation-invariant complete metric space.

Let p be a positive finite Borel measure p on D (hereafter we simply write
i > 0). We introduce the spaces NP (i), 1 < p < oo, which we call area Nevanlinna-
Lebesgue spaces. Namely, we define N?(u) to be the space of all measurable func-
tions h on D such that

1B = /D llog (1 + |A])]? du < oo.

This norm also induces a translation-invariant metric on N?(u), which is also com-
plete (see [11, Proposition 2.1]). Clearly, N? is a closed subspace of N?(v,). We
also recall the well-known (weighted) Bergman spaces AP, := L?(v,) N H (D), where
a > —1and 1 < p < co. Note that while the area Nevanlinna(-Lebesgue) spaces
are not Banach spaces, the restriction 1 < p < oo means that the spaces AP, are.
Some of our results assert that certain operators are bounded or compact in a sense
that is stronger than the general notion of bounded or compact on a topologi-
cal vector space. Precise definitions of those strong notions, that we call “metric
boundedness” and “metric compactness”, are given in Section 2. For now we just
mention that on a Banach space these properties coincide with the usual notions
of boundedness and compactness.
In what follows, we let Z denote the integration operator defined by

—/Ozf@)dc, 2eD

for f € H(D). Also let 0 = 6% denote the differentiation operator. We can now
state our first result.

Theorem 1.1. Let 1 < p < oo and o > —1. Given p > 0, the following conditions
are equivalent:
(a) AL C LP(p);

(b) N& C NP(u);
(c) The embedding N? C NP(u) is metrically bounded;
(d) Z(NZ) € NP(n);
(e) Z: NP — NP(u) is metrically bounded;
() D(NE) € N¥(p);

) There is a constant C such that

1 ey < CA+ ([ fllnz)

(g

for f € NE.

As an immediate consequence of Theorem 1.1 with u = v,, we see (Corollary
3.3) that area Nevanlinna spaces are all closed under differentiation and integration.
This is in contrast to differentiation and integration on the classical Nevanlinna
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spaces defined by integration on circles centered at the origin. For p > 1, a function
f € H(D) is said to belong to AP if the integrals

/ o (log™ | £ (re’®)])" do
0

are uniformly bounded for < 1. In 1929 A. Bloch and R. Nevanlinna [16] posed
the problem of whether N is closed under differentiation. Subsequently many
counterexamples have been constructed. It is now known that the derivative of a
bounded holomorphic function on the unit disk need not belong to N, so none of
the spaces NP, p > 1, are closed under differentiation; see for example [6] or [8].
Thus the area Nevanlinna spaces N? may be viewed as the proper setting for the
Bloch-Nevanlinna problem. On the other hand, W. K. Hayman has shown [8] that
while the spaces NP, p > 1, are closed under integration, the space N is not.

Measures p that satisfy A2 C LP(u) have been extensively studied and are known
as Carleson measures for A?. We will often call such a measure an a-Carleson
measure (they are independent of p). Some basic properties of these measures will
be reviewed in Section 2. By analogy we define a Carleson measure for NE to be
a measure g > 0 such that N2 C NP(u). In this terminology Theorem 1.1 says, in
part, that p is a Carleson measure for A? if and only if it is a Carleson measure for
NP,

Since the spaces N2 and NP () are complete translation-invariant metric spaces,
it is an immediate consequence of the Closed Graph Theorem that if O(NE) C
NP(), then the differentiation operator 0 : N2 — NP(u) is continuous and hence
bounded in the sense of an operator on a topological vector space; see [19, Theorem
1.32]. So we see from Theorem 1.1 that 9 : N2 — NP(u) is bounded if and only if
w is an a-Carleson measure. It is natural to ask when 9 : N2 — NP(u) metrically
bounded.

Theorem 1.2. Let 1 < p < oo and o > —1. Given p > 0, the following conditions
are equivalent:

(a) p is an (a + p)-Carleson measure;
(b) 9 : N2 — NP(u) is metrically bounded.

)

Thus 0 distinguishes between the properties “bounded” and “metrically bounded’
and in particular 0 is not metrically bounded on any /N?. This intuitively tells us
that, while area Nevanlinna spaces are large enough to retain all the derivatives of
their functions, size of derivatives cannot be controlled well.

In [2] it was shown that for composition operators acting on the Smirnov class
N the properties of compactness, metric compactness, and a notion of bounded-
ness that we call 7-bounded, are all equivalent. The next theorem shows that the
situation is the same for certain operators acting on the area Nevanlinna spaces. In
particular, the differentiation operator does not distinguish between the properties
of compactness and metric compactness, contrary to the case for boundedness and
metric boundedness. For the definition of 7-bounded and the notion of compact
a-Carleson measures, see Section 2.

Theorem 1.3. Let 1 < p < oo, a > —1 and let T be any of the operators (i) em-
bedding C, (i) integration Z, or (iii) differentiation 0. Given p > 0, the following
conditions are equivalent:

(a) p is a compact a-Carleson measure;
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(b) T : N2 — NP(u) is metrically compact;
(¢) T : NP — NP(u) is compact;
(d) T : NP — NP(u) is T-bounded.

We note the consequence of Theorem 1.3 that, since v, is not a compact a-
Carleson measure, integration is not a compact operator on IN?. This is in contrast
to integration on AP | which is well known to be compact. Thus, while differentiation
is better behaved on NP than on AP, integration is not as well behaved.

In Section 2 we briefly review various general notions of boundedness(compactness)
and give definitions of metric boundedness(compactness). We also review some
background on Carleson measures. In Section 3 we give the proofs of higher order
versions of Theorems 1.1, 1.2 and 1.3. The section ends with a discussion of exten-
sions that apply to mappings of N? into N9(u), where ¢ > p. Then in Section 4 we
turn to applications of these results. We first consider composition operators acting
between area Nevanlinna spaces and show how our work gives a different approach
to a recent characterization by A. Haldimann and J. Jarchow of when such an op-
erator is bounded or compact. Our next application is to Volterra operators and
their companion operators. We characterize when these operators are bounded or
compact, in various senses, on area Nevanlinna spaces. Our final application con-
cerns the spherical derivative f# = |f’|/(1+|f|?) of a function f € H(D). We show
that f* naturally occurs in the study of area Nevanlinna spaces, and a consequence
of our work is that (1 — |2])f* € L?(v) if and only if (1 — |z|)(f")* € L%(v).

Notation: In the rest of the paper the same letter C will denote various positive
constants, unless otherwise specified, which may change at each occurrence. We will
often write X <Y or Y 2 X if X < CY for some positive constant C' dependent
only on allowed parameters, and X ~ Y if X <Y < X. Also, we will often use the
letter z not only to denote points in D, but also to denote the identity function on
D.

2. PREREQUISITES

2.1. Bounded(Compact) operators. We first clarify two notions of a bounded
set, that are relevant to our work, on a metrizable topological vector space. A
subset A of a topological vector space X is called 7-bounded (7 for “topology”)
if, for every neighborhood V of the origin, A is absorbed in V, or said differently,
A C tV for some t > 0. If the topology of X is given by a metric d, there is
another natural notion of a bounded set. That is, A C X is called d-bounded if
A is contained in a metric ball. These two notions of boundedness do not agree
in general. In fact no metric ball of an area Nevanlinna space is 7-bounded; see
Corollary 3.9 below. For the rest of the paper, the term “bounded” (for a set) will
always refer to the d-boundedness.

Let T : X — Y be a linear operator where X and Y are general topological
vector spaces. Various notions of when such an operator is bounded or compact
have appeared in the literature. We say that T is bounded if it takes T-bounded sets
to 7-bounded sets (see [19]); T is T-bounded if it takes some neighborhood of the
origin to a 7-bounded set (see [2]); T is compact if it maps some neighborhood of
the origin to a relatively compact set. Since relatively compact sets are 7-bounded,
compact linear operators are always 7-bounded. It is not hard to see that 7-bounded
linear operators are always continuous and conversely if Y possesses a 7-bounded
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neighborhood of the origin. In addition, continuous linear operators are always
bounded and conversely if X is metrizable; see [19, Theorem 1.32].

Now, we further assume that topologies of X and Y are given by translation-
invariant metrics dx and dy, respectively. We introduce additional notions of
boundedness and compactness which are motivated by those given in [2]. We say
that T is metrically bounded if there exists some constant C' > 0 such that

dy (0, Txz) < Cdx(0,x)

for all x € X. Thus T is metrically bounded if and only if T maps every metric
ball B in X into another in Y with radius a fixed multiple of the radius of B.
Also, T is said to be metrically compact if it takes every metric ball in X into
a relatively compact set in Y. Due to the metric topology of Y, the operator T
will be metrically compact if and only if the image of every bounded sequence in
X has a subsequence that converges in Y. We remark that if the metrics sat-
isfy d(tz,ty) = |t|d(x,y), then metric boundedness(compactness) coincide with the
standard definitions, mentioned above, of bounded(compact) linear operators on a
topological vector space.

Clearly, metric boundedness and metric compactness imply continuity and com-
pactness, respectively. However, a metrically compact linear operator may not be
metrically bounded. In fact, as consequences of Theorem 1.3, Theorem 1.2 and the
Carleson characterizations for Bergman spaces stated below, we have 0¥ : N? — N, g
is metrically bounded if and only if 3 > « + pk, while it is metrically compact if
and only if g > a.

2.2. Carleson measures. We now recall the well-known notion of Carleson mea-
sures for the weighted Bergman spaces AP. Here, the parameter range of p is
restricted to 1 < p < oo to be consistent with that for area Nevanlinna spaces,
while all the Carleson (type) characterizations mentioned for AP in this subsection
still holds for 0 < p < 1.

We say that p > 0 is a Carleson measure for AP if there exists some constant C

such that
[uransc [ igpa,
D D

for f € AP. That is, pu is a Carleson measure for A? if and only if the embedding
AP C LP(u) is continuous, or equivalently by the Closed Graph Theorem, if and
only if A2 C LP(p). If, in addition, the embedding AE C LP(u) is compact, then
i is said to be a compact Carleson measure for AP. Various characterizations for
Carleson measures for AP are well known. Among those characterizations, we recall
below the characterization in terms of averaging functions over pseudohyperbolic
disks.
The pseudohyperbolic distance p(z,w) between z and w in D is given by

p(z,w) =

z—w
1—zw|’
For 0 < r < 1 we let F,.(z) denote the pseudohyperbolic disk with radius r and
center z. Note that F,.(z) is a Euclidean disk with

(1—1r2)z

(1= [2[*)r
1—|z|%r?

(center) = R

and (radius) =
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We recall a well-known estimate which is helpful in dealing with estimates involv-
ing pseudohyperbolic disks (see, for example, [21, Lemma 2.27]): Given 0 < r < 1
and s real, there exists a constant C' = C(r, s) such that

1 e~ S
(=) -
1—aw
for all a, z,w € D with p(z,w) < r. We will frequently and tacitly use the following
consequences for z,w € D with p(z,w) < r:
1— 2 1— 2
[1—zw| 1-—|w]?

< Cp(zw)

_ 2 S
(2) R (11 |Z> ~1 (if r =r(s) is sufficiently small).
— ZW

(3) valEr(2)] = (1 — |2])2Te.

Given p >0, @ > —1, and 0 < r < 1, we let jiy,, denote the averaging function
of p defined by
plE:(2)]
Vo [Er(2)]
A basic inequality satisfied by these averaging functions is the following:

/ hdp < C/ hfia,r dve (2.1)
D D

for all functions h > 0 subharmonic on D and for some constant C' = C(a, 7). In
order to see this, note that subharmonicity yields

h(w)

h(z) < C(a,r) /ET(Z) (1 — |w|?)2t+e
for z € D. Now, integrating both sides against the measure du(z) and then changing
the order of integrations, one obtains (2.1). The inequality (2.1) tells us that if fiy, ,
is bounded, then the embedding A2 C L”(u) is bounded. Also, it turns out that
the converse is also true by considering suitable test functions. Furthermore, its
compact version is also available. So, we have the following characterization for
each r (see, for example, [4, Theorem 2.36] or [21, Theorems 2.15 and 2.16] for
details):

e /i is a Carleson measure for A? <= [i,, € L>°(D).

e /i is a compact Carleson measure for A? <= [, ,(z) — 0 as |z| — 1.

Har(2) =

vy (w) (2.2)

Note that these characterizations are independent of parameters p and r. Hence
we will sometimes simplify the notation by writing fi, in place of fia,,. Also we
will sometimes simply say “(compact) a-Carleson measure” instead of “(compact)
Carleson measure for AP”.
Carleson type characterizations for differentiation are also well known. Given an

integer k > 1, characterizations are as follows (for each r):

e OF 1 AL — LP(u) is bounded <= [igikpr € L(D).

e OF 1 AP — LP(u) is compact <= [atrpr(2) — 0 as |z| — 1.
This was first proved in [13, Theorem 2.2]. Also, see [3, Lemma 2.5] for details (in
terms of the so-called Carelson squares) of compactness. We will also sometimes
simplify the notation by writing fiayxp in place of figykp . Later we will use these
characterizations without any further reference.
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3. CARLESON MEASURES

Recall that in the Introduction we defined p > 0 to be a Carleson measure for
N? if and only if N? C NP(u), and since N? is a metric space this is equivalent to
the embedding N? C NP(u) being continuous or bounded in the sense of a bounded
operator on a topological vector space. Similarly, u is said to be a compact Carleson
measure for NP if and only if the embedding N? C NP?(u) is compact.

Our goal in this section is to obtain characterizations of (compact) Carleson
measures for area Nevanlinna spaces in terms of averaging functions. Our charac-
terizations reveal that Carleson measures for area Nevanlinna spaces and Bergman
spaces are exactly the same, which is not too surprising, because area Nevanlinna
spaces can be viewed as the limiting spaces of the Bergman spaces. In addition, our
characterizations reveal some facts about metric boundedness of integration and a
similar property of differentiation that may not be expected.

The following inequalities are useful for the characterization involving differen-
tiation.

Proposition 3.1. Let 1 <p<oo,a>—-1,0<r <1 and k > 1 be an integer.

Then there exist constants C = C(p,,r k) such that the following inequalities
hold:

2 Py
(a) f<k>|5’vp(mgc/D{[1og(1+f|)]P+ {1og(1z|>} }ua,rdua;
() 159 gy < € [ Bog(1 + £ i

forall p >0 and f € H(D).

Proof. Let w > 0 and f € H(D). Let z € D. Put wy(z) = [log(1 + z)]P for
simplicity. By subharmonicity we have

for some constant C' = C'(a, 7). A routine calculation shows that the disk with
center z and radius r(1 — |z|)/2 is contained in E, /5(z). Thus, applying Cauchy’s
estimate on that disk, we have

1 1 wp (] f(w
TN e e (C/EW (1—(||J:u(|>2)+)ad”“(w)>

a€E, /()
where 1 = r/2 and thus

1 wp([.f (w)])
w10 S () 2 L T ol )

aEET/Q(z)

Note that the function [—1log(l — |z|)]? is subharmonic. Thus, integrating against
the measure du(z) and then changing the order of integrations, we conclude (a) by
(2.1).

The proof above showed that

wp (1 = )M FP () < /

E,(z)

(fﬂgﬂ'ﬁa dve(w). (3.1)
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Thus, using the elementary inequality ylog(l + z) < log(1l 4+ xy) for z > 0 and
0 <y <1, we obtain

w (k) (4 1 wp (| f(w))]) e
P(lf ( )|) 5 (1 — ‘Z|)kp /ET(Z) (1 _ |w\)2+04 d a( )
~ _wpllf))
~ /Er(z) (1- |w|)kp+2+a d Ot( )-

Having this estimate, one may now repeat the argument above and conclude (b).
The proof is complete. O

A preliminary result is needed for the characterization involving integration.
Note that we have
IZf(2)| < sup [f(t2)] (3.2)
0<t<1
for f € H(D) and integers k > 1. By this we are led to consider an area analogue
of the well-known radial maximal function. Given a measurable function h on D,
we define Mh by

Mh(z) = Os<12;<)1 |h(t2)].

For 1 < p < oo, but not for p = 1, the Hardy-Littlewood maximal theorem ([5,
Theorem 1.8]) implies that this maximal operator, when restricted to nonnegative
subharmonic functions, is bounded on L?(v,). We show this extends to the end
point case p = 1 in Theorem 3.2 (with u = v,) below.

Given z € D and 0 < r < 1, let P,(z) C dD be the radial projection of E,(z)
and S, (z) be the interior of the convex hull generated by P, (z) and E,(z). Also,
given p > 0, let

~ o~ 2) = N[ST(Z)]
lj’a(z) _N’Oz.,r( ) VQ[ST(Z)].

Theorem 3.2. Given o > —1 and 0 < r < 1, there exists a constant C = C(a, 1)

such that
/ Mhdp < C/ hita r dve
D D

for all functions h > 0 subharmonic on D and p > 0.
Proof. Fix a > —1 and 0 < r < 1. Let h > 0 be a subharmonic function on D. Let
z € D. We have by (2.2)

Mh(z) £ sup /E . )(h(w)dua(w)

0<t<1 1 — |w|?)2te

< /D{ sup XEr(tz)(w)} %d%(w)

0<t<1

Here, xg denotes the characteristic function of E C D. Note that we have

SUp XE, (w)(t2) = Xs, (w)(2)-
<t<1

0
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Therefore, given p > 0, integrating against the measure du(z) and then changing
the order of integrations, we have

/Mh e <C/h 1_|(|)>2] Ve ()

for some constant C' = C(a, ).
It remains to estimate the size the sets S, (w):
CTHI = Jw)** < va[Sr(w)] < C(1 = [w])*™* (3-3)

for some constants C = C(a, 7). Note that E,.(w) C S,.(w), which yields the lower
estimate of (3.3). In order to see the upper estimate of (3.3), note that we have

R ={ceon: G2t e B}

and thus

(L= Jw)r

Next, for |w| > r, note that we have

: (1 —r*)w| — (1 — [w])r r
ti= inf |z = > |w| — ——(1 — |wl).
bl 1 [w]r? Z ol = = (0= )
It follows that
1— 2+«
vl )] 5 s(1 -t < B2 g s
—r
Also, for |w| < r, we have
1 o 2+«
Vo [Sr(w)] <1< <|w> , lw] < r.
1—7r
The proof is complete. U

Corollary 3.3. Let 1 <p < oo and a > —1. Then
O(NZ)= NI and I(NZ)=NZ,
where Nf o = {f € Nt : f(0) = 0}.

Proof. That O(NP) C NP is immediate from Proposition 3.1(a), while Z(N?) C
NP follows from (3.2) and Theorem 3.2 (with y = ). The reverse inclusions are
then consequences of the usual inverse relationship of 9 and Z. a

The next lemma will be used to estimate norms in N?. For a proof see [21,
Theorem 1.12].

Lemma 3.4. Given o > —1 and s > 0, there exists a constant C = C(«, s) such

that J
v
b<(1- o <C
= | | / |1 wz|2+a+s -
forze D.

We are now ready to prove the higher order version of Theorem 1.1. The proof
will be competed in two steps. First we prove the following.

Theorem 3.5. Let 1 < p < oo, a>—1 and k > 1 be an integer. Given pu > 0, the
following conditions are equivalent:
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) p is an a-Carleson measure;

) The embedding N? C NP(u) is metrically bounded;
) IF : NP — NP(u) is metrically bounded;

) There is a constant C such that

(a
(b
(c
(d

1SNy < CA+Ifllnz),  feNE

Moreover, given 0 < r < 1, the quantities
| £l 3P () 1Z" fll e () 1F* v )

172|222, sup
e otrent Ifline 7 ozpene  Nfllnze 7 jene 1+ 11fllnz

are all comparable.
Proof. Throughout the proof r € (0,1) is fixed and sufficiently small, as needed.

Let > 0. First, we assume (a) and prove that (b)-(d) hold. Applying (2.1) to
h = [log(1+ |f])]? with f € NP, we see that (b) holds with the estimate

1By S Iallocl fIBs  f € NE.

In order to prove (c), we recall that when one of f, and fi, belongs to L*°(D),
then both do and their norms are comparable; see [13, p. 89-90]. Using this fact
and the inequality [log(1 + |Z% f|)]? < M[log(1 + |f|)]? for f € H(D), we see that
(¢) with the estimate

IZ* 1wy S Malloolf e, f € NE

follows from Theorem 3.2. Also, the implication (a) => (d) with the estimate
1O S [alloo(+ I 1),  f € N2

is a consequence of Proposition 3.1(a).
Next, we prove that each of (b)-(d) implies (a) by utilizing suitable test functions.
For example, we can take

f-(w) = exp [ (liwl)lﬂr } v

for z € D as our test functions. It is easily checked by Lemma 3.4 that {f.} is
bounded in N2. Also, note that we have

Lo 1" ~(2+a)/p
log | f.(w)| =R A= wz)te 2 (1=1z) (3.4)
for w € E.(z). Tt follows that
Hszijvp(H) dp(w)
i 2R 2 / nara ~ Ha(?) (3.5)
I1f2 11 NP ™ g, (o) (1= J2])?+e

for all z € D. This shows that (b) implies (a).

We now prove that (d) implies (a). An elementary induction yields fz(«k) =7zFgf.
for some g € H(D) that is a sum of functions of the form ¢(1 — |2])?(1 — zw) ™7,
where the parameters ¢ > 0 and v > > 1/p depend only on p, « and k. Thus
there exists s = s(p, a, k) > 0 such that g(w) = (1 —|2])~® for w € E,.(z), and by
(3.4) we have

log | ¥ (w)] 2 (1 — 2)~C)/P 4 log ( ) > (1= |zl CHep

1—|4
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for |z| > 1/2, w € E,(z) and for some constant C = C(p, «, k, 7). Now, assuming
(d) and proceeding as above, we get

(k) p
TERI.
YA

for |z| > 1/2. Since p is a finite measure, this shows that (d) implies (a).

2Ny 2 Bal2) (3.6)

To show that (c) implies (a), we take the functions fz(k) as our test functions.
Note that {fz(k)} is also bounded in N2 by Proposition 3.1(a). Also, note

k=1 £(5)
74w = i)~ 1 R

Clearly, |fz(j)(0)| <lforall zand j=1,...,k— 1. Thus, for w € E.(z), we have
log [Z* f{V) (w)| Z (1 — |o)~Z+)/®
as |z| — 1. So, assuming (c) and proceeding as above, we conclude that
k p(k))p
PATT
k
(Ve

as |z| — 1. This yields (a) as before and completes the proof of the first part of the
theorem. The second part of the theorem is implicit in the argument given, so the
proof is complete. O

2 N7 FE R ) 2 Ba(2) (3.7)

We now complete the proof of the higher order version of Theorem 1.1 by estab-
lishing the equivalence of the remaining statements.

Theorem 3.6. Let 1 <p < oo, > —1 and k > 1 be an integer. Given u > 0, the
following conditions are equivalent:

(a) u is an a-Carleson measure;
(b) N& C NP(n);

(c) Z"(NR) € NP(p);

(d) 9"(NE) € NP(p).

Proof. Let > 0. That (a) implies each of the other statements is immediate from
Theorem 3.5. Also, the equivalence of (b), (¢), and (d) is immediate from Corollary
3.3. Fix r > 0 sufficiently small and assume that (a) does not hold. The proof
will be completed by showing that (b) does not hold. Since (a) fails, there exists a
sequence {a,} in D such that

bo(ay) > 2" and a, — ¢

for some ¢ € 9D. We may assume ¢ = 1. Furthermore, for M = M (p,a,7) > 1 to
be chosen later, we can take a subsequence (still denoted by {a,}) which satisfies

1_ .
|1—an|<#7 —1,....n—1
for all n > 2.
Now define functions h,, by
1 —an]
hn( ):
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and put h = Zf;l(anh”)l/p. Also, put f = exph. From Lemma 3.4 we get

—-n —-n 1
1z S14 1@ h) oy = 14+ 3 27 |0, < oo,

n=1 n=1
so f € N2. We will show that f ¢ NP(u), which means that (b) does not hold and
thus will complete the proof.
Fix an integer n > 1 and let w € E,(ay). For each j < n, we have

1 1 1
< < .
(1 —lag[)*+e = (M1 = an])?*t> = M™(1 = |an|)?+*
Also, for each j > n, we have
1-q L= jaal 1
(1= Jwl)¥e = MI(1 = fw[)¥*e ™ M (1 = |an|)**+e

But, for j = n, we have

[hj(w)] <

|hj(w)] <

1
Rhn(w) > G e
It follows that
o (w) |7 hy(w) |7
Reh(w) = R {2} -2

j#n

Cl 1/P 2 n/P
>l 1— =
= [271(1 = |an|>2+a} e <M)

for some constants C7 and Cs depending only on p, a and r. Therefore, choosing
M > 2(203)P/™, we obtain

1
p>__ - E
[%h(w)] ~ 2”(1 _ ‘an‘)2+a7 w E ’r(a/n)
for all n. It follows that

. — fla(an) _ o
TPED S IENCORTED SIS ED SEES
n=1

r(an) n=1 n=1

Hence f ¢ NP(u) as required, and the proof is complete. O
The next lemma will be used in the proof of Theorem 1.3.

Lemma 3.7. Let 1 < p < o0 and o > —1. For z € D and ¢ > 0, define the
function f, . by

forelw) = exp [u(_lw')g'l] .y

Given an integer k > 0 and s > 0, there exists ¢ = ¢(p, a, k, s) > 0 such that
sup || /) ||y < s.
zeD
Proof. First, consider the case k = 0. We use the inequality |e® —1| < el®l —1, valid

for all complex numbers a, which is easily verified using the usual series expansion
of the exponential function. From this we get

log(1 + [fe.c(w))” < O
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and now | f. .|| yz can be made uniformly and arbitrarily small as ¢ — 0 by Lemma
3.4.

Now, assume k > 1. By an elementary induction we have fz ¢ =2 (fz,c +1)g
for some g € H(D) that is a sum of functions of the form bc(1 — |2|)]?(1 — zw) ™7,
where parameters b and v > 6 > 1/p depend only on p, « and k. Hence, taking
¢ <1, we obtain

|fz(f€c)‘ < Cl/p(]- + |fz,c‘)1/}

where ¥(w) = C(1 — |w|)™" for some constants C' and N depending only on p, a
and k. Thus we have

L+ R < (1 +Py) (L + | fae),

which, in turn, yields

1721z < e Pllnowa) + I fzcllz.

The second term of the above was already estimated. The first term can be made
arbitrarily small as ¢ — 0 by the Dominated Convergence Theorem. This completes
the proof. 0

We now turn to the proof of the higher order version of Theorem 1.3.

Theorem 3.8. Let 1 <p < oo, a>—1 and k > 1 be an integer. Let T be any of
the operators (i) embedding C, (ii) integration I*, or (iii) differentiation O%. Given
1> 0, the following conditions are equivalent:
(a) ,u is a compact a-Carleson measure;
(b) T : N2 — NP(u) is metrically compact;
(¢) T : N? — NP(u) is compact;
(d) T : N2 — NP(u) is T-bounded.

Proof. Let > 0. Fix r € (0,1), sufficiently small as needed. It is clear that (b)
implies (c) and that (c) implies (d), so it suffices to show that (a) implies (b) and
that (d) implies (a).

First, we assume (a) and show (b). With Theorem 3.5 granted, the proof here
is an easy modification of the proof of [3, Lemma 2.5] and included here for com-
pleteness. Let {f,} be a bounded sequence in NP. Then {T'f,} is also a bounded
sequence in N2, say of norm at most M/2, by Theorem 3.5 (with p = v,). We
must show that {T'f,,} contains a subsequence that converges in N?(u). Note that
a bounded set in N? is a normal family by (1.2), and so by re-indexing an appro-
priate subsequence that converges locally uniformly to some g € H(D), we may
assume that T'f, — g locally uniformly. Note g € NE with ||g||y» < M/2 by
Fatou’s lemma. Thus, we have ||T'f,, — g[[nz < M.

We need to show T'f,, — g in NP(u). Let ¢ > 0 be given. By assumption there
exists some t € (0,1) sufficiently close to 1 such that supj,|5, fia(z) < €. Corre-
sponding to such ¢, we let s € (¢,1) be the number satisfying U).|<¢E(2) = sD.
Now, setting dT = x p\spdu, we see that 7, (z) = 0 for |z| <t and 7, (2) < fia(2) <€
for |z| > t. Thus, 7 is an a-Carleson measure with ||7,||cc < €. Accordingly, we
have by Theorem 3.5

1T fn — ngjjvp(,L) =(Tfn - g)XsDHZ;vp(,L) T fn — g”NP(-r
S DT fn = g)xsp % + eMP.
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Note that the constant suppressed in the above inequality is independent of n.
Now, since T'f,, — ¢ locally uniformly, the above inequality implies that T'f, — ¢
in NP(u) as required.

Next, we assume (d) and show (a). We will prove the contrapositive, so assume
that up is not a compact a-Carleson measure. We must show that no metric ball in
N? is mapped by T into a 7-bounded set in N?(u). Let s > 0 be given. Since p is
not a compact a-Carleson measure, there is a constant C; > 0 and a sequence of
points {a,} in D such that

lo(ay) > Cr and |a,| — 1.

Corresponding to the sequence {a,}, define functions f, defined by

oy [ = lan)) ] _
fn(UJ)—eXp |:(1anu))3+a —1, n—1,27...
where ¢ > 0 is a constant to be chosen in a moment. Put g, = f, if T is the
embedding operator, g, = I*f, if T = 0*, and g, = 0% f,, if T = I*. Using Lemma
3.7 and/or Theorem 3.5 (with u = v,), we can pick a number ¢ > 0 such that
functions g, are all contained in Bs, the metric ball in N2 with center 0 and radius
s.

Now, we prove that T'B; is not 7-bounded in N?(u). We only consider the case
T = T*: other cases are simpler. As in the proof of Theorem 3.5, we have

log 79 ()] = 0g 70" fu ()] Z ¢/P(1 ~ Jan )~ G+)/7

for w € E.(ay,) as |a,| — 1. Now, given ¢t > 0, we have

I T00 By > | o1+ Tou ()P ()

2 B (an)]le(1 = lan])~ ) — |logt|7]
2 fialan)le = (1 = lan))***) log t]?]
> Cile — (1= |an) ) log "]
for |a,| sufficiently close to 1. This means that T'Bs is not absorbed in some

neighborhood of the origin in N?(u). In other words, TB;s is not 7-bounded in
NP(u), as required. This completes the proof. O

Taking p = v, and T the embedding operator, we get the following corollary.
Corollary 3.9. No metric ball in any area Nevanlinna space is T-bounded.

Theorem 3.5 implies continuity of differentiation on area Nevanlinna spaces, as
mentioned in the Introduction. The same theorem also suggests that differenti-
ation might not be metrically bounded on any area Nevanlinna space. This led
us to a Carleson type characterization for metric boundedness of differentiation.
Our characterization, Theorem 3.10 below, shows that the derivative analogues of
Carleson measures for the area Nevanlinna spaces are also the same as they are for
the corresponding Bergman spaces.

We now prove the following higher order version of Theorem 1.2.
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Theorem 3.10. Let 1 <p < oo, & > —1 and k > 1 be an integer. Given p > 0,
the following conditions are equivalent:

(a) p is an (a+ kp)-Carleson measure;

(b) 0% : N2 — NP(u) is metrically bounded.

Moreover, given 0 < r < 1, the quantities

K
1/p sup LF ¥ e ()
oo )

0#£fENE ||fHN§

”ﬁaJrk:DJ‘

are comparable.

Proof. Let 1 > 0. That (a) implies (b) is an immediate consequence of Proposition
3.1(b). We now assume (b) and show (a). Given z € D, let

1 — |z)k+B+a)/p
- oo
(]_—zw)( +a)/p

By Lemma 3.4 we have
1ol < £l A (1 — J2]yirt e

for all z € D. Note |fz(k) (w)] < C for some constant C' = C(p,a, k) and thus
log(1+ |fz(k)(w)|) ~ |fz(k) (w)] for all z,w € D. In addition, we have |f§k) (w)| = |z|*
for w € E,.(z). Thus we have

lﬁmmmniﬁuJﬁMWWWWszWma@n

for all z € D. Combining these two estimates, we deduce

(KA
Hothp(2) S )
A

for |z| > 1/2. Since p is a finite measure, this yields (a) and completes the proof
of the first part of the theorem. The second part of the theorem is implicit in the
argument given, so the proof is complete. ([

The results of this section may easily be extended to apply to mappings of NZ
into N%(u), where ¢ > p. We will sketch extension for the embedding operator;
details of other extensions are left to the interested reader.

Theorem 3.11. Let 1 <p<qg< oo and o > —1. Set s = (24 a)q/p — 2. Given
w >0, the following conditions are equivalent:

(a) w is an s-Carleson measure;

(b) A7 € L9(u);

(¢) The embedding N? C N(u) is metrically bounded;
(d) N No(u).

Proof. The equivalence of (a) and (b) is well known and due to Luecking; see [13,
Theorem 2.2]. Assume p is an s-Carleson measure and let f € NZ. The growth
estimate (1.2) shows that

1—
1 llve gy < CUF I N IR 1 spye—eduacery-
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Since p is an s-Carleson measure, it is clear that (1 —|z])* *du(z) is an a-Carleson
measure, and so

1 fllveca—jzpe-—sduz) < Cllflinz
by Theorem 3.5. Combining these estimates completes the proof that (a) implies
(¢). That (c) implies (d) is immediate, and the proof that (d) implies (a) is accom-
plished by making obvious modifications to the proof of the corresponding part of
Theorem 3.6. ([l

4. APPLICATIONS

In this section we collect some applications of the results obtained above.

4.1. Composition operators. Our first application is to composition operators
on area Nevanlinna spaces. Let ¢ € H(D) be a nonconstant self-map of D. Asso-
ciated with ¢ is the composition operator C, defined by

Cof =fop
for f € H(D). It is clear that C,, takes H(D) into itself. Since log(1+|f|)?, p > 1,

is subharmonic when f € H(D), the Littlewood Subordination Principle shows C,
is always metrically bounded on NV? with estimates

L+ [p(0)[\*”
1C, Sl < ( e
’ 1 — [(0)]
for f € NE.
Recent work of A. Haldimann, H. Jarchow, and J. Xiao has shown that the
action of C, between area Nevanlinna spaces is closely related to its action between

corresponding Bergman spaces.

Theorem 4.1. ([7]; see also [11] and [20].) Let 1 < p < ¢ < oo and let ¢ € H(D)
be a self-map of D. Then C, : N¥ — Nj is (metrically) bounded[compact] if and
only if Cy : AL, — A% is bounded[compact].

This theorem is easily derived from our work on Carleson measures. We just
give the argument for C, bounded, the argument for C,, compact being similar.

A change of variables formula from measure theory involving the pullback mea-
sure defined by vg o ¢~ 1 (E) = vg(¢~1(E)) shows that

||f ° 80||Ng = ||f||Nq(uBo<,rl) and ||f 090||A;§ = Hf”Lq(ugO(p*l)'

Thus, by Theorem 3.11, C, : N2 — Ng is (metrically) bounded if and only if

vgop~tisan [(2+ «a)g/p — 2]-Carleson measure, which, again by Theorem 3.11, is
also equivalent to C,, : AL, — A} being bounded.

4.2. Volterra operators. Next, we characterize various notions of boundedness or
compactness of Volterra operators and their companion operators. Given g € H(D),
the Volterra operator J, and its companion operator I, with symbol g are the
operators defined by

%f@)—[if@m%ddc
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and

1,f(2) = / 090 d

for z € D and f € H(D). Note that J, is simply the integration operator Z and J,
with g(z) = log(1 — 2z)~! is the classical Cesaro operator(see [10]). Also, note that
we have

Jgf + Igf = Mgf - f(O)g(O) (4'1)

where M, denotes the multiplication operator with symbol g.
Given a subspace X C H(D), let

JIX]|={9eHD):J,X C X}.

Also, we define I[X] and M[X] similarly. The symbol class M[X] has been exten-
sively studied for various Banach spaces X. In case X = H?, the Hardy space,
Pommerenke [18] first proved J[H?] = BMOA and initiated the extensive study
of describing J[X] or I[X], as well as their compact analogues, for various Banach
spaces X, including (weighted) Bergman spaces, (little) Bloch space, BMOA and
VMOA. See [12] and references therein. Recently, Nakazi [15] has studied the case
where X is a general algebra which is not necessarily a Banach space. Clearly, we
have M[X] = X for an algebra X containing constants. In case X = N, recall
that 2 ¢ J[N1] as mentioned in the Introduction and hence z ¢ I[N!] by (4.1). An
open problem in this direction is to prove or disprove JINY] = I|N'!] = C; see [15].

Here, we consider the case of area Nevanlinna spaces. Note that g € J[NP] if
and only if J; is continuous on NP by the Closed Graph Theorem and the same
is also true for I[N?] and M[N?]. To study analogues for metric boundedness,
compactness, etc., we introduce symbol classes as follows:

Jub[NE] :={g € H(D) : J, is metrically bounded on N2}
Jmc[NE] := {g € H(D) : J, is metrically compact on NE};
Jo[NE] :={g € H(D) : Jg is compact on NE};
[

Jru[NE] :={g € H(D) : Jg is T-bounded on NZ}.

[0

The symbol classes Iiy,[NE], My [N2], etc., are defined similarly.
For symbol classes except for metric boundedness, we have complete characteri-
zations, as given in the next theorem.

Theorem 4.2. Let 1 <p < oo and o > —1. Then the following statements hold:
(a) MINE] = JINE] = I[NE] = NE;
(b) Mumc[NE] = Im[NE] = {0} and Ju[NE] = C;

(c) Mc[NE] = I[NE] = {0} and J.[NE] = C;

(d) M7p[NE] = Ip[NE] = {0} and Jr[NE] = C.

Proof. As mentioned above, we have M[NP] = NP, because NP is an algebra con-
taining constants. Note that J; = ZMy and I, = TM,0 for g € H(D). Also, note
that 0J,1 = ¢’ and 0l,z = g for ¢ € H(D). These observations, together with
Corollary 3.3, yield J[N?] = I[NZ] = N? and finish the proof of (a).

Since a metrically compact operator is compact, and a compact operator is 7-
bounded, we have My,o[N2] C M.[N?] C M,,[NZE], with analogous containments
for the operators I and J. Thus (b) and (c¢) will follow once we prove (d). To
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this end, let g € M,,[NE]. Assume g is not identically 0. Then there exist some
€ € (0,1) and a sequence {a,} of points in D such that

lg(an)] > e>0 and J|a,| —1

as n — 0o. Let s > 0. By Lemma 3.7 we can choose ¢ > 0 so that the functions

o1~ 17
(1 _anw)3+o¢

fu(w) = exp [

all belong to Bs, the metric ball in N with center 0 radius s. Let £ > 1. Using
elementary inequality log(1 4+ zy) > ylog(l + ) for z > 0 and 0 < y < 1, we have
by (1.2) that

1t g fullwz 2 (1= lan) BT P log(L + ¢ g(an) falan)])
> e(1 = Jag|)#H/P log[L 4+t fu(an)]]

> (1= Ja )2+/P [eH(1 — Ja2)~ 2P Logi]

S el/py—1-(2+a)/p

for all n sufficiently large. Thus {M,f,} is not contained in tBr, where R is some
constant C' = C(p, ) times the constant appearing at the end of the display above.
Since this holds for all ¢ > 1, we conclude that {M,f,} and hence M,B; is not
7-bounded. Since s > 0 was arbitrary, this contradicts the assumption that M, is
7-bounded. Thus g = 0, and we conclude that M,,[N?] = {0}.

Note My = 01,Z. Since 0 is continuous and hence bounded on NP, and Z is
metrically bounded on N2 by Theorem 3.5, it follows that I.,[N?] C M,,[N2] =
{0}. By a similar argument using the relation My = 9J,, we get J.,[NE] = C.
The proof is complete. ([

In what follows H® denotes the algebra of all bounded holomorphic functions
on D and H{° denotes the algebra of all functions f € H such that f/ € H>.
Also, B denotes the well-known Bloch space consisting of all functions f € H(D)
such that (1 — |2|?)|f’(2)| is bounded on D.

We have the following results for metrically bounded symbol classes. Character-
izations for Jy,[INE] and Iy, [N2] seem to be more subtle and we do not know what
they are exactly. The main difficulty is caused by the fact that the differentiation
operator 0, involved in the operators J; and I, is not metrically bounded.

Proposition 4.3. Let 1 < p < oo and o > —1. Then the following statements
hold:

(a) Mup[NE] = H*;

(b) H{® C Jmp[N2] C B;

(¢) H{° C Iyw[NE] C H*.

Proof. We first prove (a). The containment H* C Mpy,[NE] is clear by the ele-
mentary inequality log(1 + zy) < max{1,y}log(l + z) for z,y > 0. Let g € H(D)
and assume g € Myp[NE]. Given z € D, let

1— 2\ B/p
fz(w): (1—|ZZ’U}>
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for z € D where 3 is chosen so that 8 > 2+ a + p. Note f,(z) = 1. We have by
(1.2) and the metric boundedness of M,

log(1+ [g(2)]) = log(1 +1g(2) f=(2)) S 1Ml f2 | g (1 = |2])~EF7P
for all z € D where || M, is the “norm” of M,. Meanwhile, we have by Lemma 3.4

AT /D o ()P dva(w) = (1 — [2[?)2 (4.2)

Combining these estimates, we see g € H> and thus conclude (a).
Next, assume ¢ € Jy,,[IVE]. Fix r € (0,1/2). Then we have by (3.1) and (4.2)

tog 1+ (1~ 2D)lg(2)]] = log[t + (1 [21)|(/, ) (2]
SNl e (1 = |2])~@Fe)/p
A

for all z € D. This yields g € B. Thus Jy,[NE] C B. On the other hand, since
Jg = IMg and 7T : NE — NP is metrically bounded by Theorem 3.5, we see
H{® C Jmp|NP], completing the proof of (b).
Finally, assume g € I,,[N2?]. A similar argument yields
log[L + (1 — [2])[g(2)[] = log[1 4+ r(1 — [2])|g(2) f2(2)l]
=log[1 +r(1 = [z])|(L,Zf.)'(2)]]
STl (0 |2y~

Meanwhile, since

po L=l [\ o
If.(w)= 7 = {<1_2w> — (1 |22y

we have by Lemma 3.4

dv, (w)

W + (1 - ‘z|2)5 ~ (1 _ |Z‘2)2+O‘+P

IZf: 1 S (1127
for |z| > 1/2. Combining these estimates, we obtain

(1 —|z]) log(1 +rlg(2)]) < log[l +r(1 —|z[)lg(2)[] S (1 —2])

for |z| > 1/2. This implies g € H*®. Thus I,,5[N2] € H*. On the other hand,
since Jb[N2] N My [NE] C Inp[NE] by (4.1), we have H{® C I,,[IVNE] by (a) and
(b), completing the proof of (c). The proof is complete. O

Remarks. (1) As a consequence of (4.1) and Proposition 4.3, we have I,,[NZ] =
Jub[NE] N H®>. Also, note that I;I, = I;,. Thus I,,,[N?] is an algebra.

(2) As mentioned earlier, we have J[H?] = BMOA ([18]). The Bergman space
analogue is proved in [1]: J[AP] = B and, moreover, J.[AP] = By, the little Bloch
space. This and Theorem 4.2 reveal quite a different nature of area Nevanlinna
spaces and Bergman spaces, as far as the compact symbol classes for Volterra
operators are concerned. However, for the other operators, we have exactly the
same characterizations on Bergman spaces and area Nevanlinna spaces. That is,
we have M[AP] = H*™ and M.[AP] = {0}, as is well known, and also, easily
modifying the arguments of [1], one can deduce I[A2] = H* and I.[A?] = {0}.
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(3) Given f € H(D), one can deduce from (3.1) that

[ Hog1+ (= DI dve < © [ log1+ 17 = FOD]” dre
D D

For the converse, however, what we’ve so far is

/ [1og<1+ff<o>>}”duasc[1+ / log(1+ (1 — [2DIF)) dva |, (4.3)
D D

which is easily seen from Theorem 3.5(c) (with & = 1 and p = v,). Attempting to
identify the symbol classes in (b) or (c) of Proposition 4.3, we are led to a question
whether the additive constant term in (4.3) would be indispensable, which would
be stronger than the metric boundedness of Z on NP. Recall 9 : N¥ — N7, is
metrically bounded by Theorem 3.10. That is, we have

/ [log(1 + |f')]” dvatp < C / [log(1+ | f = f(O)])]” dva.
D D

If the converse inequality of the above were to hold, then the additive constant
term in (4.3) could be removed. But, it certainly fails, because Z(NS ) ¢ NE by
Corollary 3.3.

4.3. Spherical derivatives. Finally, we deduce some integral behavior of spheri-
cal derivatives. Recall that the spherical derivative f¥ of f € H(D) is the function
on D defined by

P
L+ [f[?
This spherical derivative naturally occurs in the study of the unweighted area
Nevanlinna space Nj. In order to see that, we need to introduce some notation.
Given f € N{, let

1171 = [ fog1+ 17 av
Note that )
SIFI < 1F 1B < log2 + £y

The advantage of this new norm |[|- ||| y» lies in the integral representation provided
by Proposition 4.4 below.

For 1 < p < oo we let

up(z) = [log(1 +2)]” and  Uy(x) = zuy (x) + u,(z), x>0

for simplicity. A routine calculation yields

_ pllog(1 + x)]P~* (p—1)z
Unlo) ===y {”log<1+x>}'

Note that we have

Alup o |fI?) = AUy o |f*)IF'? (4.4)
for f € H(D) where A denotes the Laplacian.
Proposition 4.4. Let 1 <p <oo. If f € N}, then

11t = G0 5200+ [ ol (o2 = 14 10w 2 ) av
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Proof. We first recall the integral identity
1 2 ) 1
— h(re’)dd = h = [ (An)]
3 | pena = no) +5 [ (amos v

for h € C?(D) and 0 < r < 1. This can be verified by the standard argument using
Green’s theorem: see, for example, [17]. Let f € N§. Applying the above identity
to the function h = u, o |f|?, we have by (4.4)

2
3= | e IR d = Gy o FRO) +2 [ (U, 171 om

for 0 < r < 1. Now, integrating both sides above against the measure 2rdr on [0, 1)
and then applying Fubini’s theorem, we obtain

17 = [ wpo 117 a

1
- (upo|f|2)(0)+4/D(Upo|f\2)|f’|2 (/llrloglzdr> dv

1
= (o 5O+ [ (W0 PSP (128 =1+ hog g )
as desired. The proof is complete. [

The case p = 1 of Proposition 4.4 is of particular interest, because it reduces to

11l = oe(1+ 17O + [ 177 (|z|2—1+1og| - )du.

Note that
[2]* =1+ log — B ‘2 ~ (1 2*)?
as |z| — 1. Thus we have
feN; = ffel(n)
for f € H(D). Thus, by Corollary 3.3, we have the following result.
Theorem 4.5. Let f € H(D). Then f* € L?(1o) if and only if (f') € L?(vy).

This is, of course, very different from the general integral behavior of ordinary
derivatives. For example, it is well known that f € H(D) belongs to L?(v) if and
only if f’ € L?(1s); see [9, Proposition 1.11].
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