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Composition operators between Bergman spaces of functions
of several variables

Hyungwoon Koo and Wayne Smith

ABSTRACT. We study the composition operator induced by a vector-valued
holomorphic function ¢ from the unit ball B™ in C™ to B™, where n and m
are positive integers. Our main result is that every such composition operator
maps each Hardy or weighted Bergman space on B™ into an associated Hardy
or weighted Bergman space on B™. In certain cases we are able to show our
result is sharp, in the sense that the target space is optimal.

1. Introduction and statement of result

Let B" = {z = (21,...,2n) € C" : Y |2;|> < 1} be the open unit ball centered
at origin in C™. We shall write H(B"™) for the space of all holomorphic functions
on B™. For 0 < p < oo and @ > —1, the weighted Bergman space A (B™) is the
space of all f € H(B"™) for which

10 = [ 1A= 1) V() < .

where dV is normalized volume measure on B™. Also, for 0 < p < oo, the Hardy
space HP(B™) is the space of all g € H(B™) for which

lgllEy = sup / 9(rQ)[Pdo(C) < oo
o<r<1J§Bn

where do is normalized surface measure on 9B™. If g € HP(B™), then the radial
limit g(¢) = lim,_;- g(r¢) exists for almost all ¢ € dB™ and

ol = [ la(c)Pdor0).
oBn
We will often use the following notation to allow unified statements:
A (B") = HY(B").

Let ¢ be a vector-valued holomorphic function from B™ to B™ for some positive
integers n and m. That is,

©=(p1,.0yon) : B™ — B"
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where each ¢; is holomorphic on B™. Then ¢ induces the composition operator
Cy, defined on H(B™) by
Cof = foo.

In the case that m = n = 1, it is a well known consequence of Littlewood’s
Subordination Principle that every composition operator C, is bounded on each
of the spaces AP(B'), p > 0, a > —1; see for example [CM]. This result does
not extend to the case that m = n > 1, where even such a simple function as
©(21,22) = (22122,0) is known to induce an unbounded composition operator on
HP(B?); see section 3.5 in [CM]. A generalization has been found by enlarging the
target space for Ci:

If ¢ is any vector-valued holomorphic self-map of B™, then C,

maps AP, boundedly into A? | (B"™).
This result was given for « = —1 by B. MacCluer and P. Mercer in [MM], and
subsequently extended to & > —1 by J. Cima and P. Mercer in [CiMe]. When
n = 1 the choice ¢(z) = z (which makes C, the identity operator) shows it is sharp
in the sense that the target space can not be replaced by a smaller Bergman or
Hardy space. When n > 1, however, it is not known if the result is sharp in this
sense. The main result of this paper is an extension of this theorem that allows
m # n, and which we can show is sharp in certain cases.

THEOREM 1.1. Let n and m be positive integers, and let « > —1. Let ¢ be

a vector-valued holomorphic function from B™ to B™. Then C, maps AL (B")
boundedly into A, ,_(B™):

C,: AL (B™) — AP

n+oz—1(Bm)'
Moreover, there is a constant C independent of ¢ such that

+a+1

1+wm0"p
1= [p(0)]

After background material is provided in §2, the proof of Theorem 1.1 will be
given in §3. In §4 we give examples that show our result is sharp when either
(n,a)=(1,-1) or m = 1.

Michael Stessin and Kehe Zhu [SZ] have a recent preprint with results similar
to ours for m = 1. They determine the optimal range spaces and characterize
compactness of composition operators C, : A% (Q) — Af(B') where Q is either B”
or the polydisk in C™.

H@J<C<

2. Background: Carleson Type Criteria

Our work uses a characterization of measures p on B™ which satisfy AP (B™) C
L%(B™, du). This characterization is given using what are called Carleson measure
criteria. We must first introduce some notation. We write (z, w) = 211 +- - -+ 2, Wy,
for the Hermitian inner product of z = (2, ..., 2,,) and w = (wy, ..., wy,) in C™. For
¢ €9dB™and § >0, let S"(¢,6) ={z € B": |1 —(z,()| < d}. Finally, for & > —1
we use dV,(z) = (1—|2]?)*dV (z) to denote weighted volume measure on B™. Then
we have (see p. 67 of [R])

(2.1) Vo (S™(C,8)) = 6719 and o (Sn(g, 5) N aB”> ~ 3",
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where a and n are fixed, and 0 < § < 2. Here and below the relation A ~ B
means that A < B and B < A, where A < B means that A < C - B for some
inconsequential constant C' > 0.

For 3 > n, we say finite positive Borel measure y on B is a -Carleson measure
if

llulls = sup (57, 8))/6% < oo,

where the supremum is taken over all € 9B™ and all § € (0,2), and p is a compact
(-Carleson measure if

lim sup wu(S"(¢,6))/6% =o0.

§—0 CeEdB™
We note that the support of an n-Carleson measure may intersect dB", but if
8 > n, then it follows from (2.1) that a §-Carleson measure is supported on the
open ball B". We warn the reader that the terminology “f-Carleson measure” is
not standard in the literature. A different exponent on ¢ is sometimes found.

The following Carleson measure criteria for the inclusion A2 (B™) C L4(B",du)

are known.

LEMMA 2.1. Assume that 0 < p < q < oo.

(1) Let ju be a finite positive Borel measure on B™. Then HP(B™) C LY(B", du)
if and only if p is an ng/p - Carleson measure. In this case the identity

operator I : HP(B™) — L4(B™,du) is bounded with ||I|| < ||u||i/q‘§p , and
I is compact if and only if p is a compact nq/p - Carleson measure.

(2) Let pu be a finite positive Borel measure on B™ and let & > —1. Then
AP(B™) C LYB",du) if and only if u is an (n + 1 + a)q/p - Carleson
measure. In this case the identity operator I : AP(B™) — Li(B™,dpu) is

bounded with ||I|| < ||u||é£il+a)q/p , and I is compact if and only if u is

a compact (n+ 1+ a)q/p - Carleson measure.

The work of many authors has been summarized in this lemma, going back to L.
Carleson in [C] where the case « = —1, n = 1, p = ¢ and I bounded was considered.
A good source for the history of subsequent developments is [L]. Theorem 2.2 in
[L] corresponds to o« > —1, n = 1 and I bounded in the lemma, and the extensions
to n > 1 are discussed in Section 6 of that paper. Another reference for the case
p = q and I bounded in the lemma is [CM], Theorems 2.37 and 2.38. The method
for going from I bounded to I compact is well known; see the proof Theorem 4.3 in
[MS], where n =1 and p = ¢q. The same method applies in the general situation.

The next proposition uses the notation ¢* for the radial limit function for
@ : B™ — B" ie. ¢*(() = lim,_1_ ©(r¢), ¢ € B™, and ¢* : dB™ — Bn.
Note that ¢*(¢) exists almost everywhere on 0B™, since each ¢; is a bounded
holomorphic function and so has radial limits almost everywhere.

PrROPOSITION 2.2. Let 0 < p < g < 00, a > —1, and § > —1. Suppose
that ¢ : B™ — B™ is a holomorphic vector-valued function and define the Borel
measures j1 on B™ and p* on B"™ by u(E) = V(o= Y(E)) and p*(E) = o(¢*"Y(E)).
Then

(1) Cp : AB(B™) — AL(B™) is bounded (respectively compact) if and only if
W is an (compact) (n+ 1+ a)q/p - Carleson measure on B";
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(2) C, : HP(B"™) — H(B™) is bounded (respectively compact) if and only if
w* is an (compact) nq/p - Carleson measure on B™.

PRrROOF. For f € AP(B"™),
\|C¢(f)||?4;(3m) - /Bm
and for f € HP(B™)

1Co ooy = [ 17" @)1a00) = [ 1f(w)ltdn )

Bn

()] 9dVs(z) = / | () (),

n

where the last equality in each displayed line used a change of variables formula from
measure theory (see p. 163 in [H]). (In the second display the symbol f represents
both an element of H?(B") and its extension via radial limits to a function on B".)
Thus the results follow from Lemma 2.1. O

The observation that the Carleson measure criteria in Proposition 2.2 depend
only on the ratio ¢/p yields the following immediate corollary:

COROLLARY 2.3. Leta> —1, 8> —1, and s > 1. Then

(1) C, = AB(B") — AL (B™) is bounded (respectively compact) for some

€ (0,00) if and only if it is bounded (compact) for all p € (0,00).

(2) C, : H?(B") — HP*(B™) is bounded (respectively compact) for some
p € (0,00) if and only if it is bounded (compact) for all p € (0, 00).

As mentioned in the introduction, the case m = n in Theorem 1.1 is known.
This result, with uniform bounds for the norm of C, and in the Carleson criteria
and when (0) = 0, is the final piece of background needed to prove Theorem 1.1.

THEOREM 2.4. Let 0 < p < 00, @ > —1 and ¢ : B® — B" be a holomor-
phic vector-valued function with ¢(0) = 0. Then C,, : AL(B™) — A?_ _(B") is
bounded, and moreover there exists a constant C independent of ( € dB™, § > 0,
and ¢ (assuming only that p(0) = 0) such that ||Cy|| < C and

Varn-10"1(S"(¢,8)) < C6*F™ 1 if a4+n >0,
or
0" NS, 6) < C5  if a+n=0.

When n = 1, this theorem has been long known; see for example [MS] or [CM].
When n > 1, it is proved for B™ and also for more general domains in [MM] for
a = —1 and in [CiMe]| for o > —1, but the uniform estimates for ||Cy|| and the
measure of S™(¢,d) when ¢(0) = 0 are not stated explicitly. In [CM] it is proved
for B™, and there the proof clearly establishes the uniform estimates; see [CM], p.
227.

3. Proof of Main Theorem

We now give the proof of Theorem 1.1. Let i be an automorphism of B"
with ¢(0) = ¢(0). It is easy to see from Proposition 2.2 that AP (B™) is invariant

n+a+l

under Cy with ||Cy|| < C (}fligg;l‘) " (see Exercise 3.5.4 on p. 172 of [CM]).

Therefore, it suffices to show that there exists a constant C' such that ||Cy|| < C
for all ¢ with ¢(0) = 0.
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Proof of Theorem 1.1 for m <n :

The case m = n is covered by Theorem 2.4, so we may assume that m < n.
Let ¢(0) = 0 and e} = (1,0,...,0) € 9B™. Let R; be a unitary transformation of
B™ with R¢(¢) = €} and let P : B" — B™ be the projection defined by P(z) =
(21, ... 2m). Let nc = P o R; o p. Then n: : B™ — B™ and 7(0) = 0. Since
R is a unitary transformation, (R¢(z), R¢(w)) = (2, w) which leads to S™((,d) =
Rng"(e?, 9). Moreover, it is readily verified that

Sn(Ca 6) = (P ° RC)_l(Sm(eT’ 6))

Therefore, we have
P TH(S™((,8)) = ¢ H(P o Re)TH(S™ (el 8)) = ng H(S™ (€T, 9)).

Since 7¢(0) = 0 for each ¢ € 9B™, from Theorem 2.4 there exists a constant C
independent of ¢ and ¢ such that

Vagm-1ng (8™ (e, 6)) < Cootmt,
for all 3 > —1. Let 8 = a+n — m, and note that 8 > —1 since m < n. Then
(3.1) Vatn-1¢~1(5"(¢,6)) = Vatn-1n; L(S™(em, §)) < C5otntt,

where again C is independent of { € 9B™ and § > 0. We also note for use below that
the same constant C' works for all ¢ satisfying ¢(0) = 0. Proposition 2.2(1) now
shows that Cy, : AP (B™) — AP, _(B™) is bounded, and the proof is complete.

Proof of Theorem 1.1 for m > n:

For ¢ € dB™ and A € B!, define the function ¢¢ : B! — B™ by ¢¢(\) = ¢(X().
Then, from the just proved case m < n of the theorem, for each fixed ( € 9B™ and
0 > —1 we have

Copp Ag(B") — An+5 1(31)

is bounded. Since ¢(0) = 0 we have ¢¢(0) = 0, and so from (3.1) we see that the
Carleson criteria holds uniformly in ¢ € 9B™. Thus there exists a constant C' such
that

(3.2) |C.|| < C, forall ¢ €dB"

We first consider the case that n +a > 0, so n + a —1 > —1. Then using the
method slice integration (see [R], p. 15) we have

ICoD e / I G
-[([ I |f<so<<re”>>1’;’ida<<>) () g2y gy
/aBm/B1 e (DPIAP2(1 = AP etV (V) do (¢)

<[ IC Dl o)

< Gl 11 g (€)

Use of (3.2) now completes the proof.
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If n+a =0, then n =1and o = —1. So C,, : H?(B') — HP(B'), with

[|[Cyc|P < iiiggggl = 1; see, for example, Corollary 3.7 in [CM]. Therefore, the

same argument shows that

€My = [ £GP0

o ./
N /83m /0 [f(pele 0))|p%da(o
< [ oDl o)

<1 0,

4. When m=1lorn=1

In this section we restrict ourselves to the case when either m =1 or n = 1.
First assume that n = 1, so ¢ : B™ — B! and C,, : AR (B') — AP(B™). The
following proposition gives a necessary condition for C, : HP(B') — HP(B™) to
be compact. This result is well known when m = 1, where the proof is the same.

PROPOSITION 4.1. If C, : HP(B') — HP(B™) is compact, then
o ({¢€dB™: |p"(Q)| = 1}) = 0.

PrOOF. We may assume p = 2 by Corollary 2.3. The sequence {z"} con-
verges to 0 weakly in H2(B"), and so if C,, is compact then the sequence {C, (")}
converges to 0 in norm in H?(B™). Let A= {¢ € dB™ : |p*(¢)| = 1}. Since

1Co (=) By gy = /8 Qe = ata),
it follows that o(A) = 0. O

The next example uses some properties of functions with Hadamard gaps, which
we collect in the following lemma. First, recall that f € H(B?') belongs to the Bloch
space B if sup,c g (1 — |2]?)] /()| < .

LEMMA 4.2. Let f(z) = > peo bz, where ngy1/ni > X > 1. Then
(1) f € B if and only if sup |bg| < oo;
(2) If lim,_,- f(rC) exists and is finite for some ¢ € OB, then limy,_, o0 by =
0.

A reference for Lemma 4.2 (1) is Proposition 8.12 of [P]. Lemma 4.2 (2)
is known as the Tauberian theorem of Hardy and Littlewood for functions with
Hadamard gaps; see [HL]. The next example also uses the inclusion B C A%(B?'),
for all & > —1 and 0 < ¢ < o0; see Proposition 1.11 in [HKZ] or equation (4) on
p. 73 of [P].

Parts (2) and (3) of the following example shows that Theorem 1.1 is sharp
when (a,n) = (—1,1).

EXAMPLE 4.3. Let ¢ : B™ — B! be an inner function and let p > 0. Then the
following hold:

(1) C, : HP(B) — HP(B™)is bounded but not compact.
(2) C, (HP(BY)) € HP*(B™) for any > 0.
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(3) Ifa>—1and 0 < q < oo, then C,(A%(B')) ¢ HP(B™).

PROOF. Statement (1) is an immediate consequence of Theorem 1.1 and Propo-
sition 4.1. For (2), suppose C, (Hp(Bl)) C HP™¢(B™), and consequently C,, :
HP(B') — HP*£(B™) is bounded by the Closed Graph Theorem. Then, from
the Carleson measure criteria in Proposition 2.2, it follows that C, : H?(B') —
HP(B™) is compact. But this contradicts (1), and so completes the proof of (2).

For the proof of (3), let f be the gap series defined by f(z) = o7, 22",
Then, from Lemma 4.2, f € B C A%(B') and f has no finite radial limits. If
C,(A%L(B')) C HP(B™), then fo¢ € HP(B™) and so f o ¢ has a finite radial
limit at almost every point ¢ € dB™. Also, ¢ has a radial limit of modulus one at
almost every ¢ € 9B™, since it is inner. Hence there exists (; € B™ such that
lim, _1_ p(rly) = ¢*(¢o) € OB* and lim,_.;_ f o (r(p) exists and is finite. This
means that f has a finite asymptotic value at ¢*((p), i.e. there is a curve in B!
ending at (o along which f has a finite limit. Since f € B, the asymptotic value of
f at ©*(p) is also the radial limit of f at ©*((p); see Theorem 4.3 in [P]. But this
contradicts the fact that f has no finite radial limit. (|

When n = 1, taking ¢ to be an inner function worked well in the case of Hardy
spaces, but the Bergman norm of an inner function is not amenable to calculation.
When n =1 and a > —1 (and m > 1), we do not know whether our result is sharp.
Next proposition shows how an example demonstrating Theorem 1.1 is sharp when
n =1 and « is sufficiently large can be modified to work for n > 1.

PROPOSITION 4.4. Suppose a and 3 > —1, j < n and m are positive integers,
and 1 : B™ — B"J. Define o = (p1,...,0n) : B™ — B" by o, = g, 1 <k <
n—j,and gy =0, n—j<k<n. IfC,: A2(B") — A%(Bm) is bounded, then

Cy : AL, (B"77) — AR(B™) is also bounded.

PROOF. Let P be the projection defined by P(z1,...,2n) = (21,...,2n—;), and
notice that if ¢ € B" 7 and 6 > 0, then P~18"79((,8) = S™((,8), where ( is
the unique point of dB™ satisfying P = ¢. Thus Vo, P~18"79((,8) &~ 6" 1+ from
(2.1), and so Cp : Ai+j(B"_j) — AP (B™) is bounded by Proposition 2.2. Also,
Y =Poy,soCy = C,Cp is bounded if C, is bounded. O

Note that as a corollary to Theorem 2.4 and this proposition, we get some
cases of Theorem 1.1: Cy : A}, ((B™77) — Ag+m_l(Bm) is bounded for every
vector-valued holomorphic map ¢ : B™ — B™ 7, 0<j <m— 1.

Next we assume that m = 1,80 ¢ : B' — B" and C, : A} (B™) — AP (B).
For ¢ € B™, define n; : B! — B! by n¢(z) =< ¢(2),¢ >.

THEOREM 4.5. Suppose C,, : AP (B™) — AL (B') is compact. Then, for
each ¢ € OB", n¢ does not have finite angular derivative at any point w € oB!
where |ni(w)| = 1.

PrROOF. Let E(z1,...,2,) = z1 and let R be a unitary transformation on B"
such that Re(¢) = ef'. Then {z,¢) = (Re(2), Re(0) = B(Be(2)), 50 1 = Eo Re oo
and the action of Cy,. on A? | (B') may be viewed as follows:

Ap

a+n—1

C
(BY) €2 ar(B") S Ar(BY) S A7, (BY).
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Proposition 2.2 shows that Cf is bounded, since E~1SY(w,d) = S*((w,0, ...,0),6)
for all w € B! and § > 0, and V,(S"((w,0,...,0),8)) ~ §*F1*+2 from (2.1). And
CRr, is bounded, since R is a unitary transformation. Hence the assumption that
C,, is compact implies that C, is compact on A (B') for each ¢ € dB™. The
proof is complete since the compactness of Cy, on any space Ag(Bl) implies that

1) does not have finite angular derivative at any point w € B! where |¢*(w)| = 1
(see Theorem 2.1 of [ST] and Theorem 3.5 of [MS]). O

We can now give an example showing that Theorem 1.1 is sharp when m = 1.

EXAMPLE 4.6. Let p > 0, a > —1 and ¢ : B! — B"™ be defined by ¢(z) =
(2,0,...,0). Then the following hold:

(1) C, (A2 (B™) QAZ':Z 1(BY) for any e > 0.
(2) C ( Q+EB’L)QAQ+R (BY) for any § > 0.

PRrROOF. Let ¢ > 0 and assume to the contrary of (1) that C, (A2 (B")) C
APTE (BY). Then C,, : AR (B™) — AP%S | (B') is bounded by the Closed Graph
Theorem, and the Carleson measure criteria in Proposition 2.2 can be used to show
Cy : A2 (B™) — AP _,(B') is compact. We now conclude from Theorem 4.5 that,
for each ¢ € 9B™, n¢ does not have a finite angular derivative at any point where
n¢ has a radial limit of modulus one. This is a contradiction, since with ¢ = e} we
have nen (2) = z. This proves (1), and (2) is proved in the same way. O

It is natural to consider whether Theorem 4.5 may be re-stated in terms of
angular derivatives of the coordinate functions ¢;. In particular, the existence of a
finite angular derivative for n: at a point does follow from each coordinate function
¢; having a finite angular derivative. However, the converse fails.

EXAMPLE 4.7. Let ( = ((1,(2) € OB2%, where {1 # 0 and (3 # 0. There
exists a holomorphic vector-valued function ¢ = (p1,p2) : Bt — B? such that (1)
n;(1) =1, (2) n¢c has a finite angular derivative at z = 1, but (3) neither @1 nor
w2 has a finite angular derivative at z = 1.

PROOF. An example is given on p. 183 of [R] of a holomorphic vector-valued
function ¢ = (1,%2) : B — B? such that ¥*(1) = (1,0) and 1; has a finite
angular derivative at z = 1, but 13 does not. Let R¢ be the unitary transformation
G C2> so R¢(¢) = (1,0). Define p = R 9.
-G G ¢
Then ¢*(1) = ¢, and so nf(1) =< ¢*(1),¢ >= 1. Also ¢ = Rcyp, giving 91 =
©1(1 + 9202 = n¢, whence ¢ has a finite angular derivative at z = 1. If ¢; has a
finite angular derivative at z = 1, then so does 3 = (¢1 — ¢1(1)/C2. It would then
follow that ¥o = ¢1(s — @2(1 has a finite angular derivative at z = 1, which is a
contradiction. Similar reasoning leads to a contradiction if @9 has a finite angular

of B? represented by the matrix (

derivative at z = 1, and so the proof is complete. O
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