COMPOSITION OPERATORS INDUCED BY SMOOTH
SELF-MAPS OF THE UNIT BALL IN C¥

HYUNGWOON KOO AND WAYNE SMITH

ABSTRACT. We study the composition operator Cy induced by an analytic
self-map WU of the unit ball By in C¥ that extends to be smooth on By . When
T is of class C® on B, we extend to weighted Bergman spaces W. R. Wogen’s
characterization of when C'y is bounded on HP(By) . Next, when W is of class

C* on By, we show that if ¢ > 0 and Cy : AR (By) — AZ+1/4—€(BN)7 then

Cy is bounded on AL (By). The discrete jump of size 1/4 in the exponent
of the weight is sharp. Examples are given that show the assumption ¥ is
smooth is essential in these theorems.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let By be the open unit ball centered at origin in CV and write H(By) for
the space of all holomorphic functions on By. For 0 < p < oo and o > —1, the
weighted Bergman space AP (By) is the space of all f € H(By) for which

1A = [ 5GP dva) < oo,

where dV,,(z) = (1 — |z|2)*dV (z) and dV is normalized volume measure on By.
Also, for 0 < p < oo, the Hardy space HP(By) is the space of all g € H(By) for
which

0<r<1
where do is normalized surface measure on dBy. We will often use the following
notation to allow unified statements:

AP | (Bn) = HP(By).
Let ¥ be a vector-valued holomorphic function from By into itself. That is,
\If = (Qﬂl, ,1/)") . BN — BN

where each 1; is holomorphic on By. Then ¥ induces the composition operator
Cy, defined on H(By) by

gl = sup / l9(rO)Pdo (C) < oo
OBnN

Cyf=foVl.

When n = 1, it is a well known consequence of Littlewood’s Subordination
Principle that every composition operator C'y is bounded on each of the spaces
AP(By), p > 0, a > —1; see for example [CM]. This result does not extend to
the case that n > 1, where even such a simple function as U(zy, z2) = (22122,0) is
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known to induce an unbounded composition operator on HP(Bs); see section 3.5
in [CM].

W. R. Wogen [W1] has shown a condition on ¥ € C3(By) to be necessary and
sufficient for C'y to be bounded on HP(By). We will refer to Wogen’s condition as
“Condition W”; see (3.1) below. In this paper we continue the study of composition
operators induced by a symbol that is smooth on By, using Condition W as the
basis of our study. Our approach involves careful local analysis of ¥ at a point
on the unit sphere to show that failure of Condition W implies failure of Carleson
measure criteria for C'y to be bounded between certain weighted Bergman spaces.

D. D. Clahane [Cl, Theorem 3.3] has shown that in general, i.e. without assuming
W is smooth, if —1 < a; < ap and Cy is bounded on A%, (By), then Cy is bounded
on A? (By). When ¥ € C3(By), our local analysis shows that the converse of
Clahane’s theorem is valid, and so Condition W characterizes boundedness of Cy
on every weighted Bergman space AP, (By); see Theorem 3.2 below which is our
first main result. We also give examples showing that the converse fails in general,
i.e. without the assumption that ¥ is smooth.

Next we consider ¥ € C*(By) and show that when Condition W fails, failure of
Carleson measure criteria for C'y to be bounded implies failure of Carleson measure
criteria for a composition operator induced by a polynomial map H defined from
the Taylor expansion of ¥ to be bounded. Analysis of the action of Cy on simple
monomials can then be used to show that Cy : AP (By) /4 A§+1/4,€(BN) for

any € > 0. This gives our second main result: If ¥ € C*(By), € > 0, and Cy :

AP (By) ++ A2(By), then Cy : AL (By) # A§+1/476(BN). Moreover, there exists
P e C4(E) with Cgp : Ag(BN) 7L> Ag(BN) but Cs : Ag(BN) — AZ+1/4(BN)§

see Theorem 4.1 below. Or, paraphrasing the contrapositive, if W is sufficiently
smooth and maps AP (By) into a larger (but not too large) Bergman space, then
it automatically is bounded on AP (By). This kind of result, with a discrete jump
of size 1/4 in the exponent of the weight, seems to be new. The assumption that
U is smooth is essential. Given any § > 0, we provide an example of ¢ : By — By
for which C, : A%(By) # A?(Bx), but C, : A% (By) — A?  5(Bn).

In a recent preprint [W2], W. R. Wogen shows that failure of Condition W
implies a related condition that can be easier to check. The polynomial map H
referred to in the preceding paragraph appears in the examples given in [W2].

The rest of the paper is organized as follows: §2 contains the key lemmas used
to prove our main results. These lemmas come from the local analysis of ¥ at a
point on the unit sphere when ¥ is smooth. The extension of Wogen’s theorem to
AP (By) is given in §3, and then our results when ¥ € C*(By) are given in §4.

The first author wishes to acknowledge the hospitality of the University of
Hawaii, where this research was carried out.

2. LOCAL ANALYSIS OF ¥ WHEN IT IS SMOOTH

Let ¥ = (¢1,...,%n) : Bn — Bx be a smooth map and analytic on By with
U(e;) = e; where e; = (1,0,...,0). In this section we analyze the local behav-
ior of 91 near e;. The following is Lemma 6.6 of [CM]. Dj denotes the partial
differentiation operator Dy = %.

Lemma 2.1. Let ¢ : By — By be analytic and of class C® on By with p(ey) = 1.
Then
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= (1= [p(0))/(1 +1£(0)]) > 0
=0 fork=2,3,..,.N

> |Dkk30(el)| fO?” k= 2733 aN
We introduce the following notation:

z=(2},2]), zj=(21,.,2j-1), 2] =(2j,...,2N).

Assuming the hypotheses of Lemma 2.1, near e; the Taylor expansion of ¢ is
1
p(2) =1 = Dip(er)(l —21) + 5 > Dijpler)ziz;
1,j2>2
+O(1 = 21 +[1 = zllz5] + |25]%).

For k > 2, define Qy,,(z}) to be (D1¢(e1)) ™" times the sum of the quadratic terms
of the Taylor expansion of ¢ at e; in z}] variables, i.e.,
1

1
Qk,¢(zg) = m§ Z Dijgp(el)zizj. (21)
i,j>k

For z = (21,2Y) = (21, 22, ..., 2N) € By, we have
25 < (1= ]af?) <21 -zl
Therefore, near e; the Taylor expansion of ¢ is given by
p(2) =1 = Dip(er) [(1 = 21) = Qa,p(25)] + O(1 = 21[/2). (2.2)

Lemma 2.2. Let ¢ : By — By be analytic and of class C3 on By with p(eq) = 1.
Then
|25 |7

|Q2,0(23)| <

Moreover, if equality holds for some 2§ # 0, then there exists a unitary change of
coordinates in 2 such that

for all 4. (2.3)

1
Qap(2) = 5 D 2 + Fnplaf) (24)

J
for some k > 3, where Enxy1,, =0 and Ey (%) = Qr,o(21) for k < N, and for
some C' < 1/2

|Ero(2i)] < Cl20)? for all 2. (2.5)

Proof. Let k > 2. Fix any z; and make a unitary change of coordinates to w
with wy as the z; direction. Since Q2 is invariant under a unitary change of
coordinates, using Lemma 2.1 and equation (2.1) we have

N 0 0.2 — 0 0 <|w2|2_|2,’€’2 06
Qe ()] = Qo (0, 0, )] = [Qap (w3, 0., 0)] < L2k = ZEL (2.6)

By taking k = 2 this proves the first assertion.

Now suppose equality holds for some 2§ # 0 in (2.3). Making the same change
of variables as in (2.6) and then making the change of variables zo — €2, for an
appropriate 6, equation (2.2) can be rewritten as

5 N
z
w(z) =1—=Dip(er) | (1 —21) — 52 — E ajzez; — Qs.0(25)| + O(]1 — 213/2).
j=3
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For positive real numbers s and ¢ with 1 — 2 = (1 — s2)?, let 2z, = (21,...,2N) €
GBN be

21 =tz =ts\V1—12,2; =1 —-12/1—52, z =0fori¢g{l,2,j}.

Then, as s — 1— we have

©(zs) =1 —Dip(er) {(1 —t)— w Fajs(l—t*)/1 - s?

—b(1—1*)(1—s%)] + O(|1 — ¢/*/?)
=14a;sD1p(er)(1 - s2)°2 +0((1 — s*)3).

Since |p] < 1 and Dyyp(er) > 0, it follows that a; =0 for j = 3,..., N and so
2
z
P(2) = 1= Dugler) (1= 1) = 2 = Qu(af)| + 011 = 2a2).

By (2.6) we know that

< P
Qo ()] < 22

for all z4. If equality holds for some 2§ # 0, then we may repeat the argument above
with 24 in place of 2. We can repeat this argument as long as |Qy. ., (z})| = |2}/|*/2
for some z}/. O

Lemma 2.3. Let ¢ : By — By be analytic and of class C3 on By with p(e1) = 1.
If equality does not hold in (2.3) for any 2§ # 0, then as z — e;

p(z) = 1= Dig(en) [(1 = 21) = Qoo ()] + O((1 — 21) — Qo ()IY). (2.7)
Moreover, if p € C*(By), then

1= ()| < Cl(1 = 21) = Qap(22)] (2.8)
for some constant C > 0 depending smoothly on .

Proof. If equality does not hold in (2.3) for any 2§ # 0, then there exists C' < 1/2
such that |Q2,,(2)| < C|24|%. Since 2 € By, we have

(1= 21) = Qa(25)] = 1 = 21| — [Q2,(25)]
> |1 —z| = Clz
> 1=z -C01 -]zl
={[1 - 21| = 2C(1 ~ [a1])} + C(1 = |z ])?
> (1-20)1 - z].
Since (1 —2C) > 0, (2.7) now follows from (2.2).
Now assume that ¢ € C*(By). If equality does not hold in (2.3) for any 24 # 0,

then (2.8) follows from (2.7). Now assume that equality holds in (2.3) for some
24 # 0, and so (2.4) and (2.5) hold after a unitary change of coordinates by Lemma
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2.2. Then
k—1
(1= 21) = Qop(25) = [T — 21| = Y [2*/2 = | Er o (21))]
=2

k—1
>1-z]=) |P/2 - Ol
j=2
> 1=zl = (1= |zf’)/2+ 1 -20)%]%/2
={1—al-Q-|a)}+ Q- |x])?/2+ 0 -20)/2.
We have C' < 1/2 from (2.5), so there exists ¢ > 0 such that
(1= 21) = Q2 (#5) = e ((1 = |2a])?/2 + ) (2.9)
for all 24, and on the other hand
(1= 21) = Q2,(25)] 2 [1 = 21]/2 (2.10)

for all 24 if |1 — 21| > 2(1 — |21])-

If |1 — z1] > 2(1 — |z1]), then (2.8) follows from (2.10) and (2.2). Therefore we
assume |1 — 21| < 2(1 — |21|) for the rest of the proof. Under this assumption, using
(2.9) we may fix ¢ > 0 such that for all 2§

(1= 21) = Qup(H)| > e (11— 22 + 24 2). (2.11)

Since ¢ € C*(By), with A = D1¢(e1), we have the Taylor expansion

N
1—p(z) =A((1—21) = Qp()) + D> _a;(1—20)z+ Y bijezizjze

Jj=2 2<i,j, <N
+O0(I1 ==z

k—1
=AM =21) = Q) + Y a;(1—2)z+ > bigeziziz
=2

2<4,5,0<k—1
+O(1 — z1||2| + |25 Plzy | + 1 = z1]%)

k—1
=M= 21) = Qo () + > a(l—z)z+ > bijeziziz
=2

2<i,j0<k—1
+O( P +11 = =)

k=1 k=1 o
=M1 =21) = Q. () + Y a2 ((1 )=y 2@)
j=1 =1

+ Z ﬂileiZjZ£+O(|leql|2+ 11— 2]?),
2<i j 0<k—1

where, using the notation d;; = 1 and §;; = 0 for ¢ # j,

Bije = bije + jea: /2.
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Since Y2570 22/2 = Qa.,(24) — Qk.»(2}!), we can now write this as

k—1 k—1
T—p(z) = | A+ > a2 | (1= 21) = Qup(5)) + Qu(2h) D sz
=2

Jj=2

+ > Buezzza+ O+ 11—z )
2<4,j,0<k—1

k—1
=[x+ Zajzj (1= 21) — Q2,0(2%))
=2

+ Z Bijezizize + O(|21)* + |1 — 21 [?).
9<i j 0<k—1

Here, the last equality holds since |Q,,(z})| < |2}/|?/2 by (2.3).
We will show that

Bije=0, 2<i,jl<k-—1, (2.12)
but first we show how this will finish the proof. Assuming (2.12),
k—1
11— < [ A+ laiz] | [(1=21) = Q20 (25)] + O(11 = 21* + |4 ?)
j=2

< CI(1 = 21) = Qup(23)| + O(I1 = 21 + ).
Inequality (2.8) is now an immediate consequence of (2.11), and this completes the
proof. Thus it remains only to establish (2.12).
For z; = (¢,0,...,0,£v/1 —2,0,...,0) where £+/1 — 2 is in the ¢-th coordinate
with 2 < /¢ < k — 1, we have
1—o(z) = ()\ + a1 — t2> (1—1) — (1 —1t3)/2) £ Beee(1 — t3)¥2 + O(1 — t]).
Using that 1 —t — (1 —2)/2 = (1 — t)2/2, we get
1—o(2) = £Bee(1 — )%/ + O(|1 — t?).
Since p(By) C By, it follows that
Beee =0, 2<l<k-1 (2.13)

Let 2 < ¢ m < k—1 and m # (. For positive real numbers s and ¢ with
1—12 = (1-5%)?2 define z; = (21, ..., 25) € OBy to be

z1=tze=sV1—12 2 = £V1—-2V/1—35%2, 2z =0fori¢ {1,¢{,m}.

Then, as s — 1_ we have
1—o(zs) = A+ arze + amzm) (L —1) — (1 —1%)/2)
+ (Beem2i 2m + Bemmzezm,) + O(|1 — t]?)
= +s(1—5%)7? (ﬂzems + 5zmmm> +O(]1 —t?)
= £Bums* (1 — %)% + O(|1 — s|*).
Since p(By) C Bi, we have
Beem =0, 2<€,m<k—1and{#m. (2.14)
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Finally, let 4,5, € {2,...,k — 1} be distinct and let ¢ € (0,1). Define z; =
(#1,...,2n) € OBN by
V1—1t2 V1—1t2
yze =+ , zn=0"forn¢{1,i,j,¢}.
V3 V3

let,Zi:Zj:

Then, as t — 1_ we have

1—(z) = (A +asz; + a2 + agze) ((1 —t)—(1- t2)/2)

e\’ ,
+ Bije VI +O(]1 - t[%)

—z\’ )

Since p(By) C By, we have ;0 = 0 if 4, j, and ¢ are distinct. Along with (2.13)
and (2.14) this completes the proof of (2.12), and hence the proof of the lemma. O

3. WHEN U 1s OF CLASS C® ON By

In this section we extend Wogen’s characterization of smooth functions that
induce bounded composition operators on HP(By). Throughout this section we
assume VU : By — By is analytic and of class C® on By. We must first introduce
some notation. We write (z,w) = z1w; + --- + zywy for the Hermitian inner
product of z = (21,...,2y) and w = (w1, ...,w,) in CN. For n € dBy, we denote
v, by

U, (2) =< ¥(z),n>.
For any ¢ € 0By, we denote by D¢ the radial differential operator defined as

Y0
D=3 (ip
=%
Then, for any (,n,7 € By with ¥(¢) =7 and < {,7 >= 0, we have
DC\I}n(C) > |DTT\I}7](C)|7

from Lemma 2.1 after a unitary change of coordinates, where D, V¥, = D, D, V,,.
We will say “Condition W is satisfied” if:

D0y (€) > [Drr ¥y (Q)]
for all {,7 € 90BN with < {,7 >=0and ¥(¢) =n € 9Bn.

This condition was introduced by W. R. Wogen in [W1] and shown to characterize
when a composition operator induced by a smooth symbol is bounded on H?(By),
which is the case & = —1 of the theorem below; see also [CM, Theorem 6.14 and
Theorem 6.15 on p. 241]. We will show that this characterization extends to all
the weighted Bergman spaces. First we need a Carleson measure characterization
of when a composition operator is bounded on these spaces.

For ¢ € By and § > 0, let SV (¢, d) and SV (¢, d) be Carleson boxes on By and
By defined by

(3.1)

SN(¢.8) ={z € By : |1 (z.0)| < 8}
SY(C,0) = {2 € Bx : 1 - (5,0)| < o}
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We use the notation ¥* for the radial limit function for ¥ : By — By, i.e. ¥*(() =
lim, ;1_ ¥(r¢), ¢ € OBy, and ¥* : 9By — By. Note that U*(() exists almost
everywhere on 0By, since each ¥} is a bounded holomorphic function and so has
radial limits almost everywhere.

Proposition 3.1. Let 0 < p < oo and «, 3 > —1. Suppose that ¥ : By — By is
a holomorphic vector-valued function and define the Borel measure pg on By by
ps(E) = Vz(¥~Y(E)) and the Borel measure u* on By by p*(F) = o(¥*~1(F)).
Then
(1) Cy : H?(By) — HP(By) is bounded if and only if there exists C < 0o so
that

uw (SN(C,d)) <CsN  for ¢ e dBy, §>0.

(2) Cy : HP(By) — Ag(BN) is bounded if and only if there exists C' < oo so
that

1% (SN(C,é)) < O8N for (€ By, 6>0.

(3) Cy : A%(Bn) — AR(BN) is bounded if and only if there exists C' < oo so
that

ps (SN(¢,8)) < CSNHFE for ¢ € 9By, 6> 0.

This type of embedding characterization is called Carleson measure criteria and
first proved by Carleson in [Ca] for a general Borel measure p when N = 1 and
a = f = 0. For a proof of Proposition 3.1 we refer to [CM]. Part (1) of the
proposition is [CM, Theorem 3.35], and the proof there works to prove part (2).
When a = 3, part (3) is [CM, Theorem 3.37] and the same proof works for o # 3.

Theorem 3.2. Let -1 < a, p > 0 and ¥ : By — By be a holomorphic func-
tion which is of class C® on By. Then Cy is bounded on AP (By) if and only if
Condition W is satisfied.

Proof. Suppose first that Condition W is satisfied, so C'y is bounded on H?(By) =
AP | (By) by Wogen’s theorem. It is a result of D. D. Clahane that in general
(without assuming ¥ is smooth) if —1 < oy < ap and Cy is bounded on AP (Bn),
then Cy is bounded on AP (By); see [Cl, Theorem 3.3]. Hence Condition W is
sufficient for Cyy to be bounded on all the weighted Bergman spaces AP (By).

For the converse, suppose Condition W fails. By Wogen’s theorem, Cy is not
bounded on A” | (By), so suppose a > —1. After some unitary changes of variable
and using Lemma 2.2, we may assume that U = (o, %) = (¢, %2, ...,¥n)) : By —
By with ¢(e1) =1, and

0(z) = 1= Digler) [(1 = 21) = 22/2 = Qa o ()] + O(1 = 2%, (32)
Consider the set
Qs = {2 CN 1|24 <6Y2, 36 <2(1 —x1) — a3 <46, 0 <y; <0,
63 <y < 6Y2 0 <y < 0/yn}
where z; = x; +iy;, j = 1,2. Then from (3.2) there exists C' > 0 such that
Qs N By C o 1(S'(1,06)) = U1 (SN (e1, C6)). (3.3)
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Note that for z € s and ¢ sufficiently small we have
(1 —21) <20 +22/2 <20+ (6/y2)%/2 < 26 + 6%/3)2 < 6%/3,
and so
1= [z = 201 —@1) — 23] = (1 = 21)® — 4f — 3 — |5

>36 - 643 —62—5-4

>4/2.
Therefore 25 C By and

Va(Ss) 2 69V () 2 0% A- B,

where A &~ §V=2 is the volume of a ball in CV~2 of radius 61/2 and
51/2

4 3/y2
B= / / / 8 /2dxodysady; > 63 log(1/96)
o Jszs Jo
is the volume in C? of a 2 zo-coordinate slice of Qs. Hence, using (3.3),
Va (01 (SN (61, C8))) > Vi () 2 81 og(1/),
and by Proposition 3.1 C'y is not bounded on A?(By). O

JFrom Theorem 3.2 we see that when ¥ € C3(By), boundedness of Cgy on
AP is independent of . This may be unexpected since the Carleson criteria for
boundedness in Proposition 3.1 depend on «. In particular, this does not happen
when the symbol of the composition operator is not assumed to be smooth. B.
D. MacCluer and J. H. Shapiro have, for ay > —1, given an example of a (non-
smooth) ¢ : By — By such that Cy, is bounded on A?(By) if and only if a > ao;
see [MS, Theorem 6.8] and Proposition 4.5 below. In general, as noted in the proof
of Theorem 3.2, if —1 < a1 < ag, p > 0, and a composition operator C'y is bounded
on AP (By), then it is also bounded on A%,_(By).

4. WHEN WU IS OF cLAsS C* oN By

In this section we show that when W is sufficiently smooth, the assumption that
Cy maps AP (By) into a slightly larger weighted Bergman space implies that Cy
is bounded on AZ(By). An example is given that shows exactly how much larger
the weighted Bergman space can be. A second example is given at the end of the
section that shows some smoothness hypothesis is necessary for results of this kind.

Theorem 4.1. Let « > —1, p > 0 and ¥ : By — By be a holomorphic function
on By of class C* on By. If e > 0 and Cy : A?(By) — AZ+1/47€(BN), then Cy :
AP (By) — AL (Bn). Moreover, there exists a holomorphic function ® : By — By
of class C* on By such that Cg : AP(By) — AP (Bn) but Cg is not bounded

a+1/4
on AL (By).

Proof. We will prove the contrapositive of the first statement. Assume Cy :
AP (By) +# AP (By), so that condition W fails by Theorem 3.2. ;jFrom (2.2) and
Lemma 2.2 and a unitary change of variables, if necessary, we may assume that
U= (5037/}) = (9071/)27 71/}N)) : BN - BN with 90(61) = 13 and

p(2) = 1= Dig(er) [(1 = 21) = Qa,p(25)] + O(I1 — 21[/?)
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where there exist k > 2 and € > 0 such that
Qop(25) = 25/2 4+ 4+ 20/2 + Epn (2141

and Ejy1,,(2), ) satisfies

‘Ek+1,sa('z;c/+1) |Zk:+1|2'

<9 2+¢€
From Lemma 2.3, there is a constant C' > 0 such that
1= ¢(2)] < Cl(1 = 21) — Q2,0(25)]-
Let H = (h,0,...,0) : By — By where
h(z) =21 + 2524+ 22/2.
Note that
1= h(2)] = (1= |a1]) = |251%/2 + |24 /2
> (1= [z)?/2+ |5 P /2

> |24 ?/2
2—|—e

v

>

| Ert1,0(2511)]
where we used the inequality (4. 1) Therefore, by (2.4) and (4.2) we have

11— @(2)] < C(|1 = h2)| + |Brrrp(251)])
3+e
-1 = h(z)].

Thus there is a constant C > 0 such that

<C

18 (e1,C0)) = hTH(S1(1,09)) € 97 (S1(1,6)) = ¥TI(SV (e1,9)).-

Let ¢ = (¢1,...,¢n) € BN and (; = 7e? with 0 <r < 1. Then
Cih(z) =rhoUy(z)
where Uy is a unitary map of the unit ball defined as
Up(z) = (921,922, ...,e"22y).
Suppose z € H71(SN(¢,6)). Then (1 —7r) < |1 —¢1h(2)] < J and
1 —hoUy(z)] < |1 —rholUy(z)| + (1 —r)|hoUy(z)| < 20.
Therefore,
USN(E,8)) C (H o Up) (5™ (e1,26)) = U_g (H (¥ (e2,25)))
Combining (4.3) and (4.4), there exists a constant C' > 0 such that
TSN, C8) CU—g (TSN (e1,6)))

(4.4)

for all ( € 9By. Since the Vg-measure of a set is invariant under unitary transfor-
mations, we see from the Carleson measure criteria of Proposition 3.1 that if C'y is
not a bounded map from A% (By) to A} (By), then neither is Cy. It will be shown
in Proposition 4.3 below that Cyx : A2(By) # A§+ K—1)/4— (Bn). Since k > 2,

AZ+1/4_E( N) C Aa+(k 1)/4— (By) and so Cy : A”(BN) # Aa+1/4 .(Bn). This

completes the proof of the first statement of the theorem.
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The example needed to prove the second statement is the function H = (h, 0, ...,0) :
By — By where h(z) = 21 + 22/2. We defer the proof that Cy : AP(By) —
AZ+1/4(BN) is bounded to Proposition 4.4. It remains to show that Cy is not
bounded on AZ(By), or equivalently by Theorem 3.2, that Condition W fails
for H. Let e; = (1,0,...,0) and e; = (0,1,...,0), so < ej,es >= 0. Then
He1 =< H,e; >= h, and DelHel (61) = Dlh(el) =1= Dggh(el) = DezezHel (61).
Hence Condition W fails for H. The proof is complete, except for the parts deferred
to Propositions 4.3 and 4.4. (]

We note that the proof showed an bit more than was stated: Cy : A2 (By) /4
AZ+(,€71)/476(BN), where k& with 2 < k < N comes from Lemma 2.2. The next
lemma uses the notation z* = 27252 ... 23", and a! = aqlas!. .. ay!, where a =

(a1,...,ay) is a multi-index.

Lemma 4.2. Let o be a multi-index and t > —1. Then

o2 ot _ N!a!l_‘(t + 1)
/BN R Ve = R T (45)
Proof. Note that (see [R, p.17])
a2 (N =1l
|, eetaeo) = e (1.6

Therefore, using polar coordinates we have

ZaQ _ Z2 t 2) = ! r2|a\+2N—1 —7"2 t1] |2 o -
/BN| 21— 22y av(2) 2N/0/63N[ (1= )¢ Pdo(C)d

1! 1

_ 2(N _]\;.j—. = /0 [p2lel+2N =11 _ 2y,
Nla! L aleN— dr

:2(N—1+|a|)!/0 N

Nl T(a|+N)T(E+1)

(N =1+[a)! T(je| + N+t +1)

_ NlaI'(t+1)

(ol +N+t+1)

(]

Proposition 4.3. Let a > -1, 0<p < o0, 2 <n < N and let H = (h,0,...,0) :
By — By where

h(z) =21+ 25/24 -+ 22)2.
Then, for any e > 0, Cy is not a bounded map from AR (By) to AZ+(n_1)/4_€(BN).

Proof. The result is independent of p by Proposition 3.1, so we set p = 2 to allow
use of Hilbert space methods. For notational convenience, in this proof we reserve
the notation « for a multi-index. We need to show that if ¢ > —1 and € > 0, then
Cy is not a bounded map from A?(By) to A?+(n—l)/4—e(BN)'

For k =1,2,..., we let T}, : By — Bj denote the mapping

Ti(2) = 2%,
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We will show that, for any ¢t > —1,
1Tl 5y = £V (4.7)
and

—N— t+e
len@lRe,, o 2 F (1.8
Hence, as an operator from A?(By) to At+(n 1)/a—e(BN), [|[Cr || Z k€ and the proof
can be completed by letting & — oo. Thus it suffices to establish (4.7) and (4.8).

(4.7) follows from (4.5) with o = (k,0,...,0) and Stirling’s formula, I'(x + 1) =
x®\/x/e®, when t > —1 and (4.6) when ¢t = —1. It remains to establish (4.8). To
simplify notation, let s = ¢+ (n — 1)/4 — € and note s > —1. For the rest of the
proof, every multi-index « will be of the form « = (ay, ..., @, 0, ..., 0). Note

ne = 3 e e a2y

la|=k
Y o
la|=k
where a@ = (aq, 209, ..., 20, 0, ...,0) and C,, = a,;ﬁ‘% Also, note that monomials
are orthogonal, i.e.,
/ 227V, (2) =0. (a#f) (4.9)
By

See [R, p. 16] for a proof. Using (4.9) and (4.5) we get
1T Py = [ 0GPV,

- chﬂ/ azhav,

|a|=|B]=k
= 02/|z 2dV,
|a|=k

N Z N'CV'FS"‘].)
2 T+ N +s+1)

Since I'(|a| + N + s + 1) =~ |a|N**(]a|!), from Stirling’s formula and the estimate
k <|a| < 2k, we have

_N—s a!
|CH(To) |2y = kY XI: Cil & (4.10)
al=k

Let p(k) = [ | be the greatest integer which is less than £ . Let Ay be the set of
multi-indices of the form a = (g, p(k) — ma, ...,p(k) — mp,0, ...,0) with |a| = k and

p(k) < p(k) —mj; <2y/p(k) (j=2,...,n).
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We note for later use that the number of such indices satisfies #A; > k(»~1)/2, For
a € Ay, we have

p al laj! 1% &
Colalt LM'“—‘J an
_ (K)?(2p — 2my)!- -+ (2p — 2my,)!
22’“‘2qq'[(p—mz)' (p —mn)2(2k — q)!

T (2p—2m
2k —q)! H 22r— 25] [(p jr)nj)]Q
since (p—ma)+ -+ (p—my,) = |a| — ¢ = (k — q). By Stirling’s formula we have
2p—2m)l (2p—2m)®72)/(2p — 2m) /e /2
220=2m[(p — m)1]2 ~ 92p—2m(p — ) (P—m) m/e(p—m)]Q o (p—m) ’
Since p(k) —m; ~ Vk when a € Ay, for a € Ay, therefore get

al 1 (k)2
22~ . 411
oT& ™~ FED7E g2k — g (4.11)
Since (n—1)\/p(k) < (p—mz)+---+(p—mn) = (k—q) < 2n+/p(k) and p(k) < k/n,
when a € A we have g = k and so Stirling’s formula can be used to get

GO [E*Vk/e*)?
0!k =)'~ \/q(2k — q)q? (2K — q)*~ Jea+(h-0)
K2k

Q

q7(2k — q)h=4)

() ()

Let M =k — q, so that M < 2n+/p(k) < 2v/nk. Then

L 2k % — g q_ . M 2k . oM \ M
2k —q q N k+ M k—M

Therefore, by (4.11) we have
5 al

1
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Since #A;, > k~1D/2 using (4.10) we get

_N—s a!
HCH(Tk)H.iQ (Bn) ~ Zk N Z Cz|""|
aEN
> kafs+(n71)/4.

This is (4.8) with s = ¢t + (n — 1)/4 — ¢, and so the proof of the proposition is
complete. O

Proposition 4.4. Let « > —1, 0 < p < oo and let H = (h,0,...,0) : By — By
where

h(z) = 21 + 235 /2.

Then, Cy : AL (By) — AP ~N) is bounded.

+1/4(
Proof. We will show that there exits a positive constant C' > 0 such that for ¢ > —1
HCH(Tk)||A2 /4(BN) < CHT]CHA2 (Bn)? (k: 1727) (413)

where as before T}, (z) = z¥. Before proving this, we show how the result follows

from it. Let P be a polynomial and set Py(z) = P(21,0'), s0 P = aiT. Then
2 _ 2 _ 2
ICr(PIaz, |, 5y = 1CH(PI%: | 5y = I ZakCHTk\|Ag+l/4(BN)-

It is readily verified using (4.9) that the functions {CyTy} = {h*} are orthogonal
with respect to the weighted Hermitian inner product < f,g >= [ fg dV,, so

ICEP)I%: 5y lanlPICHTkl%2, | 5y < C D 1wl 1Tkl (5,
2 a(By) T J4(Bx) 2(B)

where (4.13) was used for the inequality. Since

a1 Tkl iz ) = P2 5y < P2y,
2(B) 2(B) 2(By)

and polynomials are dense in A?, the proposition follows. It remains to prove (4.13).
From (4.10) with « = (k — ¢,¢,0,...,0) and s > —1, we have

N k )2 (20)!
A APRED Y k (k + 0)1 (222 -
:O '

Let M be a fixed positive integer, and notice that
(k!)? (20)! < (20)!
(k — Ok + 0)! (£1)222¢ — (g1)222¢"
This is obviously bounded by (2M)! when 0 < ¢ < M, and when 0 < k — ¢ < M it
O(1/Vk) by Stirling’s formula. Therefore

Nebs = )2 (20)!
KN ICH(To) e sy S Z k+£) ()22 +0(1) . (4.14)
@:M :



COMPOSITION OPERATORS INDUCED BY SMOOTH MAPS 15

Now fix M large enough so that Stirling’s formula can be used to approximate ¢!
when ¢ > M. Then, for M < /¢ <k — M we have

(k12 20 vk K2k
(k— Ok + )1 (12220 ™ gk — 0 (k — 0)F~(k + £)k+
B 1 1 ((1 —e/k)ff/k>’“
A=k (LR 1= (k)2 )

Since (1 —2)® <1 —2? for 0 < x < 1, the last factor in this expression is bounded
by 1. Also using the estimate 14 ¢2/k < (1 + £/k)*, we get from (4.14) that

k—M

. 1 1
BN+ ||CH(Tk)|Bx§(BN) N 421;4 =0k L+ B/R) + O(1).

This sum can be split into three pieces and then estimated to be comparable to

~ k4

T =

1 1 1 1
Y Lt Y St ¥ e
02/k —
M§e<\/E\/Z x/Egegk/Q\/Z( /%) k/2<t<k—M k—1t
which gives

1CH (T2 (myy S KV 2 TR (5

by (4.7). This is equivalent to (4.13), and so completes the proof. O

We now give an example showing that some smoothness hypothesis is required
in Theorem 4.1. Define 7 : By — By by 7(z1,...,2n8) = NN/2z ... 2y, and for
0 <t <1define Ly : By — By by Li(2) =1—(1—2)". Let ¥, = L, o, so
U, : By — By. B. D. MacCluer and J. H. Shapiro determined for each ¢ exactly
on which of the spaces AL (By) the operator Cy, is bounded; see [MS, Theorem
6.8], which is the case a = § of Proposition 4.5 below. The proof in [MS] is based
on an estimate of V,,(¥; (SN (e1,6))) and Carleson criteria for Cy, to be bounded
on AP (By); see [MS, p. 904]. Using the same estimate of Vo, (¥; (SN (e1,d))) but
now with the Carleson criteria from Proposition 3.1 for Cy, : AL (By) — AL(Bn)
to be bounded, we get the following proposition.

Proposition 4.5. Let 0 <t <1, a > -1 and 8 = (¢ + N + 1)t — (N + 3)/2.
Assume 3> —1 ifa>—1 and B> —1 if a > —1. Then, for all0 < p < oo

Cy, : A%(By) — Ab(Bv).

Moreover, this is sharp in the following senses: For € > 0, C'y, does not map
Abie(Bn) into AR(By). If B —e > —1, then Cy, does not map AL(By) into
Ag,e(BN)- Ifao—e>—1 and B — e > —1 together with 0 < t < 1, then Cy, does
not map A%,_.(Bn) into A} (Bn).

Taking 0 = a + €, we get the example promised that shows some smoothness
hypothesis is required in Theorem 4.1.

Example 4.6. Let o > —1, p > 0 and € > 0. There exists a holomorphic function
VU : By — By such that Cy : A% (By) — AY | (Bn), but Cy : A (By) # AF(By).
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