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Brennan’s conjecture for weighted composition operators

Wayne Smith

This paper is dedicated to Joseph Cima on his 70th birthday.

Abstract. We show that Brennan’s conjecture is equivalent to the existence
of self-maps of the unit disk that make certain weighted composition operators

compact.

1. Introduction

1.1. Brennan’s conjecture. Brennan’s conjecture concerns integrability of
the derivative of a conformal map g of a simply connected planar domain G onto
the unit disk D. The conjecture is that, for all such G and g,

(1.1)
∫
G

|g′|pdA <∞

holds for 4/3 < p < 4. Here dA is area measure on the plane, normalized so that
A(D) = 1. It is an easy consequence of the Koebe distortion theorem that (1.1)
holds when 4/3 < p < 3. Brennan [2] extended this to 4/3 < p < 3+δ where δ > 0,
and conjectured it to hold for 4/3 < p < 4. The example G = C \ (−∞,−1/4]
shows that this range of p cannot be extended. The upper bound of those p for
which (1.1) is known to hold has been increased by Ch. Pommerenke to p ≤ 3.399,
and then to p ≤ 3.421 by D. Bertilsson. These results and more information can
be found in [5, §8.3] and [1].

Brennan’s conjecture can also be formulated for analytic and univalent maps
of D by setting τ = g−1. The conjecture becomes∫

D
(1/|τ ′|)pdA <∞

holds for −2/3 < p < 2 and for all conformal maps τ of D, and this is known for
the range −2/3 < p ≤ 1.421.
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1.2. The conjecture for weighted composition operators. Fix a confor-
mal map τ from the unit disk onto a domain G and denote by H(D) the space of
all holomorphic functions on D. For ϕ an analytic self-map of D and p ∈ R, define
a linear operator on H(D) by

(1.2) (Aϕ,pf)(z) = (Qϕ(z))p f(ϕ(z)), where Qϕ(z) =
τ ′(ϕ(z))
τ ′(z)

(z ∈ D).

We are interested in the action of Aϕ,p on the Hilbert space L2
a(D) of analytic

and square integrable functions on the unit disk. In general, Aϕ,p may not be
bounded on L2

a(D). But for any τ and any p, the operator induced by the identity
map is the identity operator. That is, if I(z) = z, then AI,pf = f for all f ∈ L2

a(D).
Thus there are always some choices of ϕ that make Aϕ,p bounded. Our main result
is that Brennan’s conjecture is equivalent to the problem of determining for which
p there is a choice of ϕ that makes Aϕ,p compact:

Theorem 1.1. Let τ be univalent and holomorphic on D and let p ∈ R.
(1/τ ′)p ∈ L2

a(D) if and only if there exists an analytic self-map ϕ of D such that
Aϕ,p is compact on L2

a(D).

From the results discussed above it follows that for any univalent map τ of
D and any p in the range −1/3 < p ≤ .7105, there exists a ϕ for which Aϕ,p is
compact on L2

a(D). Brennan’s conjecture is equivalent to the extension of this range
to −1/3 < p < 1.

One implication in Theorem 1.1 is trivial: For b ∈ D let ψb be the constant
map ψb(z) = b, so that Aψb,pf = τ ′(b)pf(b)/(τ ′)p. If (1/τ ′)p ∈ L2

a(D), then Aψb,p

is bounded and rank one, and hence compact on L2
a(D). The main content of the

theorem is the reverse implication, which can be restated as follows: If some map
ϕ induces a weighted composition operator Aϕ,p that is compact, then so do the
constant maps ψb.

It might seem that more information can be obtained by considering the action
of weighted composition operators on the Bergman spaces Lra(D) for r 6= 2. We
show in the next section that nothing is lost by considering just one value of r.
The choice r = 2 was made in the statement of Theorem 1.1 so that Hilbert space
methods may be used in the proof.

The methods we use to prove the main theorem were developed by the author
and J. H. Shapiro in [7], for weighted composition operators acting on Hardy spaces
or Bergman spaces. The starting point in that paper was an unweighted compo-
sition operator acting on H2(G) or L2

a(G), where G = τ(D) and τ is a conformal
map of D. A change of variable shows that such an operator is similar to Aϕ,−1/2

acting on H2(D) or to Aϕ,−1 acting on L2
a(D). It was shown in [7] that there exists

ϕ for which the operator Aϕ,−1/2 is compact on H2(D) if and only if the boundary
of G has finite one-dimensional Hausdorff measure, and there exists ϕ for which
the operator Aϕ,−1 is compact on L2

a(D) if and only if G has finite area. This last
result is just the case p = −1 in Theorem 1.1. In §3 we show the methods used in
[7] work for all p ∈ R, giving Theorem 1.1.
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2. Weighted Composition Operators

Let 0 < r < ∞. We are interested in the action of a weighted composition
operator on the Bergman space Lra(D) of functions f ∈ H(D) for which

‖f‖rLr
a(D) =

∫
D
|f |rdA <∞.

Let Q(z) be a non-vanishing holomorphic function on D and let r > 0. The weighted
composition operator WQ,r is the linear operator defined on H(D) by

(WQ,rf)(z) = (Q(z))1/r f(ϕ(z)).

Carleson measure methods introduced in [4] for unweighted composition operators
provide a characterization of when WQ,r is bounded or compact on Lra(D). Briefly,
a change of variable formula from measure theory gives

‖WQ,rf‖rLr
a(D) =

∫
D
|Q(z)||f(ϕ(z))|rdA(z) =

∫
D
|f |rdµϕ−1,

where dµ(z) = |Q(z)|dA(z) and µϕ−1 is the measure defined by µϕ−1(E) =
µ(ϕ−1E) for a Borel set E. This results in the following characterization of when
WQ,r is bounded or compact.

Lemma 2.1. WQ,r is bounded (compact) on Lra(D) if and only if µϕ−1 is a
bounded (compact) Carleson measure.

The definitions of bounded and compact Carleson measures can be found in [4,
§4], where the case Q(z) ≡ 1 of the lemma was proved. In general, it is not easy to
check if µϕ−1 is a bounded or compact Carleson measure. Our interest in Lemma
2.1 is that the characterization is independent of r, giving the next result.

Proposition 2.2. If WQ,r0 is bounded (compact) on Lr0a (D) for some r0, 0 <
r0 <∞, then WQ,r is bounded (compact) on Lra(D) for all r, 0 < r <∞.

In view of this proposition, we may restrict our attention to the case r = 2 and
only consider weighted composition operators acting on the Hilbert space L2

a(D).

3. Proof of the Main Theorem

Fix a conformal map τ from the unit disk onto a domain G. For ϕ an analytic
self-map of D and p ∈ R, let Aϕ,p be the linear operator on H(D) defined by
(1.2). Since τ ′ is non-vanishing on D, Aϕ,p is a weighted composition operator.
Before proving Theorem 1.1 we need some preliminary results. The first is that no
automorphism of the disk induces a compact operator Aϕ,p.

Lemma 3.1. If ϕ is an automorphism of D, then Aϕ,p is not compact on L2
a(D).

Proof. Let ϕ be an automorphism of D with ϕ−1 its inverse. Then Aϕ,pCϕ−1

is the multiplication operator with symbol (Qϕ)p. It is well known that the only
compact multiplication operator on L2

a(D) is the one with symbol identically 0
(see for example [8, Corollary 6.1.5]), so Aϕ,pCϕ−1 is not compact. Since Cϕ−1 is
bounded on L2

a(D), Aϕ,p is not compact. �

Next we introduce the reproducing kernels for L2
a(D), which will serve as test

functions for the action of Aϕ,p.
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3.1. Reproducing kernels. The L2
a(D)-reproducing kernel Ka for the point

a ∈ D is the function

Ka(z) =
1

(1− az)2
,

which satisfies

〈f, Ka〉 =
∫

D
fKa dA = f(a)

for all f ∈ L2
a(D); see [8, §4.1]. In particular,

(3.1) ‖Ka‖ = 〈Ka, Ka〉1/2 =
√
Ka(a) =

1
1− |a|2

(a ∈ D).

We need to calculate the action of the adjoint of Aϕ,p on a reproducing kernel Ka.

Lemma 3.2. If the operator Aϕ,p is bounded on L2
a(D), then for each a ∈ D,

A∗ϕ,pKa =
(
Qϕ(a)

)p
Kϕ(a).

Proof. For each f ∈ A2 we have

〈f, A∗ϕ,pKa〉 = 〈Aϕ,pf, Ka〉 = (Aϕ,pf)(a) = Qϕ(a)p f(ϕ(a))

= Qϕ(a)p 〈f, Kϕ(a)〉 = 〈f,
(
Qϕ(a)

)p
Kϕ(a)〉.

Since f was arbitrary, the result follows. �

The final preliminary result needed for the proof of Theorem 1.1 is that ϕ must
have a fixed point in D for Aϕ,p to be compact.

Proposition 3.3. If Aϕ,p is compact on L2
a(D), then ϕ has a fixed point in D.

Proof. For a ∈ D, let ka = Ka/‖Ka‖, so that {ka : |a| < 1} is a family of
unit vectors in L2

a(D). We need the growth estimate that if f ∈ L2
a(D), then

f(a) = o
(
(1− |a|2)−1

)
as |a| → 1−;

see [3, Theorem 3.1]. From this and (3.1) we get that if f ∈ L2
a(D), then

< f, ka >= f(a)/‖Ka‖ = f(a)(1− |a|2) → 0 as |a| → 1−;

i.e. {ka} converges weakly to zero as |a| → 1−.
Now assume that Aϕ,p is compact. Since compact operators take weakly con-

vergent sequences to norm convergent sequences and have compact adjoints,

(3.2) ‖A∗ϕ,pka‖ → 0 as |a| → 1− .

To complete the proof, we must prove that this implies ϕ has a fixed point in D.
We will prove the contrapositive, so assume that ϕ has no fixed point in D.

We must show that (3.2) fails. Since ϕ has no fixed point in D, the Denjoy-Wolff
Theorem asserts that ϕ has a unique boundary fixed point η where the angular
derivative of ϕ exists and satisfies 0 < ϕ′(η) ≤ 1; see [6, Chapter 5]. Without loss
of generality we may assume that η = 1.

From Lemma 3.2 and (3.1), for 0 ≤ r < 1 we have

(3.3) ‖A∗ϕ,pkr‖ =
∣∣∣∣τ ′(ϕ(r))
τ ′(r)

∣∣∣∣p ‖Kϕ(r)‖
‖Kr‖

=
(
δ[τ ](ϕ(r))
δ[τ ](r)

)p (
1− r2

1− |ϕ(r)|2

)1+p

,
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where δ[τ ](z) = |τ ′(z)|(1 − |z|2) is the invariant derivative of τ . We now use (3.3)
to get a lower bound for ‖A∗ϕ,pkr‖ as r → 1−. The last factor on the right side of
(3.3) is easily handled. Since the angular derivative of ϕ exists at 1, it follows (see
[6, Chapter 4]) that

(3.4) lim
r→1

1− r2

1− |ϕ(r)|2
=

1
ϕ′(1)

.

The first factor on the right side of (3.3) can be estimated using the inequalities

(3.5)
(

1− |αw(z)|
1 + |αw(z)|

)2

≤ δ[τ ](z)
δ[τ ](w)

≤
(

1 + |αw(z)|
1− |αw(z)|

)2

(z, w ∈ D),

where αw(z) = (w − z)/(1 − wz). When w = 0 this is just the classical Koebe
Distortion Theorem, and the general case results from conformal invariance of δ[τ ];
see [7, §3.5] for details. Since ϕ has an angular derivative at 1 with 0 < ϕ′(1) ≤ 1,

αr(ϕ(r)) =
r − ϕ(r)
1− rϕ(r)

=

(
1−ϕ(r)

1−r

)
− 1

r
(

1−ϕ(r)
1−r

)
+ 1

→ ϕ′(1)− 1
ϕ′(1) + 1

≤ 0 as r → 1− .

With (3.5) this gives

lim inf
r→1−

δ[τ ](ϕ(r))
δ[τ ](r)

≥ lim
r→1−

(
1− |αr(ϕ(r))|
1 + |αr(ϕ(r))|

)2

=

1−
(

1−ϕ′(1)
1+ϕ′(1)

)
1 +

(
1−ϕ′(1)
1+ϕ′(1)

)
2

= ϕ′(1)2.

Using (3.3) and (3.4) we see that

lim inf
r→1−

‖A∗ϕ,pkr‖ ≥ ϕ′(1)p−1 > 0,

which shows (3.2) fails and thus completes the proof.
�

We can now give the proof of the main theorem.

3.2. Proof of Theorem 1.1. As remarked at the end of §1, one implication
in the proof is trivial: If (1/τ ′)p ∈ L2

a(D), then the operator Aϕ,p induced by a
constant map ϕ is bounded and rank one, and hence compact on L2

a(D).
Now assume there exists ϕ such that Aϕ,p is compact on L2

a(D). Proposition
3.3 then tells us that ϕ has a fixed point in D, i.e. there exists b ∈ D such that
ϕ(b) = b. Since ϕ(b) = b and Qϕ(b) = τ ′(ϕ(b))/τ ′(b) = 1, from Lemma 3.2 we see

A∗ϕ,pKb =
(
Qϕ(b)

)p
Kϕ(b) = Kb.

Hence the number 1 is an eigenvalue of A∗ϕ,p and so is in its spectrum and also in
the spectrum of Aϕ,p. The assumption that Aϕ,p is compact now tells us that 1
is an eigenvalue of Aϕ,p; see for example [6, p. 95]. Thus there exists f ∈ L2

a(D)
not identically 0 such that Aϕ,pf = f , or equivalently the function g = (τ ′)pf
satisfies g ◦ ϕ = g. From Lemma 3.1 we know that ϕ is not an automorphism, so
its iterates ϕn converge pointwise to its fixed point b [6, Proposition 5.2.1]. Hence,
for all z ∈ D, g(z) = g(ϕ(z)) = g(ϕn(z)) → g(b) as n→∞. Thus g is the constant
function g(z) ≡ c where c = g(b), and c 6= 0 since f is not identically zero. Hence
(1/τ ′)p = c−1f ∈ L2

a(D), which completes the proof. �
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