
COMPOSITION OPERATORS BETWEEN SOME

CLASSICAL SPACES OF ANALYTIC FUNCTIONS

Wayne Smith

An analytic self-map ϕ : D → D of the open unit disk D in the complex plane induces
the composition operator Cϕ on H(D), the space of holomorphic functions on D, defined
by Cϕ(f) = f ◦ϕ. A basic goal in the study of composition operators is to relate function
theoretic properties of ϕ to operator theoretic properties of Cϕ. Here we review some
results that characterize when ϕ induces a bounded or compact composition operator
between various classical Banach spaces of holomorphic functions on D. Recall that a
linear operator T : X → Y is said to be bounded if the image of a bounded set in X is
a bounded subset of Y , while T is compact if it takes bounded sets to sets with compact
closure. Emphasis will be given to motivating the theorems and explaining relationships
between them. Some proofs will be given, but most will be skipped, or at most indicated.
Details of the proofs can be found in the literature cited.

1. Composition operators between Bergman and Hardy spaces

For p > 0, the Hardy space Hp is the space of functions f that are analytic on D and
satisfy

‖f‖pHp = lim
r→1−

1
2π

∫ 2π

0

|f(reiθ)|pdθ <∞,

and the Bergman space Ap consists of those analytic functions such that

‖f‖pAp =
∫

D
|f |pdA <∞.

Here dA denotes area measure on D by, normalized so that A(D) = 1. It is clear that if
p ≤ q, then Hq ⊂ Hp and Aq ⊂ Ap, and also Hp ⊂ Ap for all p. Moreover, (when p < q)
each of these inclusions is proper. Finally, H∞ is the space of bounded analytic functions
on D, with ‖f‖H∞ = sup{|f(z)| : z ∈ D}. Then H∞ ⊂ Hp for all p, and this inclusion is
proper if p <∞.

It is a well known consequence of Littlewood’s subordination principle [L] that ϕ induces
through composition a bounded linear operator on the classical Hardy and Bergman spaces
(see for example [MS], [Sh1] or [Sh2]). That is, Cϕ : Hp → Hp and Cϕ : Ap → Ap are
bounded operators. Our goal is to provide a function theoretic characterization of when
ϕ induces a bounded or compact composition operator from one Bergman or Hardy space
to another such space.
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As a simple first case, consider the problem of characterizing those ϕ that induce a
bounded composition operator from Ap to H∞. It is well known that if p < ∞ and
|zn| → 1−, then there are fn ∈ Ap such that ‖fn‖Ap = 1 and |fn(zn)| → ∞. Thus
‖ϕ‖H∞ < 1 is necessary. This is also sufficient, since, by the Closed Graph Theorem, we
just need to check that Cϕ(f) ∈ H∞ for every f ∈ Ap. Thus the answer in this simple
first case is that Cϕ : Ap → H∞ is bounded if and only if ϕ(D) is a relatively compact
subset of D, and similar considerations provide the same answer for Cϕ : Hp → H∞.

This suggests that the general problem, characterizing those ϕ that induce bounded
composition operators from Hp or Ap to Hq or Aq, should have a solution that in some
way expresses that ϕ(D) is a small subset of D. This turns out to be correct, but not in
the literal sense that the image of D under ϕ is a small subset of D. Indeed, we will see
in §3 that there is a univalent ϕ such that Cϕ : Ap → Hq is bounded for all p > 0 and all
q < ∞, and yet ϕ(D) = D. Our solution involves a measure of how often, and where, ϕ
assumes values near the unit circle.

The classical Nevanlinna counting function for ϕ, Nϕ, provides such a measure. It is
defined by

Nϕ(w) =
∑

ϕ(zk)=w

log(1/|zk|), w ∈ D \ {ϕ(0)}.

As is usual, terms in the sum are repeated according to the multiplicity of the zeros of
ϕ− w. An estimate for Nϕ that goes by the name Littlewood’s Inequality asserts that

Nϕ(w) ≤ log

∣∣∣∣∣1− ϕ(0)w
w − ϕ(0)

∣∣∣∣∣ , w ∈ D \ {ϕ(0)}.

It is proved by writing
ϕ(z)− w

1− wϕ(z)
= B(z)F (z),

where B is the Blaschke product with zeros {zk} and ‖F‖H∞ ≤ 1. Setting z = 0 and
noticing |B(0)| =

∏
|zk| yields

1 ≥ |F (0)| =

∣∣∣∣∣ w − ϕ(0)
1− ϕ(0)w

∣∣∣∣∣ ∏ 1
|zk|

.

Littlewood’s Inequality results by taking logarithms.
Notice in particular that Littlewood’s Inequality implies

(1.1) Nϕ(w) = O(log(1/|w|)) (|w| → 1).

The counting functionNϕ was first used to study composition operators by J. H. Shapiro
in [Sh1], where he used Nϕ to give a formula for the essential norm of the composition
operator from H2 to H2 induced by ϕ. We briefly review some of the key ideas from [Sh1],
since they are used in our approach to the problems discussed in this note.
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The importance of Nϕ in the study of Cϕ on H2 comes from the fundamental formula

(1.2) ‖f ◦ ϕ− f(ϕ(0))‖2H2 = 2
∫

D
|f ′(w)|2Nϕ(w)dA(w);

see Corollary 4.4 in [Sh1]. This generalizes the well known Littlewood-Paley Identity for the
H2-norm of f(z)− f(0), which corresponds to the example ϕ(z) = z in (1.2). Combining
(1.1) and (1.2), and then using the Littlewood-Paley Identity, we see that

‖f ◦ ϕ− f(ϕ(0))‖2H2 ≤ C

∫
D
|f ′(w)|2 log(1/|w|)dA(w) = C‖f − f(0)‖2H2 .

Since point evaluations are bounded on H2, this shows that every composition operator
Cϕ is bounded on H2. Similar considerations show that all composition operators are
bounded on every Hardy space Hp and on every Bergman space Ap, as was noted earlier.

When a “big-oh” growth condition like (1.1) shows an operator is bounded, it is natural
to look at the corresponding “little-oh” condition as a criteria for compactness. This is
what Shapiro did in [Sh1], proving that Cϕ is compact on H2 if and only if

Nϕ(w) = o(log(1/|w|)) (|w| → 1).

We will also use the generalized counting functions Nϕ,γ , defined for γ > 0 by

Nϕ,γ(w) = Nγ(w) =
∑

z∈ϕ−1{w}

[ log(1/|z|)]γ , w ∈ D \ {ϕ(0)}.

Thus Nϕ,1 is the Nevanlinna counting function. As indicated above, Nγ will also be used
to denote Nϕ,γ when there is no possibility of confusion and no reason to emphasize the
dependence on ϕ.

Returning to composition operators between Bergman and Hardy spaces, we first give
the criteria for boundedness and compactness when the exponent of the target space for
Cϕ is at least as great as the exponent of the domain space. The criteria is in terms
of the growth of Nϕ, just as described above for Cϕ : H2 → H2. Notice that in each
case compactness of the operator is characterized by the little-oh version of the growth
condition characterizing boundedness.

Theorem 1.1. Let 0 < p ≤ q and suppose ϕ is an analytic self-map of D. Then
(a) Cϕ : Hp → Hq is bounded if and only if

Nϕ,1(w) = O
(
[ log(1/|w|)]q/p

)
(|w| → 1);

(b) Cϕ : Ap → Aq is bounded if and only if

Nϕ,2(w) = O
(
[ log(1/|w|)]2q/p

)
(|w| → 1);
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(c) Cϕ : Ap → Hq is bounded if and only if

Nϕ,1(w) = O
(
[ log(1/|w|)]2q/p

)
(|w| → 1);

(d) Cϕ : Hp → Aq is bounded if and only if

Nϕ,2(w) = O
(
[ log(1/|w|)]q/p

)
(|w| → 1).

Moreover, in each case Cϕ is compact if and only if the corresponding “little-oh” condition
is satisfied.

The proof of this theorem can be found in [Sm1]. Here we will be content to illustrate
the ideas involved by sketching the sufficiency part of the proof of Theorem 1.1 (c). The
proof requires the following generalization of (1.2) to Hq

(1.3) ‖f ◦ ϕ‖qHq = |f(ϕ(0))|q +
q2

2

∫
D

|f(w)|q−2|f ′(w)|2Nϕ,1(w)dA(w);

and a generalization to Ap of the Littlewood-Paley expression for the H2 norm:

(1.4) ‖f‖pAp ≈ |f(0)|p +
∫

D
|f(z)|p−2|f ′(z)|2(1− |z|)2dA(z).

We also use the standard growth estimate for a function in Ap,

(1.5) |f(z)| ≤ C‖f‖Ap(1− |z|)−2/p.

We now give the proof that Nϕ,1(w) = O
(
[ log(1/|w|)]2q/p

)
implies Cϕ : Ap → Hq is

bounded, for 0 < p ≤ q. Let f ∈ Ap. Using (1.3) and then the hypothesized growth of
Nϕ,1, we get

‖f ◦ ϕ‖qHq ≤ |f(ϕ(0))|q + C

∫
D
|f(w)|q−2|f ′(w)|2(log(1/|w|))2q/pdA(w).

Now, since p < q, the growth estimate (1.5) can be re-written

|f(w)|q−2(1− |w|)2q/p ≤ C‖f‖q−pAp |f(w)|p−2(1− |w|)2.

Since (1− |w|) ≈ log(1/|w|) for 1/2 < |w| < 1, it follows that

‖f ◦ ϕ‖qHq ≤ |f(ϕ(0))|q + C‖f‖q−pAp

∫
D
|f(w)|p−2|f ′(w)|2(1− |w|)2dA(w).

From (1.4) we see that this integral is bounded by C‖f‖pAp . Also |f(ϕ(0))|q ≤ C‖f‖qAp ,
from (1.5), so

‖f ◦ ϕ‖qHq ≤ C‖f‖qAp ,

and the proof is complete.
The observation that the criteria in Theorem 1.1 depend just on the ratio q/p immedi-

ately gives the following three corollaries.
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Corollary 1.2. Let η ≥ 2 and suppose ϕ is an analytic self-map of D. Then the following
are equivalent.

(a) There exists p > 0 such that Cϕ : Hp → Hηp is bounded;
(b) Cϕ : Hp → Hηp is bounded for all p > 0;
(c) There exists p > 0 such that Cϕ : Ap → Hηp/2 is bounded;
(d) Cϕ : Ap → Hηp/2 is bounded for all p > 0.

Moreover, these four statements remain equivalent when “bounded” is replaced by “com-
pact”.

Corollary 1.3. Let η ≥ 1 and suppose ϕ is an analytic self-map of D. Then the following
are equivalent.

(a) There exists p > 0 such that Cϕ : Ap → Aηp is bounded;
(b) Cϕ : Ap → Aηp is bounded for all p > 0;
(c) There exists p > 0 such that Cϕ : Hp → A2ηp is bounded;
(d) Cϕ : Hp → A2ηp is bounded for all p > 0.

Moreover, these four statements remain equivalent when “bounded” is replaced by “com-
pact”.

Corollary 1.4. Let η ≥ 1 and suppose ϕ is an analytic self-map of D. If Cϕ : Hp → Hηp

is bounded for some (and hence all) p > 0, then Cϕ : Ap → Aηp is bounded for all p > 0.
Moreover, this remains true when “bounded” is replaced by “compact”.

For an application, recall that we noted earlier that when η = 1 parts (a) and (b) of
Corollary 1.3 hold for every analytic self-map ϕ of D. Hence Cϕ : Hp → A2p is bounded
for all p > 0 and for every ϕ as well. Now setting ϕ(z) = z, so that Cϕ is the identity
operator, we get the well known, but not obvious, inclusion Hp ⊂ A2p for all p > 0.

Thus Theorem 1.1 (d) only says something of interest when q > 2p; if q ≤ 2p, then
Cϕ : Hp → A2p ⊂ Aq and the statements in Theorem 1.1 (d) are satisfied for every ϕ.
Similarly, the statements in Theorem 1.1 (a) and (b) are always valid when q ≤ p, since
Hp ⊂ Hq and Ap ⊂ Aq in this case, and once again Cϕ : Hp → Hq and Cϕ : Ap → Aq is
bounded for every analytic self-map of D.

In Theorem 1.1 (c), however, the requirement that q ≥ p can not be dropped. To see
this, set p = 2q and ϕ(z) ≡ z. Then Nϕ,1(w) = log(1/|w|), so that the upper bound for
Nϕ,1 in Theorem 1.1 (c) holds. For this ϕ, Cϕ is the identity map. Since all functions
in Hq are of bounded characteristic while Ap contains functions which are not, it follows
that Cϕ does not map Ap into Hq. Thus the sufficient condition in Theorem 1.1 (b) for
Cϕ to be bounded is not valid when q < p. The characterization of when Cϕ : Ap → Hq,
0 < q < p < ∞, is bounded is provided by an integrability condition on ϕ, rather than a
growth condition. It also turns out that, in this case, Cϕ is bounded if and only if it is
compact.

1.5 Theorem. Let 0 < q < p and suppose ϕ is an analytic self-map of D. Then the
following are equivalent.

(a) Cϕ : Ap → Hq is bounded;



6 WAYNE SMITH

(b) Cϕ : Ap → Hq is compact;

(c)
Nϕ,1(z)

(1− |z|2)2
∈ L

p
p−q (dA).

For the proof of this theorem, due to the author and L. Yang, see [SY].
The next case to consider is Cϕ : Hp → Hq, 0 < q < p. Such an operator is always

bounded, as a consequence of Littlewood’s subordination principle. It is not always com-
pact. For example, the bounded sequence {zn} in H2 has no convergent subsequence in
H1, and so when ϕ(z) = z, Cϕ : H2 → H1 is not compact. Criteria for compactness has
been given by H. Jarchow, [J], using the set

E(ϕ) = {eiθ : |ϕ(eiθ)| = 1}.

Theorem 1.6. Let 0 < q < p ≤ ∞. Cϕ : Hp → Hq is compact if and only if the Lebesgue
measure of E(ϕ) satisfies m(E(ϕ)) = 0.

The final case to consider is Cϕ : Ap → Aq, 0 < q < p. As above, Littlewood’s
subordination principle shows that this operator is always bounded. In this case, however,
the operator is moreover always compact.

Proposition 1.7. Let 0 < q < p ≤ ∞, and let ϕ be an analytic self-map of D. Then
Cϕ : Ap → Aq is compact.

Since Cϕ : Ap → Ap is always bounded, it is enough so show that the inclusion Ap ⊂ Aq

is compact. For this we must show that if {fn} satisfies ‖fn‖Ap ≤ 1, then some subsequence
of {fn} converges to a function f in Aq. Let ε > 0. From (1.5) we know that {fn} is a
normal family, so there is a subsequence {fnk

} converging uniformly on compact subsets
of D to a function f ∈ H(D). We then use Fatou’s Lemma to get that ‖f‖Ap ≤ 1. Next,
we write ∫

D
|fnk

− f |qdA =
∫

D\rD
|fnk

− f |qdA+
∫
rD
|fnk

− f |qdA,

where rD is the disk of radius r < 1. By choosing r sufficiently close to 1 we can use
Hölder’s Inequality to show that the first term on the right is smaller than ε/2, since
fn − f ∈ Ap and q < p. With r now fixed, the proof is completed by using uniform
convergence of {fnk

} to f on rD to make the second term less than ε/2.

2. Composition operators between Möbius invariant spaces

In this section we consider composition operators between Möbius invariant spaces of
analytic functions on D. Let σa(z) = (a − z)/(1 − az) be the automorphism of D that
exchanges 0 and a. For p > −1, the weighted Dirichlet space Dp is the Hilbert space of
analytic functions on D satisfying

‖f‖2Dp
=

∫
D
|f ′(z)|2(log(1/|z|))pdA(z) <∞.
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Note, in particular, that the Littlewood-Paley representation of the H2 norm of a function
shows that D1 = H2. We say an analytic function f on D belongs to the space Qp,
0 < p <∞, provided

sup
a∈D

‖f ◦ σa‖2Dp
= ‖f‖2Qp

<∞.

Thus Qp can be thought of as a “ Möbius invariant version” of Dp. The subspace Qp,0 of
Qp consists of those functions f such that

lim
|a|→1

‖f ◦ σa‖2Dp
= 0.

The well known characterization of BMOA as those functions in H2 whose norms after
composition with automorphisms of the disk remain uniformly bounded is equivalent to
the statement that Q1 = BMOA. Furthermore, it is known that when p > 1, Qp = B, the
Bloch space of analytic functions satisfying

‖f‖B = sup
z∈D

(1− |z|2)|f ′(z)| <∞,

and Qp1 ( Qp2 if 0 < p1 < p2 ≤ 1; see [AL] and [AXZ]. Also, Q1,0 = VMOA and for
p > 1, Qp,0 = B0. Here VMOA is the subspace of BMOA consisting of functions of
vanishing mean oscillation, and B0 is the “little Bloch” space of functions f analytic on
D for which (1 − |z|2)|f ′(z)| → 0 as |z| → 1. Finally, Qp is a Banach space with norm
‖f‖ = |f(0)|+ ‖f‖Qp , and Qp,0 is a closed subspace.

We are interested in the problem of using function theoretic properties of ϕ to determine
when Cϕ : Qp2 → Qp1 is bounded or compact, where 0 < p1 ≤ p2. The alternate norm on
the Bloch space suggests that the first case to consider is when p2 > 1 and p1 > 1 so that
Qp2 = Qp1 = B. The proof of the following theorem, due to K. Madigan and A. Matheson,
can be found in [MM].

Theorem 2.1.

(a) Cϕ is compact on B if and only if

lim
|ϕ(z)|→1

(1− |z|2)|ϕ′(z)|
1− |ϕ(z)|2

= 0;

(b) Cϕ is compact on B0 if and only if

lim
|z|→1

(1− |z|2)|ϕ′(z)|
1− |ϕ(z)|2

= 0.

The next case to consider is Cϕ : B → Qp, where 0 < p ≤ 1. As a preliminary step we
consider Cϕ : B → Dp, where the target space is not Möbius invariant. The next three
theorems are all from [SZ].
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Theorem 2.2. For each p, 0 < p <∞, the following statements are equivalent:
(a) ϕ ∈ Dhp ;
(b) Cϕ : B → Dp is compact;
(c) Cϕ : B → Dp is bounded.

Here Dhp denotes hyperbolic Dp, defined as was Dp but with the ordinary derivative
|ϕ′(z)| replaced by the hyperbolic derivative |ϕ′(z)|/(1 − |ϕ(z)|2). Thus an analytic self-
map ϕ of D belongs to Dhp if and only if

‖ϕ‖2Dh
p

=
∫

D

|ϕ′(z)|2

(1− |ϕ(z)|2)2
(log(1/|z|))pdA(z) <∞.

We now show how the hyperbolic derivative arises by giving the proof that Theorem
2.2 (a) and (c) are equivalent. For f ∈ B, we have that

|(f ◦ ϕ)′(z)|2 ≤ ‖f‖2B
|ϕ′(z)|2

(1− |ϕ(z)|2)2
,

and so ∫
D

|(f ◦ ϕ)′(z)|2(log(1/|z|)pdA(z) ≤ ‖f‖2B‖ϕ‖2Dh
p
.

Thus if ϕ ∈ Dhp , then Cϕ : B → Dp is bounded. The converse uses a result of W. Ramey
and D. Ullrich, [RU], that there are functions f1, f2 ∈ B such that |f ′1(z)|+ |f ′2(z)| ≥ 1

1−|z|2 .
Then

|ϕ′(z)|2

(1− |ϕ(z)|2)2
≤ 2|(f1 ◦ ϕ)′(z)|2 + 2|(f2 ◦ ϕ)′(z)|2,

and so
‖ϕ‖2Dh

p
≤ 2

∫
D

(|(f1 ◦ ϕ)′(z)|2 + |(f2 ◦ ϕ)′(z)|2)(log(1/|z|))pdA(z).

Hence, if Cϕ : B → Dp is bounded, then ‖ϕ‖2Dh
p
< ∞ and ϕ ∈ Dhp , and the proof is now

complete.
Since Qp is the Möbius invariant version of Dp, it is reasonable to expect that the

criteria for Cϕ : B → Qp to be bounded would be a Möbius invariant version of the criteria
in Theorem 2.2. This turns out to be correct:

Theorem 2.3. Let 0 < p < ∞ and let ϕ be an analytic self-map of D. The following
statements are equivalent:

(a) ϕ ∈ Qhp ;
(b) Cϕ : B → Qp is bounded.

Here Qhp is the Möbius invariant class of analytic self-maps ϕ of D satisfying

sup
a∈D

‖ϕ ◦ σa‖2Dh
p

= ‖ϕ‖2Qh
p
<∞.



COMPOSITION OPERATORS 9

When a “big-oh” condition, such as Theorem 2.3(a), characterizes boundedness of an
operator, it is natural to expect the corresponding “little-oh” condition, i.e.

(2.1) lim
|a|→1

‖ϕ ◦ σa‖2Dh
p

= 0.

to characterize compactness of the operator. We write ϕ ∈ Qhp,0 if (2.1) is satisfied. In the
present setting, however, there is another natural operator theoretic “little-oh” condition
corresponding to Theorem 2.3(b) to be considered, namely boundedness of Cϕ : B → Qp,0.
This turns out to be equivalent to that operator being compact and to ϕ ∈ Qhp,0.
Theorem 2.4. Let 0 < p < ∞ and let ϕ be an analytic self-map of D. The following
statements are equivalent:

(a) ϕ ∈ Qhp,0;
(b) Cϕ : B → Qp,0 is compact;
(c) Cϕ : B → Qp,0 is bounded.

A different little-oh condition characterizes compactness of Cϕ : B → Qp.

Theorem 2.5. Let 0 < p < ∞ and let ϕ be an analytic self-map of D and for t ∈ (0, 1)
set Et = {z ∈ D | |ϕ(z)| > t}. Then Cϕ : B → Qp is compact if and only if

lim
t→1

sup
a∈D

∫
Et

|ϕ′(z)|2

(1− |ϕ(z)|2)2
(log(1/|σa(z)|)pdA(z) = 0.

See [X1] for the proof, where the criteria is stated in an equivalent form; the sufficiency
of this condition was previously established in [SZ].

We now turn to composition operators on Q1 = BMOA. Recall that f ∈ H(D) belongs
to BMOA if and only if

‖f‖∗ = sup
a∈D

‖f ◦ σa − f(a)‖H2 <∞.

It is not difficult to see that every composition operator Cϕ is bounded on BMOA, as a
consequence of Littlewood’s Inequality. Indeed, if f ∈ BMOA, then from (1.2) we get that

‖f ◦ ϕ‖2∗ = sup
a∈D

‖f ◦ ϕ ◦ σa − f(ϕ(a))‖2H2 = 2 sup
a∈D

∫
D
|f ′(w)|2Nϕ◦σa

(w)dA(w).

Next, Littlewood’s Inequality tells us that Nϕ◦σa(w) ≤ Nσϕ(a)(w), so a second use of (1.2)
yields

‖f ◦ ϕ‖2∗ ≤ sup
a∈D

‖f ◦ σϕ(a) − f(ϕ(a))‖2H2 ≤ ‖f‖2∗.

Thus we can expect that criteria for Cϕ to be compact on BMOA to involve a little-oh
version of Littlewood’s Inequality. Theorem 2.7 (a) below can be viewed as a conformally
invariant little-oh version of Littlewood’s Inequality, and can be used to control
‖f ◦ ϕ ◦ σa − f(ϕ(a))‖H2 when |ϕ(a)| is near 1.

A second condition is required to handle points a with |ϕ(a)| bounded away from 1. To
motivate this condition, we first consider the problem of characterizing when Cϕ : BMOA
→ H2 is compact, in the expectation that a Möbius invariant version of this criteria should
be relevant to the compactness of Cϕ : BMOA → BMOA.
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Proposition 2.6. Let ϕ be an analytic self-map of D and let 0 < p <∞. Then
Cϕ : BMOA → Hp is compact if and only if m(E(ϕ)) = 0.

Proof. First suppose that m(E(ϕ)) = 0. Then Cϕ : H2p → Hp is compact by Theorem
1.6, and compactness of Cϕ : BMOA → Hp follows from the continuity of the inclusion
BMOA ⊂ H2p. For the converse, note that the sequence {zn} is bounded in BMOA,
and so compactness of Cϕ : BMOA → Hp implies Cϕzn = ϕn must have a subsequence
converging in Hp. Since ϕn(z) → 0 uniformly on compact subsets of D, the only possible
limit point is the function identically equal to zero. Thus

m(E(ϕ)) = lim
n→∞

‖ϕn‖pHp = 0.

For ϕ an analytic self-map of D and t ∈ (0, 1), define

E(ϕ, t) = {eiθ : |ϕ(eiθ)| > t}.

Here ϕ(eiθ) represents the radial limit of ϕ at eiθ, which exists for almost all θ. Note that
if m(E(ϕ)) = 0, then limt→1m(E(ϕ, t)) = 0, and so Theorem 2.7 (b) can be viewed as a
Möbius invariant version of the compactness criteria for Cϕ : BMOA → H2.

Theorem 2.7. Let ϕ be an analytic self-map of D. Then Cϕ is compact on BMOA if and
only if

(a) lim
|ϕ(a)|→1

sup
0<|w|<1

|w|2Nσϕ(a)◦ϕ◦σa(w) = 0

and, for all R < 1,
(b) lim

t→1
sup

{a:|ϕ(a)|≤R}
m(σa(E(ϕ, t))) = 0.

Theorem 2.7 is proved in [Sm3]. A different approach to the compactness of Cϕ on
BMOA was taken in [BCM] by P. Bourdon, A. Matheson, and J. Cima. They showed
that compactness of Cϕ on BMOA is equivalent to a certain Carleson measure condition
involving ϕ and f in BMOA holding uniformly for all f having BMOA norm at most one.
Subsequently J. Xiao used this approach in [X2] to characterize when Cϕ : Qp2 → Qp1 ,
0 < p1 ≤ p2, is bounded or compact, and Z. Lou independently did the same for Cϕ :
Qp → Qp in [Lo]. At the time of this writing, a characterization involving ϕ alone of when
Cϕ : Qp2 → Qp1 , 0 < p1 ≤ p2 ≤ 1 is bounded or compact remains open, except for the
case p1 = p2 = 1.

3. Geometric criteria

In this section we consider composition operators Cϕ for which the inducing map ϕ is
univalent. The goal is to give a geometric characterization of the image of the unit disk
under ϕ that is equivalent to Cϕ being bounded or compact in the settings of the theorems
in the previous sections. This is easiest for Theorem 2.1.
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We use δΩ(z) denote the distance from a point z in a region Ω to the boundary of Ω,
and we set δΩ(z) = 0 for z /∈ Ω. The geometric interpretation of Theorem 2.1 uses the
estimates, valid when ϕ is univalent, that

1
4
(1− |z|2)|ϕ′(z)| ≤ δϕ(D)(ϕ(z)) ≤ (1− |z|2)|ϕ′(z)|.

The first inequality comes from applying the Koebe distortion theorem to the normalized
univalent function

ψ(z) =
ϕ ◦ σa(z)− ϕ(a)
(1− |a|2)|ϕ′(a)|

,

while the second inequality results from the Schwarz Lemma applied to the function

η(z) = σa ◦ ϕ−1(ϕ(a) + zδϕ(D)(ϕ(a))).

See also Corollary 1.4 in [P].
Thus, when ϕ is univalent, the numerator of the expressions in Theorem 2.1 (a) and

(b) is comparable to δϕ(D)(ϕ(z)), while the denominator is comparable to δD(ϕ(z)). It is
immediate from this that Theorem 2.1 (a) and (b) are equivalent when ϕ is univalent, and
can be restated as

lim
|w|→1

δϕ(D)(w)
δD(w)

= 0.

This says, roughly, that ϕ(D) can only reach the unit circle through a cusp. It turns out
that, when ϕ is univalent, this is also equivalent to the compactness of Cϕ on BMOA. The
proof of the following theorem can be found in [Sm3].

Theorem 3.1.
Let ϕ be a univalent self-map of D. Then the following are equivalent:
(a) Cϕ is compact on BMOA;
(b) Cϕ is compact on VMOA;
(c) Cϕ is compact on B;
(d) Cϕ is compact on B0;

(e) lim
|w|→1

δϕ(D)(w)
δD(w)

= 0.

The geometric condition 3.1 (e) also has strong implications for composition operators
on the Bergman spaces.

Theorem 3.2. Let G ⊂ D be a simply connected domain such that

lim
|w|→1

δG(w)
δD(w)

= 0.

If ϕ : D → G is a Riemann map, then Cϕ : Ap → Hq is bounded for all 0 < p ≤ q <∞.

This is Theorem 6.4 of [Sm1]. The proof uses estimates of hyperbolic distance on G to
show that the criterion from Theorem 1.1 is satisfied. A domain G satisfying Theorem 3.2
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can easily be constructed by removing appropriate radial slits from D; see Example 6.5 in
[Sm1]. This provides the example, mentioned in §1, where Cϕ : Ap → Hq is bounded for
all p > 0 and all q <∞, and yet ϕ(D) = D.

The next result concerns polygonal maps, a class of self-maps of D for which the hy-
potheses of the main theorems of this paper are easily verified. We say that ϕ is a polygonal
map if ϕ(D) ⊂ P , where P ⊂ D is a polygon. The case that P is a compact subset of D
is not interesting, since then Cψ : Ap → H∞ is bounded for all p > 0, as was observed in
the introduction. So we suppose that P has at least one vertex on the unit circle.

Theorem 3.3. Let P ⊂ D be a polygon and let π/η be the largest angle at a vertex of P
that lies on ∂D. If ϕ is an analytic self-map of D with ϕ(D) ⊂ P , then

Cϕ : Hp → Hηp and Cϕ : Ap → Aηp

are bounded for all p > 0. If in addition η ≥ 2, then

Cϕ : Ap → Hηp/2

is bounded for all p > 0. In each case above, the conclusion is sharp in the sense that Cϕ
need not be compact and moreover the exponent in the target space can not be increased.
Finally, if 2 > η > 2q/p, then

Cϕ : Ap → Hq

is bounded or equivalently compact. Moreover, this fails for η ≤ 2q/p.

For the proof, see [Sm, Theorem 6.7] and [SY, Theorem 1.3].
The theorems concerning composition operators Cϕ : B → Qp also can be stated geo-

metrically when ϕ is univalent, using the hyperbolic metric ρG on G = ϕ(D).

Theorem 3.4. Let 0 < p <∞, let ϕ be an analytic and univalent self-map of D, and let
G = ϕ(D).

(a) Cϕ : B → Qp is bounded if and only if

sup
w0∈G

∫
G

exp(−pρG(w0, w))
(1− |w|2)2

dA(w) <∞;

(b) Cϕ : B → Qp,0 is bounded, or equivalently compact, if and only if

lim
δG(w0)→0

∫
G

exp(−pρG(w0, w))
(1− |w|2)2

dA(w) = 0.

The proof and some applications can be found in [SZ].
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4. Inner functions in the hyperbolic little Bloch class

We say that ϕ is in the hyperbolic little Bloch class, and write ϕ ∈ Bh0 , if ϕ is an analytic
self-map of D and satisfies

lim
|z|→1

(1− |z|2)|ϕ′(z)|
1− |ϕ(z)|2

= 0.

This class of functions has appeared in the previous sections. We know from Theorem 2.1
(b), Cϕ is compact on B0 if and only if ϕ ∈ Bh0 . When ϕ is univalent, ϕ ∈ Bh0 is also
equivalent to compactness of Cϕ on BMOA and on B; see Theorem 3.1. In this section we
see that this fails when ϕ is not univalent. In particular, the main result in this section
asserts that Bh0 contains inner functions, but no inner function ϕ can induce a compact
composition operator on BMOA. A direct proof of this is not difficult, but it is also clear
from Theorem 2.7 (b), since if ϕ is an inner function, then m(σa(E(ϕ, t))) = 1 for all t < 1
and all a ∈ D.

We introduce the notation

τϕ(z) =
(1− |z|2)|ϕ′(z)|

1− |ϕ(z)|2
,

so that ϕ ∈ Bh0 if and only if lim|z|→1 τϕ(z) = 0. The next result, from [Sm2], shows that
there is a restriction on the average rate at which τϕ can go to zero when ϕ is an inner
function.

Theorem 4.1. If ϕ is an inner function, then∫
D

τϕ(z)2

1− |z|2
dA(z) = ∞.

The proof uses the following non-univalent change of variable formula; see [Sh1, p. 398].
If g is a measurable function on D and ϕ : D → D is analytic, then∫

D

g ◦ ϕ(z)|ϕ′(z)|2 log(1/|z|)dA =
∫

D
gNϕdA.

This shows that∫
D

τϕ(z)2

(1− |z|2)2
log

1
|z|
dA(z) =

∫
D

|ϕ′(z)|2

(1− |ϕ(z)|2)2
log

1
|z|
dA(z)

=
∫
D

Nϕ(w)
(1− |w|2)2

dA(w).

Since ϕ is an inner function, equality holds in Littlewood’s Inequality outside a set of area
measure 0; see [Sh1]. Thus Nϕ(w) is comparable to 1− |w|2 for 1/2 < |w| < 1 and w not
in this set, and so this last integral diverges. Hence the first integral above also diverges,
which finishes the proof since log(1/|z|) is comparable to 1− |z|2 for 1/2 < |z| < 1.
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While it is clear that finite Blaschke products belong to B0, it is not obvious that B0

contains other inner functions as well. Several constructions of such functions have ap-
peared in the literature recently; see the references cited in [Sm2]. On the other hand, it
is not obvious that Bh0 contains any inner functions at all. In particular, if ϕ is an inner
function in Bh0 , then the whole unit circle is in the singular set for ϕ, i.e. ϕ does not have
an analytic continuation across any arc in βD. This is because the Julia-Carathéodory
Theorem (see Chapter 4 of [Sh2]) tells us that if ϕ has an analytic extension to a neigh-
borhood of eiθ, then τϕ has a non-tangential limit of 1 at eiθ. Thus Bh0 contains no finite
Blaschke products. Nevertheless, the following theorem from [Sm2] shows that there are
inner functions in Bh0 .

Theorem 4.2. Let η be a nonnegative increasing function such that∫ 1

0

η(t)2

t
dt = ∞ and η(4t) ≤ 2η(t), 0 < t < t0,

for some t0 > 0. Then there exists is an inner function ϕ and a constant C such that

τϕ(z) ≤ Cη(1− |z|2).

From Theorem 4.1, we see that Theorem 4.2 is, subject to the regularity assumption
on η, the best possible result of this kind. A typical function satisfying the hypotheses of
Theorem 4.2 is η(t) = | log t|−1/2.

The main ideas of the proof of Theorem 4.2 will only be indicated here; see [Sm2] for
details. A positive singular measure µ on the unit circle is constructed such that the
associated singular inner function ϕ is the required function. That is ϕ(z) = exp(−F (z)),
where

F (z) =
∫ 2π

0

eit + z

eit − z
dµ(t)

and µ is a positive singular measure. Then

(4.1) τϕ(z) =
(1− |z|2)|F ′(z)| exp(−<F (z))

1− exp(−2<F (z))
≤ (1− |z|2)|F ′(z)|

<F (z)
.

The numerator of this last expression can be bounded above using the second differences
∆2
hf(x) = f(x + h) − 2f(x) + f(x − h), where f is the indefinite integral of µ. On the

other hand, the quotient ∆hf(x)/h, where ∆hf(x) = f(x + h) − f(x) denotes the first
differences of f , provide a lower bound for the denominator. Thus the proof depends on
the construction of an increasing singular function f that produces appropriate estimates
for ∆hf and ∆2

hf , from below and above, respectively. The required function comes from
a limit of functions {fn}, where each function is constructed by selectively modifying its
predecessor. We start with f0(x) = x, for which ∆2

hf0 ≡ 0 and ∆hf0(x)/h ≡ 1. However,
f ′0 ≡ 1, while f ′ = 0 a.e. is required for µ to be singular. The construction of the sequence
{fn} maintains good estimates for ∆2

hfn and ∆hfn/h, while achieving (lim fn)′ = 0 a.e.
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As a final remark, when the upper bound (4.1) for τϕ is expressed in terms of µ, we get

(1− |z|2)|F ′(z)|
<F (z)

=
∣∣∣∣∫ 2π

0

2eit

(eit − z)2
dµ(t)

∣∣∣∣ / ∫ 2π

0

1
|eit − z|2

dµ(t).

Thus the positive singular measure µ constructed to prove Theorem 4.2 has the property
that sufficient cancellation occurs in the numerator for this ratio to tend to 0 as |z| → 1.
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