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ABSTRACT. A holomorphic self-map ¢ of the unit disk is constructed such that
the composition operator induced by ¢ is bounded on the Hardy-Sobolev space
H21 of order 2 as well as on the ordinary holomorphic Lipschitz space Lip; but
unbounded on the Zygmund class A1. Among these three function spaces we
have embedding relations H21 C Lip; C A1. So, the main points here are that
our construction provides a composition operator which is bounded on smaller
spaces, but not on a larger space and that all the function spaces involved are
standard ones.

1. INTRODUCTION

Let D := {2z € C: |z| < 1} be the unit disk in the complex plane C and ¢ be a
holomorphic self-map of D, i.e., (D) C D. The composition operator C,, induced
by such a ¢ is the linear operator on the space of all holomorphic functions on D
defined by C(f) = f o ¢. Books of Cowen and MacCluer [5] and Shapiro [12] are
good references for various aspects of the basic theory of composition operators.

It is typically (but not always; see below) the case that when a composition
operator is bounded on a smaller space, it is also bounded on a larger space. To
illustrate such a phenomenon for holomorphic Sobolev spaces, we recall the holo-
morphic version of the well-known Sobolev embedding theorem: For a > —1, s > 0
and 0 < p < oo, we have

(1.1) sp>a+2 = Af C A (at2)/p;

see [2, Section 5]. Here AP _ is the a-weighted Bergman-Sobolev space on D con-
sisting of all holomorphic functions with fractional derivatives of order s belonging
to the well-known a-weighted Bergman space AP, and A, denotes the holomorphic
Lipschitz space of order a > 0. Here, A” 1, 18 to be interpreted as the Hardy-
Sobolev space, denoted by H?. Explicit definitions will be given in Section 2.

It is known that if C, is bounded on AL  and a+2 < sp < a+2+p, then C,, is

also bounded on A;_(442)/p; see [3, Theorem 3.2]. The same implication was later
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4370 B. CHOE, H. KOO, AND W. SMITH

shown to hold for sp > a+ 2+ p, leaving only those parameters with sp = a+2+p
missing; see [4, Theorems 1.3 and 1.4]. The following natural question concerning
the missing critical case was posed in [, Problem 3.9]:

Let sp = o+ 2 + p and suppose that C,, is bounded on Af, ;. Does
it follow that C, is bounded on A;?

Here we present the unexpected result that the answer to this question is “No”
in general.

Theorem 1.1. There exists a holomorphic self-map ¢ of D such that the com-
position operator Cy, is bounded on H} and bounded on Lip,, but not bounded on
Ay

As mentioned above, other examples are known of composition operators
bounded on a smaller space, but not bounded on a larger space. One can be
found in [5, Example 3.4], with the Hardy space H? as the smaller space and a
certain weighted sequence space as the larger space. While that example is simple,
with ¢(2) = 22 being the inducing function for the composition operator, the ex-
ample given here is the only one we know that involves only “standard” function
spaces. The tradeoff is that the construction of the inducing map ¢ in our example
is rather subtle.

In Section 2 we review the holomorphic Sobolev spaces and Lipschitz spaces
and provide some background on the hyperbolic metric that will be used in our
construction of the holomorphic self-map ¢ of D to prove Theorem [[LIl That
construction will be carried out in Section 3.

Notation. In the rest of the paper we use the notation A < B or B 2 A for
nonnegative quantities A and B to mean A < C'B for some inessential constant
C > 0. Similarly, we use the notation A ~ B if both A < B and B < A hold.
We will also use the notation A(x) ~ B(z) as & — x¢ for positive quantities A(x)
and B(x) to mean that A(z) and B(z) are asymptotic; i.e., A(z)B(z)~t — 1 as
T — Tg.

2. BACKGROUND

2.1. Holomorphic Lipschitz spaces. For 0 < e < 1, we let A, denote the space
of all functions f holomorphic on D and continuous on D such that

(2.1) 171 |f(2) = f(w)]

= |f(0)] +sup —————— < o0,
n = FO)] 4 sp T
where the supremum is taken over all z,w € D, z # w. For e = 1, we use A; to
denote the Zygmund class of all functions f holomorphic on D and continuous on

D such that
i(0+h) i(0—h)y _ i0
1flla, = 1£(0)] + [£/(0)] + sup L€ >+f<eh ) — 2f ()]

where the supremum is taken over all e € 9D and h > 0. Equipped with norms
I - |a., these spaces A, are all Banach spaces.

We remark in passing that the classes A¢, 0 < € < 1, admit well-known charac-
terizations in terms of the growth rate of the first derivative for 0 < € < 1 and of the
second derivative for e = 1; see, for example, [5] or [6]. Also, in conjunction with
the embedding property ([LII), we remark (although not needed in this paper) that

< 00,
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the notion of holomorphic Lipschitz spaces extends to arbitrary order in a standard
way. Namely, given a positive integer n and 0 < e < 1, the space A, . consists
of all functions f holomorphic on D and n-times continuously differentiable on D
such that f(") € A, (with norm appropriately adjusted).

A characterization of when a composition operator is bounded on the Zygmund
class has been known by various authors; see [0 Theorem 1], [8, Theorem 2.1] or
[4, Theorem 2.2].

Theorem 2.1 ([9], [8], [@]). Let ¢ be a holomorphic self-map of D. Then C,, is
bounded on Ay if and only if

P PA -1z _

2eb 1 Je(2)]
and
/! 2
(2.2) Slelg l¢"(2)|(1 — |2]) log (W) < 0.

Let Lip; be the space of all functions corresponding to e = 1 in ZII). It is
well known and elementary that f € Lip; if and only if f/ € H®, the space of
all bounded holomorphic functions on D, with || f|lLip, =~ [f(0)] + [ f'[|ec. Also
elementary is that C, is bounded on Lip, if and only if ¢’ € H*. Of course,
Llpl C Ay

2.2. Holomorphic Sobolev spaces. For 0 < p < oo and o« > —1, the weighted
Bergman space A? is the space of all functions f holomorphic on D for which

1lag = { /| f(z)|pdAa(z)}1/p <

Here dA, denotes the weighted measure dA,(z) = (1 — |z|*)*dA(z), where dA is
the area measure on D. Also, the Hardy space HP is the space of all f holomorphic
on D for which

1/p

21
1l = sup { / If(re”)”de} -
0<r<1 0

We will often use the notation A” , = HP, which allows unified statements.
For s € Rand f(z) =Y., ,anz" holomorphic on D, the s-fractional derivative

R?f of f is defined by

o0

Rf(z) = Z(l +n)’a,z", =€ D

n=0
see [2]. For a > —1, s > 0, and 0 < p < oo, the holomorphic Sobolev space A, | is
defined to be the space of all functions f holomorphic on D such that R*f € AP
with “norm”

1fllaz . == R*fllaz.-

As mentioned above, we often write H? = A" . In case 1 < p < oo, which is the
case for the space Hi to appear in our example, the spaces AP ¢ are all Banach
spaces. In conjunction with the question stated in the introduction, we clarify that
the term “boundedness” even for 0 < p < 1 refers to boundedness with respect to
the above norm.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



4372 B. CHOE, H. KOO, AND W. SMITH

When s is an integer, the Sobolev norm can be computed using ordinary deriva-
tives. That is, when s is a positive integer,

s—1
£ laz, 2 3 1SR 0)] + 1) az
k=0

see, for example, [4]. Thus, for example, f € Hi if and only if f/ € H{ if and only
if f” € H'. Meanwhile, a classical theorem of Privalov ([, Theorem 3.11]) states
that functions in H{ continuously extend up to D and their boundary functions
are absolutely continuous on D. In particular, Hi C Lip,.

Composition operators acting on holomorphic Sobolev spaces were studied by
the current authors in [3] and H]. One result that will be used below is that C,, is
bounded on Hj if and only if p € Hy; see [13] or [4, Theorem 1.4].

2.3. The hyperbolic metric. The hyperbolic metric will play an important role
in our construction. On the unit disk the hyperbolic metric pp is defined by (see

[ p. 2])
2ld
pp (21, 22) _inf{/ : | |Z|2 s~ is an arc in D from 2z to 22}.
— |z
Y

For example, pp (0, 2) = log if—l‘zi is computed by integrating along the radius from

0 to z. This metric is invariant under conformal self-maps of the disk and therefore
transfers to a natural conformally invariant metric on any simply connected domain
QCC. Ify: D — Qis any conformal map, the hyperbolic distance on € is given
by pa(w1,ws) = pp (21, 22), where w; = (z;) for j = 1,2. Since

2|dz| 2|dw|
e TG =0 N
pa can be computed by integrating the function
- 2
W)= 12?)

over arcs in 2. The following lemma is immediate from this observation.

(2.3) ha(w) w = YP(z),

Lemma 2.2. If v is a crosscut of a simply connected domain 2 that separates the
points a and b in §2, then

rQ (aa b) > inf p(l(ca b)
cey

Let do(z) denote the distance from a point z in a region 2 to the boundary of .
It is an easy consequence of the Koebe Distortion Theorem that if ¢ is a conformal

map of D onto €2, then
(24) TP ()] < 8a(0(2) < (- =)o ()]

see [IIl Corollary 1.4]. Along with ([2.3]), this leads to the very useful Euclidean
lower bound for the hyperbolic distance given in the following lemma.

Lemma 2.3 ([I2, Distance Lemma, p. 157]). If a and b are points of a simply
connected domain ), then

1 ja = b
pala,b) > B log (1 + min{59(a)a59(b)}> '
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3. PROOF
This section is devoted to the proof of Theorem [I11

Proof of Theorem [Tl For each integer n > 1 define
Iy={2€D:|1-2[=2"" and |Imz|>¢,},

where €, > 0 is sufficiently small and will be chosen later so that €, tends to 0 as
n — 0o. Now set

Q: =D\ D T,
n=1

and let ¢ be the Riemann map of D onto € such that ¢(0) = 0 and ¢'(0) > 0. Since
Q is symmetric about the real axis, the uniqueness of the Riemann map implies
that ¢ is real on and only on (—1,1). Moreover, ¢ maps the upper (lower, resp.)
half of D onto the upper (lower, resp.) half of 2. Observe that the boundary of
Q has finite one-dimensional Hausdorff measure, and so ¢’ € H* by [10, Theorem
10.11] (see also [7, Exercise VI.1]) and thus that ) extends to be continuous on
the closed disk D by a theorem of Privalov ([6, Theorem 3.11]) mentioned before.
Moreover, we have (1) =1 (and ¥(—1) = —1), because ¥’ (0) > 0.
For each integer n > 1, set

(i,
Tn = 2\ 2n on+1

so that z,, is midway between I',, and I',,4+1, and §,, := dq(z,) ~ 27" for all n.
Then, with r, € (—1,1) defined so that ¢(r,) = x,, from (Z4) we have
(3.1) W/(rn)l(l - Tr%) N O 27"

for all n. It is important to note that this estimate is independent of the choice of
{€n}. Next, we show below that this sequence can be chosen to make the distances
pn = pp(0,7,) = pa(0,x,) as large as needed.

For each integer n > 1, let

Tmi={z€D :|1—-2=2"" and |[Imz| <e,} CQ.

Note that -, is a crosscut of €2 that separates the points 0 and x,. To begin with,
choose €, > 0 such that

(3.2) sup do(w) < 2e, < da(z,),
WEYn

which holds for all ¢, sufficiently small (when n is fixed). Accordingly, applying
Lemmas and 23] we see from ([B.2)) that

WEYn

1 - 4n
25 inf log(l—l—M).

wWEYn an

Thus, since

. 1 1
S T = @] = n = <1‘2—n> = e

we obtain

> 11 1 —1
Pn = 5 og + En2n+3
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for each n > 1. This shows that we can make p,, as large as we want by choosing
€, > 0 sufficiently small. We now make this choice to insure that 27"p, > n, in
addition to (32), for each n > 1. Then, from B,

(33) 9 (ra)l(1 = 72 log T = 9/ (ra)I(1 = r2)pn 2

for all n.

Let g be the holomorphic function on D determined by the conditions that
9(0) = 0 and ¢’ = ¢ + 1. Note that g is continuously differentiable on D. Since
g’ > 0on (—1,1), we have

— Ty

(3.4) g(x1) < g(z2), 1<z <z <1,

Also, since 1 maps the upper half of D onto the upper half of 2, we have
Ime(x +it) > 0 for z + it € D (of course z and ¢ denote real numbers) with
t > 0 and thus

(3.5) Re[g(z +iy) — g(z)] = Re /Oy (x4 it)idt <0

for all z +iy € D with y > 0. The same inequality remains valid for y < 0, because
1 maps the lower half of D onto the lower half of Q. Tt follows from [B4]) and (1)
that

(3.6) Reg(z) < g(1) = /0 Y(z)de + 1, z € D.

Setting s := g(1), we thus see that ¢ maps D into the half-plane II; := {z € C :
Rez < s}. Note s > 0.
Let o denote the Mobius map from the half-plane II; onto D determined by the
conditions ¢(0) =0, o(s) = 1 and o(c0) = —1, i.e.,
z

0(2)228_27 z e 1l;.

Now let ¢ be the holomorphic self-map of D defined by ¢ = ¢ o g, and note that
©(0) =0 and (1) = 1. Also, note that ¢ is real on (—1,1).

Note that |¢'(r,)| = oo as n — oo by B3). Also, r, — 1 as n — oco. Thus,
since ¢’ = ¢ + 1, and o is holomorphic at s with ¢’(s) = 2/s, we compute

" (ra) (1 = 72) = |9/ (rn)o” (g(rn)) + (¢(rn) + 1)20”(9(7'”))’ (1-1r2)

~ 2 (1= 72)

(3.7)

as n — oo.
Since ¢(ry,) is real and converges to 1 as n — oo, we see that ¢(r,,) is positive
for all large n. Thus, to each of such large n corresponds t, € (r,,1) such that

L= Jp(rn)| = ¢(1) = @(rn) = ¢ (tn) (L = 10)
by the Mean Value Theorem. Note that ¢’(1) = ¥(1) + 1 = 2 > 0; one may also
use ([30) and the Hopf Lemma to see the positivity of ¢’(1), which we need below.

Now, since
4

(1) =o' (9(t))g'(t) = o' (s)g'(1) = = >0

as t — 1, we see that
4
1- |90(7“n)‘ ~ g(l - Tn)
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lo L+ ~ lo #
s I—ry . L —[p(rn)|

for all large n. Combining this estimate with (37 and (B3], we obtain
2
" (r)I(1 = 17) log ———— 2 n
! T = ()l

for all large n, which shows that Condition (22 is violated for ¢. So, Theorem 2]
shows that C, is not bounded on A;, as required.

It remains to check that Ci, is bounded on Hj and on Lip;. First note that
o'(z) = 2s(2s — z)72 and 0" (z) = 4s(2s — z)~3 are both bounded on II4, which
contains the range of g. So, ¢/(g) and ¢”(g) are both bounded on D. Hence
¢ = (Y +1)o'(g) € H*®, and so C, is bounded on Lip;; see the comment after
Theorem I Also, since ¢ € H!, we have ¢’ = (¢ + 1)%0"(g) + ¢'o'(g) € H!,
which tells us that C., is bounded on Hj; see the remark at the end of subsection 2.2.
This completes the proof. O

as n — oo and thus
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