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DIFFERENCE OF COMPOSITION OPERATORS
OVER THE HALF-PLANE

BOO RIM CHOE, HYUNGWOON KOO, AND WAYNE SMITH

ABSTRACT. We study the differences of composition operators acting on
weighted Bergman spaces over the upper half-plane. In this setting not all
composition operators are bounded and none are compact. The idea of joint
pullback measure is used to give a Carleson measure characterization of when
the difference of two composition operators is bounded or compact. Alter-
nate characterizations, not using Carleson measures, are also given for certain
large classes of the inducing maps for the operators. The relationship between
angular derivatives and compact differences of composition operators is also
explored, which, in particular, reveals a new phenomenon due to the upper
half-plane not being bounded. Our results produce a variety of examples of
distinct composition operators whose difference is compact, including exam-
ples when the individual operators are not bounded. The paper closes with
a characterization of when the difference of composition operators is Hilbert-
Schmidt.

1. INTRODUCTION

Let H be the upper half of the complex plane C, i.e.,
H:={ze€C:Imz > 0},

and let S be the class of all holomorphic self-maps of H. Each ¢ € S induces a
composition operator Cy defined by

Cof=food
for functions f holomorphic on H. It is clear that Cy takes the space of holomorphic
functions on H into itself.

Efforts to understand the topological structure of the space of composition oper-
ators have led to the study of the difference C'y — Cy, of two composition operators.
In the setting of the unit disk D, all composition operators, and hence all differences
of two composition operators, are bounded on the Hardy spaces and the Bergman
spaces. Thus the question of when the difference of composition operators is com-
pact was naturally a focus of attention. Shapiro and Sundberg [23] first raised and
studied such a question on the Hardy space, motivated by the isolation phenom-
enon observed by Berkson [I]. Their work initiated subsequent efforts [I0,[I8] on
the Hardy space and [I5,[I7,19,20] on the Bergman space; see also [3}[4]12]14L16]
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for work on the Bergman spaces over the ball or the polydisk. The purpose of the
current paper is to study the differences of composition operators acting on the
weighted Bergman spaces over H.

We first recall the spaces we work on. For @ > —1, put

dA.(2) := co(Im 2)* dA(2)

29(1 . .. .
where ¢, = @ is a normalizing constant and A is the area measure on H.

For 0 < p < 0o, we denote by AP (H) the weighted Bergman space consisting of all
holomorphic functions f on H such that the “norm”

1/p
il o= { / prdAa}

is finite. As is well known, each space AP (H) is a closed subspace of L?(dA,,). Thus
AP (H) is a Banach space for 1 < p < oo and, in particular, A% (H) is a Hilbert
space. Also, when 0 < p < 1, the space AP (H) is a complete metric space under
the translation-invariant metric (f,g) — ||f — g||1;‘g.

Unlike the disk case, not all composition operators are bounded on the spaces
AP (H). For example, it is not hard to check that the spaces A2 (H) are not Mobius
invariant. Recently, Elliott and Wynn [9] characterized bounded composition oper-
ators on AP (H); see Theorem [Z4lbelow. Their work also shows that no composition
operator on AP (H) is compact; see [22] for a more general result in this direction.
Nevertheless, we will show that there are many and varied examples of distinct com-
position operators with compact difference, including examples when the individual
composition operators are not bounded.

In the next section we collect some basic material that will be needed subse-
quently. Then in §3 the idea of joint pullback measure is used to give a Carle-
son measure characterization of when the difference of composition operators is
bounded or compact on AL (H); see Theorem Alternate characterizations not
using Carleson measures are given in §4 for special classes of inducing maps for the
composition operators, in particular when they map to relatively compact subsets
of H; see Theorems [£.] and

Angular derivatives are used in §5 to investigate compactness of the difference
of composition operators. In the settings of classical bounded domains, such as
the disk ([I7]), the polydisk ([]), or the ball ([3]), it is known that a necessary
condition for compactness is that the inducing maps have exactly the same first-
order data. This means that their angular derivatives exist at the same points, and
at these points the angular limits of the functions and their derivatives match. In
the setting of H there is a new phenomenon due to the domain being unbounded.
We show that while matching first-order data is usually necessary (see Theorem
B4, in general it is not (see Example B)). Then, under the assumption that
the individual composition operators are bounded, we use angular derivatives to
characterize when the difference is compact; see Theorem

Some applications of our characterization of boundedness are collected in §6.
In particular, we show that in the context of bounded differences of composition
operators on AP (H), automorphisms of H exhibit a certain rigidity; see Theorem
6.2l Finally, Hilbert-Schmidt differences of composition operators on A2 (H) are
characterized in the last section by means of square-integrability with respect to
the Mobius invariant measure of a quantity that naturally appears in the charac-
terizations of bounded/compact differences in earlier sections; see Theorem
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Constants. Throughout the paper we use the same letter C' to denote various
positive constants which may vary at each occurrence but do not depend on the
essential parameters. Variables indicating the dependency of constants C will be
often specified in parentheses. For nonnegative quantities X and Y the notation
X <YorY 2 X means X < CY for some inessential constant C'. Similarly, we
write X =Y if both X <Y and Y < X hold.

2. PREREQUISITES

In this section we collect some basic facts and preliminary results to be used
throughout the paper.

2.1. Reproducing kernel. Given o > —1, subharmonicity yields a constant C' =
C(a) > 0 such that

C
|f(Z)|2§W||f||ii, z € H,

for f € A2(H). In particular, this shows that each point evaluation is a continuous
linear functional on A2 (H). Thus, to each z € H corresponds a unique reproducing

kernel K € A% (H). As is well known, the explicit formula of K (@) g given as

K = (1 )M (=)

w—7z

Note that

(a+2)/2
1

2.1 K@ o = /K (2) = [ — _

(2.1) K2 a2 (2) m 2

2.2. Compact operator. It seems better to clarify the notion of compact opera-
tors, since the spaces under consideration are not Banach spaces when 0 < p < 1.
Suppose X and Y are topological vector spaces whose topologies are induced by
complete metrics. A continuous linear operator T': X — Y is said to be compact if
the image of every bounded sequence in X has a subsequence that converges in Y.

We have the following convenient compactness criterion for a linear combination
of composition operators acting on the weighted Bergman spaces.

Lemma 2.1. Let « > —1 and 0 < p < oo. Let T be a linear combination of
composition operators and assume that T is bounded on AL (H). Then T is compact
on AL(H) if and only if Tf, — 0 in AL(H) for any bounded sequence {fn} in
AP (H) such that f, — 0 uniformly on compact subsets of H.

A proof can be found in [7, Proposition 3.11] for a single composition operator
over the unit disk, and it can be easily modified for a linear combination over the
half-plane.

2.3. Pseudo-hyperbolic distance. The pseudo-hyperbolic distance p(z,w) be-
tween z,w € H is given by

plz,w) =

z—w
z—w|
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Note that p is invariant under dilation and horizontal translation. Also, note that

B |z —w|? — |2z — w|?

1—p2(2,’w)— |Z—m‘2
2Re [z(W — w)]
T -wpP
~ 4(Im z)(Im w)
I
So, we have by (Z1)
(2.2) [1— p?(z,w)]@F2/2 = K G)

I a1
for any z,w € H and o > —1.

For z € Hand 0 < § < 1, let E5(z) denote the pseudohyperbolic disk centered
at z with radius §. A straightforward calculation show that Ejs(z) is the Euclidean
disk with

52 26
+ y and (radius):my

(2.3) (center) = = + 11 s

where £ = Re z and y = Im z. Thus it is easily seen that

1-9 Imz 149

1+0 < Imw < 1-96

whenever w € Es(z). Also, one may verify that

1-46 - |z — @ - 1446

1+ |w—a] 1-96

whenever w € FEs(z) and a € H; see [6l, Lemma 3.3]. In particular,
1-6 |z—w| 1496

1+0 2Im z 1—-9

(2.4)

(2.5)

(2.6)

whenever w € Fs(z).
Given 0 < § < 1 and o > —1, note that there is a constant C = C(a,0) > 0
such that

(2.7) C~HIm 2)*"? < A, [Es(2)] < C(Im 2)*2
for all z € H. This yields the submean value type inequality

C
2.8 P —— PdA H
(2.9 SO S g [, WP zeB

for 0 < p < 0o and functions f holomorphic on H; see [0, Lemma 3.6] or, for details
on the disk, [25] Proposition 4.13]. In particular, we have

¢ P
(2.9) If ()P < W‘lf”,qga z € H,
and
(2.10) lim_(Im 2)**2|f(2)[P =0
z—O0H

for functions f € AP(H). Here, H := H U {oc} and lim__ 5 9(2) = 0 means
that supg x [g9| — 0 as the compact set K C H expands to the whole of H, or
equivalently that g(z) — 0 as Imz — 07 and g(z) — 0 as |z| — oo.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DIFFERENCES OF COMPOSITION OPERATORS 3177

2.4. Carleson measure. Let @ > —1 and p be a locally finite positive Borel
measure on H. Here, the term locally finite means that u(K) < oo for any compact
set K CH. For 0 < é <1 and 0 < p < oo, we have

the embedding AL (H) CLP(du) is bounded

plEs(2)]
2.11 < SuUp ———
240 RN E)
and
the embedding AP (H) CLP(du) is compact
(2.12) s lim MEC)

oo AalBs(2)]

In fact these are proved in [B, Theorem 4.1] and [5, Theorem 5.3] for the unweighted
LP-harmonic Bergman space, 1 < p < oo, over the upper half-space; we have
however added the missing hypothesis, namely, the local finiteness. Working on
the holomorphic Bergman space, one can check that the restriction 1 < p < co can
be removed. One may also extend the proofs to the weighted cases. Alternatively,
one may modify the proofs in [25] Section 7.2] for the disk setting.

We say that u is an a-Carleson measure if (2.10)) holds. Also, we say that p is
a compact a-Carleson measure if ([212)) holds. Note that the notion of (compact)
a-Carleson measures is independent of the size of p or §. The connection between
composition operators and Carleson measures comes from the standard identity
(see [11 p. 163])

(2.13) /H(howdAa:/thmao«fl)

valid for holomorphic self-maps ¢ of H and Borel functions h > 0. Here, A, 0 ¢!
denotes the pullback measure defined by (A, 0 ¢~ 1) (E) = An[¢p~1(E)] for Borel
sets E C H. One can easily see from (ZI3) that Cy4 is bounded (compact, resp.)
on AP (H) if and only if A, 0 ¢~ ! is a (compact) a-Carleson measure.

2.5. Angular derivative. We first recall the well-known notion of angular deriva-
tives on D. A holomorphic self-map f of D is said to have a finite angular derivative
at n € 9D, denoted by f'(n) € C, if f has nontangential limit f(n) € 9D at n such

that
¢on o (=1
where Zlim stands for the nontangential limit. As is well known by the Julia-
Carathéodory Theorem (see [7l, Theorem 2.44]), f’(n) exists if and only if
1-|f(Q]

liminf ————>— < 0
¢on 1—|C?

In this case, the left-hand side of the above is equal to |f’'(n)|. In particular, we
have |f'(n)| > ;\I;Egg} > 0 by the Schwarz-Pick Lemma.

Before introducing angular derivatives in the half-plane setting, we need to clarify
the notion of nontangential limits at boundary points of H. Of course, those at a
finite boundary point refer to the standard notion. Meanwhile, those at oo € oH
refer to those associated with nontangential approach regions 2., v > 0, consisting
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of all z € C such that Im z > y|Re z|. For a function h : H — H and z € oH, we
write h(x) = L (possibly oo) if h has nontangential limit L, i.e., Zlim,_,, h(z) = L.
We now introduce the notion of angular derivatives on H via the Caley trans-

formation .
1+
= .—a € Da
MO =it
which conformally maps D onto H. Note that a region I' C D is contained in a non-
tangential approach region in D if and only if (T") is contained in a nontangential
approach region in H.

Given ¢ € S, let
(2.14) b =K togok.

We say that ¢ has a finite angular derivative at x € OH if ¢« has a finite angu-
lar derivative at  := k~!(z) € OD. In this case, note that ¢ is forced to have

nontangential limit ¢(z) € OH at z € OH and we have
P(z)—i _ p(z)—i

K —
o z2—1 r—1

Z+i  xti

Depending on whether x or ¢(z) is equal to oo, this can be simplified and rephrased
through straightforward calculations as follows:
(i) For z, ¢(x) € OH,

219 1 2 g ) [0
(ii) For € O0H and ¢(x) = oo,
- [y N U
(iii) For z = oo and ¢(c0) € OH,
(217) Z Jim 2[6(2) = ¢(00)] = =1, (1) [B(00) + 1]

Z—00

(iv) For = 00 = ¢(0),
z

2.18 Zlim —— = ¢.(1).
(2.18) lim o5 =)
In each case of (ZI0)-(2I8)) the limit in the left-hand side is naturally denoted by
¢'(z). Note that ¢'(z) # 0.

The following Julia-Carathéodory Theorem for the upper half-plane, taking care
of the case (iv), is proved in [, Prop. 2.2].
Proposition 2.2. For ¢ € S, the following statements are equivalent:

(a) ¢(00) =00 and ¢'(o0) exists;

mz
b .
(b) S0P frats) <>

(c) limsu mz < 00
Moreover, the quantities in (b) and (c) are both equal to ¢’ (o).
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While not needed in the current paper, we remark that one may deduce from
Proposition the Julia-Carathéodory Theorem for the remaining cases (i)-(iii).
For example, if ¢(o0) = 0, then apply Proposition to the function —ﬁ.

The following is another form of the half-plane version of the Julia-Carathéodory
Theorem.

Proposition 2.3. Let ¢ € S and z € OH. Then @' () exists if and only if

.12
lim sup o(z) +i

zZ—T z+1

Im 2z
T 6(2)

Proof. The proposition follows from the Julia-Carathéodory Theorem and the iden-
tity

> 0.

2

219) ITTEI el P ‘¢(z)+i2 Im 2
' L—¢u(QF | _|e@=i|* | z+i | Img(2)
B(2)+i
where ¢ = k71(2). O

Elliott and Wynn [9] showed that bounded composition operators are character-
ized by one of the conditions in Proposition

Theorem 2.4 (Elliott-Wynn). Let a > —1 and 0 < p < co. Let ¢ € S. Then Cy
is bounded on AL(H) if and only if p(00) = 0o and ¢'(c0) exists.

In fact the above theorem is stated in [9] only for p = 2, but remains true for all

p by the Carleson measure characterization mentioned in Section [2.4]

2.6. Test functions. For a € H, let 7, be the function on H defined by
1

z—a

(2.20) Ta(2) =

Powers of these functions will be the source of test functions in conjunction with
Lemma [ZTl The norms of such kernel-type functions can be computed by means
of the next lemma.

Lemma 2.5. Given a > —1 and s real, the equality

/%dAa(Z): (Tm ) Z:f §>0,
|z —are 00 if s<0

holds for a € H. Here, cqo s is a constant.

Proof. Fix o > —1 and a real number s. Given a € H, denoting by J, s(a) the
integral in question and making the change-of-variable w = Z=£ea

Ima ?
1 1
= A
Tor(@) = s [ o dAa(w)

o 2c, /°° dz /°° y* dy
_(Ima)s 0 (x2+1)(a+2+5)/2 0 (y+1)1+a+sv

which yields the asserted equality. ([l

we obtain
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As a consequence, we have 75 € AP (H) if and only if sp > « + 2. Also, when
sp > a+ 2, we have

» _(constant)
(221) HT;HAg - (Ima)sp,Q,a
and thus
S
(2.22) ﬁ — 0 uniformly on compact subsets of H
Tall AP
as a — OH.

3. CARLESON MEASURE CHARACTERIZATION

The notion of joint pullback measures has been introduced by Koo and Wang
[16] quite recently in their study of differences of composition operators over the
ball. Earlier, such a notion was implicitly considered by Saukko [19] in his study
of operator (essential) norm estimates for differences of composition operators over
the disk. Here, we introduce the half-plane analogue and use it to characterize
boundedness (compactness, resp.) of the difference of two composition operators
by the property of the joint pullback measure being a (compact) Carleson measure.

Before proceeding, we first set some notation to be used for the rest of the paper.
Given ¢,¢ € §, we put

0(2) = 04,5(2) := p(9(2),9(2))
for short. Use of this function o has become standard in the study of the difference

of two composition operators, going back to [I3] in the setting of the Hardy space
H? over D. Given o > —1 and 0 < p < oo, we define the joint pullback measure

Wa,p = Wa,pip,p DY
(3.1) Wap(E) = / oP dA, —I—/ oPdA,
¢~ (E) Y=1(E)

for Borel sets E C H. So, wq,p is actually the sum of two pullback measures
(0PdAy) o ¢~ and (0PdA,) o~ L. By a standard argument one can verify that

(32) [ 9= [ l9(6) + gw))or da,
H H
for any positive Borel function g on H. Given 0 < § < 1, we use the notation
Wa.p|Es(z
(33) [eplls = sup Ll Z5CL,

zeH Aa [E5(Z)] ’

recall that E5(a) denotes the pseudohyperbolic disk of radius § centered at a € H.
We need a couple of technical lemmas. In what follows, we use the notation

an :=Rea+iN(Ima)
fora € H and N > 0.

Lemma 3.1. Given s > 0 and 0 < § < 1, there are constants N = N(s,d) > 0
and C = C(s,8) > 0 such that

72 (2) — T (W) + |72, (2) — 72 (w)] = Cplz,w) [73(2)]
for all a,w € H and z € E;(a).
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Proof. Fix s > 0 and 0 < § < 1. Let a € H. By horizontal translation we may
assume a = iy, y > 0. Let z € Es(a).
Let w € H. Consider the case |w — a| > v/ Ny where N > 4 is a number to be
chosen later. In this case we have
w—a > |w—a| - |a—al > (VN - 2)y,

and thus by (2]

|z — @ < 4

lw—al = (1-6)(/N-2)

So, choosing N so large that

4 *
4 TEsl <3
we obtain
o st — sy (1 @I D1
r26e) = metw)l = 2ol (1= ) > o,

which implies the asserted inequality.
Now, consider the case |w — a| < v/ Ny. Note that

\ﬁN@>—z;0w!_!ﬁN@H‘l_(gijﬁg>s

175 (2)] |75 (2) w+iNy
|7ax (2)] w—=z \°
3.5 =lenvili (1 —-—" ).
(35 e )
For the first factor of the above, since
z+iNy <1 (N -1)y N -1 1+(5< N
z+ 1y |z + iy 2 1-6 1-¢’

where the second inequality holds by (2.4, we have

) _ (10’
73 (2)] N )
To estimate the second factor of (B, we first note from (28] that

|w — 2] <|w—a+|a—d|+|&—z|<%<m+2+ 4 >

|lw+iNy| — Ny 1-46
So, choosing N so large that

(6)  1-0-0> K mrdg%@@+m_iﬁ,

1-6
we have
21_ T I N P
s w+ 1Ny w+ 1Ny
|z — w0l
=plz,w)—————
o )|w+zNy\
> o ) Im z
zZ,w -
=P |w —a| + |a + iNy|
1 1-46
> p(z,w . b .
> oew) ey g W ED
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Accordingly, choosing N satisfying (3.4 and (3.0), we obtain
|Tay (2) = Tay (w)| > Cp(z,w)|73(2)]
for some positive constant C = C(«, d, N) = C(«, d). This completes the proof. O

Lemma 3.2. Leta > —1,0<p < oo and0 < § < < 1. Then there is a constant
C=C(a,p,0,8") >0 such that
zZ,w)

_ flw)lP (2, P
1)~ swr soe [ igraa,

for all z,w € H with w € Es/(z) and functions f holomorphic on Es(z).

Proof. Let z,w € H and assume w € Eg(z). Let f be an arbitrary holomorphic
function on Fs(z). Then we have

(3.7) [f(z2) = fw)| < ]z —w|{ sup |F(O].
CEEs(2)
In conjunction with this, we note (by the subharmonicity of |f|?) that there is a
constant C' = C'(«) > 0 such that
C
H@OP < gy [ UPdAe, a€ Es(e)
d**t2(a) Jg, (2

where d(a) denotes the distance from a to the boundary of Es(z). Using this and
the Cauchy estimates, one may check by (23] that

C
(38) swp (FOF < gy [ 1A,
CEEy (%) (Im z)* 247 Jp
for some constants C = C(«, d,4") > 0. Now, since
4(Im z
(3.9 2=l = p(z W)l — 1 < plz, w) N

by ([Z8]), we conclude the lemma by B71), 38) and 21). O

We are now ready to characterize the boundedness/compactness of the difference
of composition operators by means of the joint pullback measures. In the next
theorem we use notation as in (B1))-(B3]).

Theorem 3.3. Leta>—-1,0<p< o0 and0<§ < 1. For ¢,¢ € S the following
statements hold:
(a) Cp—Cy is bounded on AP (H) if and only if wa,p is an a-Carleson measure.

In this case, the operator norm of Cy — Cy is comparable to ||wa’p||(1;/p.

(b) Cy — Cy is compact on AP (H) if and only if wy,p is a compact a-Carleson
measure.

Proof. Put T := Cy — CY, for brevity. First, we consider the boundedness. To prove
the sufficiency, assume [jwa,p[ls < co. Let f € A} (H). Setting

D = Ds;y:={2€H:0(z) <§/2},

we have

/ TP dA, < / TP dA, + / (@) + [F()7) dAa
H D H\D
= 1(f) + 11(f).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DIFFERENCES OF COMPOSITION OPERATORS 3183

The second term of the above is easily handled. Namely, we have

1
(3.10) H(f) 5 55 llwallsllfl %

by the Carleson measure characterization. We now estimate the first term. We
have by Lemma and Fubini’s Theorem that

o) )P dA. (w B
s [ { B o, P A4 >}dAa<>

= —Up(z) z w)|P w
(311) ‘/H{/DW[EM A Eso(n] M )}f ()l dAefio).

Note from [27) and ([Z4]) that
AalB5(6(2))]  [Im ¢(2)]*F? = (Imw)**? = Aa[Es(w)]
for all z € ¢~ [Es(w)]. So, we see from (B.I1]) that

(3.12) I(f) < Wa p[Es(w)]

< [ M @) dAa(w)

and thus

I(f) S llwapllsl[11E,p-
So, we see from this and BI0) that T is bounded on A? with norm at most

||wa7p||(15/p times some constant depending only on «, p and 4.
For the necessity, assume that T is bounded on A2. Let s = (a + 3)/p and
N = N(s,0) > 0 be a number provided by Lemma[3Il Let w € H and put

wy = Rew + iN(Imw).
Note from Lemma 3] that
T75 ()| + |77 (2)] 2 0 (2)ma(0(2))], 2 € 67 [Bs(w)],
for all w. Also, note from (2.0) that
R 1
|7 (¢(2))] =

(Imw)*’
Accordingly, we obtain

J(w) : = /H ITrs ()P + T (2)P dAa(z)

z € ¢ [Es(w)].

2 | o ()r(9(2)) P dAa(2)
¢ Es(w)]
1 / »
R — oP(z) dA(z)
(Imw)**+3 J g1 (5, w))
for all w. The same argument works with ¢ in place of ¢, and hence we have

_ waglFs(w)
~ (Imw)ets

(3.13) J(w)

for all w. Since we have (221))

1 1
I7s ;

wN”ig ~ Imwy = N( ) ~ ||T1f1||Ag7
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we may use (Z7) to rephrase (B.13)) as

(3.14) 7750 NTTan s o waop[Es(w)]
sl Imay B ™ AalEs(w)]

for all w. Consequently, the boundedness of T" on AP, yields

s SITI7;

l|wa,p

the constant suppressed above depends only on a,p and 4. This completes the
proof of the boundedness part.

We now turn to the proof of the compactness part. First, assume that T is
compact on AP (H). Note from (a) that w,,, is locally finite. Also, note that
wy — OH as w — OH. So, we deduce from 222), BI4) and Lemma [ZT] that
Wa,p is a compact a-Carleson measure. Conversely, suppose that wq p, is a compact
a-Carleson measure, i.e., that wg p is locally finite and

i Yl Zs(w)]
(3.15) wlfgﬁ AolEs(w)]

Let {f,} be an arbitrary bounded sequence in A2 (H) such that f, — 0 uniformly
on compact subsets of H. Since the embedding AP (H) C LP(dw,,p) is compact, we
can pick a subsequence {f,;} that converges (necessarily to 0) in LP(dwq,p). So,

we obtain by (3.2))
[ Ut @ + 1, (0)? a0 = [ 1fo, P disay 0
H H

and thus I1(f,,) — 0. Also, since wy,j is locally finite, it is not hard to see that
I(fn,;) = 0 by BI2) and ([B.I5). Accordingly, we have T'f,, — 0 in AL (H). This
actually implies T'f,, — 0 in AP (H), as one may easily check. This completes the
proof. O

4. OTHER CHARACTERIZATIONS: TWO SPECIAL CASES

In this section we obtain alternate characterizations not involving Carleson mea-
sures, in the case of two special types of inducing maps. The first case concerns
inducing maps whose images are relatively compact.

Theorem 4.1. Let a > —1 and 0 < p < co. Let ¢, € S and assume that their
1mages are relatively compact in H. Then the following statements are equivalent:
(a) Cp — Cy 1is compact on AP (H);
(b) Cy — Cy is bounded on AF(H);
(c) ¢ —p € AL (H);
(d) o € LP(dA,).

One may use Theorem to prove Theorem Il Here, we provide a direct
proof.

Proof. Put T := Cy — Cy. Let K C H be a convex compact set containing ¢(H) U
¥(H). The implication (a) = (b) is clear. Also, the equivalence (¢) <= (d) is
clear, because the pseudohyperbolic distance is equivalent to the Euclidean distance
on a compact set. We now prove the implications (b) = (c) = (a).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DIFFERENCES OF COMPOSITION OPERATORS 3185

First, we assume (b) and prove (c). Pick s > (a + 2)/p and put

1
= T3 =———cAP(H
fN(z) TN’L( ) (Z+NZ)S € a( )
where N > 0 is a large number to be fixed in a moment. Note that ‘L:;\‘;l‘ -0

uniformly in z,w € K as N — oco. Thus, fixing N > 0 sufficiently large, we have

fn(w) s z+ Ni s| z—w
. ll_fN(Z) =2 w+Ni| 2|w+Ni
for all z,w € K. It follows that
_ In@W)| s b=
[l = 1w |1 - 2> S| 2| > ol -

on H for some constant C' = C(K, N, s) > 0. So, we conclude (c).
Next, we assume (c) and show (a). Note that

Tg| < (S;plg’> | —4¢| on H

for all g € AP (H). Thus, given a bounded sequence {f,} converging to 0 uniformly
on compact subsets of H, we have

P _ _ / —
Tl = [ o) = £ o 5 (sup152) [ 10 - 0P da

It follows that ||T'f,[|",» — 0, because {f,,} also converges to 0 uniformly on com-
pact sets. Thus T is compact on AP (H) by Lemma [2ZJ1 This completes the
proof. O

The second special case concerns the characterization of compactness when the
operator in question is already known to be bounded on a certain smaller space.
Such a characterization is motivated by the necessary conditions described in The-
orem 3 below. We need the following lemma.

Lemma 4.2. Given s > 0, there is a constant C = C(s) > 0 such that

‘1—(Z_Z_> ‘zcmz,w)
w—z

for z,w € H with ITm z < Imw.

Proof. Let s > 0. Note that

z—Z

:1—
e =|i- 222

for z,w € H. Also, note that there is g € (0, 1) such that
s
1-¢ > 31—
1-¢lz 2n-¢

for ¢ € C with |1 — | < dp. Thus the inequality in question holds for any z,w € H
with p(z,w) < do.
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Now, assume p(z,w) > & and Imz < Imw. Since (Im2)? < (Im z)(Imw), we

have
— S
z—7Z
w—7Z

— IS
zZ—Zz

w—7z

=1-[1- p2(27w)]s/2 by (22]).

Now, since 1 — /2 ~ 1 —t for 0 < ¢t < 1, we obtain

‘1—<Z_€>‘Zp%%w)>%MAw%

w—z

which completes the proof. ([l

Theorem 4.3. Let a > —1 and 0 < p < co. For ¢,y € S the following statements
hold:

(a) If Cyp — Cy is bounded on AE(H), then

(a+2)/p
Im 2 Im 2z
4.2 sup [ + } o(z) < oo.
“2) h [we) e )
(b) If Cyp — Cy is compact on AE(H), then
(a+2)/p
Im z Im z
4.3 lim + ] o(z) =0.
“3) Jin it + T *

Proof. Before proceeding, we first introduce some temporary notation. Pick a num-
ber s > (o + 2)/p and put
_ _Ta
fo = el
for a € H; recall that 7, denotes the function defined in (Z20). Put T := Cy — Cy
again for brevity.
To prove (a), it is sufficient to show that

Imz n Imz
mo(z)  Imy(z)
for all z € H and for some constant C' = C(p, @) > 0. To see this let z € H. Note
from (2]) that

IT oI5 2 / |fo(2) (@) = fom ()| dAq
Es(z)
> (Im2)**2 | fy0) (6(2)) = o) (V(2)]-

@) IThacoly + Tl = €| o*()

Meanwhile, we have

|foi) (8(2)) = foi) (0(2))| = | fore) (6(2)) ]

1
~ Tmoaeon |

1-

m@waw
fo) (6(2))

_(Md @gy
¥(z) - 9(2)
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the last estimate comes from [2.21]). It follows that
—\ S|P
(22 -30)
P(2) = ¢(2)

the same estimate holds when the roles of ¢ and 1 are exchanged. Now, assuming
Im ¢(z) < Im)(z) by symmetry, we obtain by ({3]) and Lemma that

)

Imz T‘“

fmo(2)

(45) Il 2 |

» Imz 1% »
(1.6 sl 2 s )

the constant suppressed above is independent of z. This yields ([@4]), because
Im¢(z) < Imp(z).

We now turn to the proof of (b). Assume 7' is compact on AP (H) but (£3) fails.
Then we can find a sequence {z;} such that

a+2
oP(z) > 0.

o . Im zp, Im 2z,
OH but f
% = W Im ¢(z) + Im¢(z)

By passing to a subsequence if necessary, we may assume
Im(zx) > Im o(zk)

for all £ and thus

inf

n { Im )rﬂ oP(z) > 0.

Im ¢ (2,

It follows from (6] and Lemma [ZT] that ¢(z;) 4 OH. So, by passing to another
subsequence if necessary, we may further assume {¢(z;)} converges to some point,
say b, in H. Assuming so, we have

(4.7) iréf(lm 2p) T 20P(21) > 0.
Note from (2I0) that
(4.8) (Tm 2 ) “F2|T fy (2,) [P — 0

as k — oo. Since infy(Imz;) > 0 from (@7, this implies T'f,(2z;) — 0, which in

turn implies
P(zk) — b

Moreover, this holds for any s > (a + 2)/p, because the choices of s and {z;} are
independent. Accordingly, we have 1 (z;) — b. It follows that

dlzr) = b (=) — p(zk) .

SERTEN R STEN R
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1
1T fo(21)| =

_((elz) =B\°
Il e (ze) — b* <1/J(Zk) —5)
(Imb)*=(*F2/P 1 (21) — p(z1)

~ o (Imb)s W(zk) = b
_ o) |Yen) —ela)
(Tm b) (272 | p(z4) — b

o(zk)

~ (Imb)(at2)/p
for all large k. This, together with ([4.8), is a contradiction to ([@1). The proof is
complete. (|

One may suspect that the necessary conditions in Theorem 3] would also be
sufficient. The next example shows that this is not the case.
Example 4.4. Let a > —1 and 0 < p < co. Let
1
(2 +14)(t2)/pllog(z + ed)]V/P’
Then (3] holds, but Cy — Cy is bounded/compact on A% (H) if and only if ¢ > p.

@(z) =2i and P(z) =2i+

Proof. Note that |1)(z)—2i| < 1 for all z € H, because |z+1i| > 1 and |log(z+ei)| >
log |z + ei| > 1. Thus ¢ is a holomorphic self-map of H whose image is relatively
compact. It follows that

Imz Imz at2 » N Imz at2 1
{Imqs(z) * M(z)] orz) (|z+z‘> Tog(z + e’

which easily yields (@3]). On the other hand, we see by Theorem .1l that Cy — Cy
is bounded/compact on A%(H) if and only if

1 q/p
A
/, <|z+z‘a+2|log<z+ez‘>> ddalz) < co,

which, in turn, is equivalent to g > p. O

The above example can be generalized a little bit by Theorem L1l Namely, for
any ¢ whose image is relatively compact, one may take ¢ of the form
P(z) == o(2) +

¢
(2 +14)(@t2)/Pllog(z + ei)]1/P

where ¢ > 0 is a sufficiently small constant. We also remark that there are inducing
maps fixing oo, in addition to having the properties stated in Example [£.4} see the
remark after Example [Z.9

When Cy — Cy is already known to be bounded on a smaller space, it turns out
that the necessary conditions in Theorem 3] are also sufficient on a certain larger
space. In connection with this remark, we note that A%(H) C A% (H) under the
parameter conditions given below; this can be verified via (2.9]) and the factorization

[F1P = LF1f P
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Theorem 4.5. Leta > > —1 and0<q<p<oowitho‘T'f2:¥, Let p,p € S

and assume that Cy — Cy is bounded on A§(H). Then the following statements
hold:

(a) Cp — Cy is bounded on AP (H) if and only if [@2) holds;

(b) Cy — Cy is compact on AP (H) if and only if [@3) holds.

Proof. Fix 6 € (0,1). Note |lwg 4lls < oo by assumption. By Theorem E.3 we only
need to prove the sufficiency. We provide details for the compactness part; the
boundedness part is simpler.

We now turn to the proof of the sufficiency. So, assume ([£3]). Using the notation
as in Theorem [33] it suffices to show that w, , is a compact a-Carleson measure.
Since Cy — Oy, is bounded on A%(H) and O‘sz = %, we see from (a) that Cy — Cly
is bounded on AP (H) and thus that w,,, is an a-Carleson measure by Theorem
So, it suffices to show that

. Wap[Es(2)]
4.9 lim ————+r5 =
( ) z—0H Aa [Eé (Z)]
Let € > 0. By (@3] there is a compact set K C H such that

(4.10)

Imw Imw
o(w) <e

(a+2)/p
Tm o(w) Inw(w)}

forwe H\ K. Put
V= U Es(w).

wed(K)

Since ¢(K) is compact, we see that V is a compact subset of H. Note that, for
z ¢V, we have Es(2) N¢(K) = () and thus ¢~ [Es(2)]N K = 0. Accordingly, [I0)
holds when w € ¢~ ![Es(2)] and z € V.

Assume z € H\ V. For w € ¢~ ![Es(2)], note that

oP (w)(Imw)® = ¢(w)(Imw)? - P~ (w)(Imw)* ="

and by ([I0) that

(Imw)®—#

)
~ e I(Im2)*"" by @0);

at2 _ B+2
p

the equality above comes from ral Consequently, we obtain by (2.06])

71 p w w L 0-(1 w w):
Aa[Eé(z)] w/qSl[E,s(z)] 7 ( )dAa( )S A,g[EtS(Z)} AI[EJ(Z)] ( )dAﬁ( )’

the constant suppressed here is independent of z € H\ V. The same argument also
works for ¢ instead of ¢. Consequently, we obtain

Wa,p[Es(2)]

Ay[Es(2)] S € wp glls, z€eH\V,
and thus conclude ([@9), as required. The proof is complete. -
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An immediate consequence of Theorem [£.3] (and Theorem [£.5) is the following.

Corollary 4.6. Let « > 8 > —1 and 0 < ¢ < p < oo with O‘sz = %. Let
o, € S. If Cy — Cy is bounded (compact, resp.) on A%(H), then it 1is bounded
(compact) on AP (H).

When Ié‘;(zz) and I;‘Z(Zz) are already bounded, it is elementary to see that con-
dition (£3) is independent of the parameters « and p. So, as another consequence,

we obtain the next corollary.

Corollary 4.7. Let « > —1 and 0 < p < co. Let ¢,9 € S and assume that Cy
and Cy are both bounded on AP (H). Then Cy — Cy is compact on AP (H) if and
only if
(4 11) I Im ~ n Im z (2) = 0
. im o(z) =0.
zof [Im@(z) — Tmy(z)

Of course, condition (&IT]) is not sufficient without the boundedness of Cyy and
Cy; see Example 4] (with o = 0 and p = 2). We now close the section with
another example with inducing maps whose images are not relatively compact in
H.

Example 4.8. For s > 2, let

1 1
=— d =_—
R TEE B TP o e
Then (II) holds, but Cy — Cy is not even bounded on AP (H) for p < ‘;‘Ig
Proof. Note that
Imz+1
I - nET e
m(2) 20z + |2
and
2Imz+2+Im(z+14)~° 2Imz+1
Im(z) = (1 2) = T
‘2(2’+l)+m’ ‘2(2+2)+m

Thus ¢ and v are holomorphic self-maps of H. Note that

O =r(-5-55) - = 1 .
T TE TV ) T R Iy im0

the first equality holds by the Mobius invariance of the pseudohyperbolic distance.
Thus (£I1) is easily verified, because s > 2.
(

Now, given @ > —1 and 0 < p < oo, put f := FEr/p ¢ AP (H). Since f is

3
one-to-one in a small closed disk D centered at the origin, the function

f)=f(w) if 2w,
Fz,w) =4, 77" .
f'(z) if z=w

is continuous and zero-free on D x D. Thus |F| has a positive minimum, say m, on
D x D. It follows that

(4.12) |f(z) = f(w)| > m|z — w], z,w € D.
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Note that ¢(z) — 0 and ¥(z) — 0 as |z| — oco. Thus, we see from [@I2]) that
1
[(Cs = Cy) f(2)] = mld(2) = ¥(2)]

PEREEE

for all z € H with |z| sufficiently large. Thus, for p < ‘;‘T*i, we conclude that

(Cyp—Cy)f ¢ A2 (H) by Lemma [Z5] and thus that Cyy — Cy, cannot be bounded on
AP (H). O

5. COMPACTNESS AND ANGULAR DERIVATIVES

In this section we investigate compactness by means of angular derivatives. We
first fix some notation and terminology. Given ¢ € S, we denote its angular deriv-
ative set by

F(¢):={x € OH : ¢/(z) exists}

and put
(5.1) D¢, z] == (p(x),¢'(z)) € H x Cy, € F(9),

where Cy = C\{0}; recall ¢'(z) # 0. Naturally, we refer to D[, x] as the first-order
data of ¢ at x.

In the settings of the classical bounded domains such as the disk, the ball and the
polydisk, it is known that a difference of composition operators cannot be compact
unless the inducing maps have exactly the same first-order data; such a necessary
condition was first observed in [I5, Theorem 5.2] on the disk and then extended to
the polydisk [3, Corollary 5.9] and to the ball [4, Corollary 3.7].

To our surprise, the coincidence of the first-order data is no longer necessary in
general on the half-plane, as the next example shows.

Example 5.1. Given a > 0 with a # 1, let ¢, % € S be given by
1
d(z):=z+1i— Z and  ¥(z) ::z—l—i—g.

Then Cy — Cy is compact on any AP (H), but ¢ and ¢ do not have the same
first-order data at O.

Proof. Note that ¢(0) = oo and ¢'(0) = —1. On the other hand, we have
(a) ¥(0)=iand 0 ¢ F(¢) if a = 0;
(b) ¥(0) =00 and ¢'(0) = —1/a if a > 0 (and a # 1).

Thus, in either case ¢ and ¥ do not have the same first-order data at O.

Note that Cy and Cy, are both bounded on any A? (H) by Theorem[2.4l Thus, to
prove the compactness of Cy — Cy, on any AP (H), we may assume p = 2 and o = 0
by Corollary 71 Now, by Theorem [3.3] it suffices to show that the embedding
A:H) C L*(dw) is compact where w := wg 2.4 is the joint pullback measure
induced by ¢ and 1. So, given a weak null-sequence {f,} in AZ(H), we need to
show f, — 0 in L?(dw) or, more explicitly by (B.2)),

(5.2) L= /H (fa( @) + [fa(8)[2)0? dA — 0.

In conjunction with this we note by the uniform boundedness principle and the
standard normal family argument that any weak null-sequence in A%(H) is norm-
bounded and converges to 0 uniformly on each compact subset of H. Put M :=

sup,, ”anAg(H) < 0.
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We now prove ([B.2) for the case a > 0; the case a = 0 is a bit simpler. Given
R>1>€e>0, put
U :={zeH:|z|<e}, Vg:={z€eH:|z| >R}

and decompose the defining integral of I,, into the sum of three pieces:

. ‘/VR L o O + 150 a2

Iy +1Ip0+ 1 3.

First, we have I,, 3 — 0, because ¢ and ¢ map H\ (U.UVg) onto relatively compact
sets in H. Next, to estimate the first integral, note that |¢ — | > Im ¢ + Ime) > 2
and thus

1{l1-a c
<z < — eV
U(Z) =9 ‘ 2 = \/E’ z R,
where ¢ = @ > 0. It follows that
AM?
I, < ([|ICs]I2 + ||Cp|?)  for all n
where || - || denotes the operator norm on A3(H). Finally, for the second integral,

setting ¢ (w) = ¢(—%) = aw— % +1, we have by an elementary change of variables

Ls< /U (fal@)2 + | fa()[?) dA

= / (Ifn(d(w))|* + [ fu (1 (w))[?) &(Z’)
e |w]

< EM(|Coll* + | Cp|I?) - for all - s

note that Cy, is also bounded on A2(H) by Theorem 241
Combining the observations in the preceding paragraph, we obtain

1
limsup/ | fnl? dw < CM? <e4 + —)
n—oco JH R

for some constant C' = C(¢,) > 0. Since this holds for arbitrary 0 < e < 1 and
R > 1, we conclude (5.2)), as required. O

In view of Example b1l we now proceed to the investigation of a subclass of S
for which the coincidence of first-order data is necessary for compact difference.

Note that one of the inducing maps in Example 5.1l maps a finite boundary point
to oo and has a finite angular derivative at that boundary point. Such a property
will turn out to be the main cause responsible for the pathology demonstrated in
Example (5.1} see Theorem [(.4] below.

We first introduce some notation needed for a couple of technical lemmas. Given
e >0 and z € 0H, let R, C H be the ray emanating from x with slope ¢, i.e.,

Ry, ={zcH:Imz=eRe(z—2)}.

For x = oo, we put
Reoo :={z€H:Imz=—cRez}.
1

Note that Rco is mapped onto R and, vice versa, by the automorphism —-.
Clearly, each R, is a nontangential curve having z as one of the end points.
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Lemma 5.2. Let ¢, € S. Then
(5.3) lim lim #(2) = d(2) _ {1 if Dlp,x] = D[y, ],

=0t ERE, #(2) — ¥(2) 0 otherwise
for x € F(¢) N F(¢).

Proof. Let x € F(¢) N F(¢). Clearly, the z-limit in (53) is 0 when ¢(z) # ().
So, assume ¢(x) = 1p(x) for the rest of the proof.

First, assume z # oo # ¢(z). Since x € F(¢), we have by ([2.19) and (215)

(5.4) Z lim

and the same holds with % in place of ¢. Note that
$(z) —(z) _ Imz  ¢(z) —¢(2)

oz)—(z)  moz) 23
o Imz z—2 ¢(2) —U(2)  Im(z)
T Img(z) z-2z2  z—=x +Im¢(z)'
Also, for any € > 0, note that

z—x l1+e
— = . for z€ Ry
z2—7Z 2€t

and

1 P2V iy gt

We see from these and (4] that the z-limit in (53) is equal to
{1+d.du»—wux+me}l
2ei 9" ()] 9" ()]
Now, taking the limit ¢ — 07, we conclude (E.3]).
Next, assume x # oo = ¢(z). In this case we consider the functions ¢;(z) =

—1/¢(z) and ¢ (z) := —1/9(z). Clearly, ¢1(z) = 11(x) = 0. Moreover, it is easily
verified that z € F(¢1) N F(v¥1) with ¢} (x) = —¢'(z) and | (x) = —¢'(z). Also,

since () (—a)(z) ¢ (2)
e T G T V)

we note that

i 1B —1@) _ L 6(:) —9() ¥(z)

2ehe, 01(2) = ¥i(z)  LERI, 0(2) —¥(2) ¢(2)

I L 9= 00)
)

~—

V'(x) &R, o(z

for any € > 0. So, applying the preceding case to ¢; and 11, we obtain (5.3]).
Finally, when z = co, one may apply the previous cases to the functions ¢o(z) :=
#(—1/z) and ¥9(z) := ¥(—1/z). The proof is complete. O

In the next lemma the restriction ¢(x) # oo cannot be removed. For example,
consider ¢(z) = —1, (z) =i and x = 0.

z?
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Lemma 5.3. Let ¢,v € S. Then

forx € F(¢)\ F(¢) with ¢(z) # 0.

Proof. By a straightforward calculation we have

L [6a(QF  _ 9(x) =i ¢(z) — o(=)

1= 6:(Ove(Q)  o(2) =i ¢(2) —¥(2)

where ¢ = k~1(2). Thus, since [1)(z) +i| > 1, we have

5(2) = 9] e 1P
#(2) — ¥(z) L=[CP 1= (O
Now, for z € F(¢)\ F(¢) with ¢(z) # oo, note by the Julia-Carathéodory Theorem

that the right-hand side of the above tends to |¢(z) + 4| - |¢L.(Z)| - 0 = 0 where
T = k~1(x) as z — x nontangentially. This completes the proof. O

< lo(z) + il

Put
Spi={¢peS:¢(x)# o0 forall ze F(¢)noH}.

We are now ready to prove that compactness implies the coincidence of first-order
data when the inducing maps are confined to the above subclass of S.

Theorem 5.4. Let ¢,¢ € S and assume that Cy—Cy is compact on some AP (H).
Then the following statements hold:

(a) F(¢) =F(y) = F;
(b) ¢ and iy have the same first-order data at every point of F.

Proof. In the proof below we continue using the notation introduced in the proof
of Theorem

To prove (a) it is sufficient to show F(¢) C F(¢) by symmetry. Let z € F(¢).
Since ¢ € S¢, we have either ¢(x) # 0o or & = 0o = ¢(00). In the latter case Cy
is bounded on AE(H) by Theorem 24 and so is Cy. Thus oo € F(¢) again by
Theorem 241 So, assume ¢(x) # co. Since ¢ has nontangential limit ¢(z) € OH,
we have ¢(z) - OH as z — « along any R, ,. So, given ¢ > 0, we have by (222)

(|7 fo(z)| 4y = 0
PR

1- (7(1)(2) — @) S
e, Lmo(2) P(2) — o(2)

2€ERe »
and thus by (5]
Meanwhile, since ¢(z) # oo, note from ([ZI9) that

(5.5)

s 102/
[ mz } _o.

. Imz =+
/1 = = = >0
2 Tmo(e)  [o,@)0@) +iE
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It follows from (B3] (because s > (a + 2)/p is arbitrary) that
(5.6) lim ¢(2) —9() _ 1

2&nl, Y(z) — 0(2)
Thus, we conclude that € F (i) by Lemma [53] as required.

Note that (b) is a consequence of (a), (5:6) and Lemma The proof is com-
plete. |

Now, under the additional assumption of boundedness, we characterize compact
differences of composition operators with inducing maps in S¢ by means of angular
derivative sets.

Theorem 5.5. Let o > —1 and 0 < p < oo. Let ¢, € S¢ and assume that Cy
and Cy, are bounded on AF,(H). Then the following statements are equivalent:

(a) Cp — Cy is compact on AP (H);

(b) F(6) = F(¢) = F and

) Im z Im z
(5.7) lim Tne(z) T Ime(z)

o(z)=0

forallxz € F.

Proof. The implication (a) = (b) is immediate from Corollary 7] and Theorem

oy}
Conversely, assume (b). Let y ¢ F. Note y # oo by Theorem [Z4] because Cy
and Cy are bounded on A? (H). Also, note from Proposition that

$(2) +i|°
zZ+1

Im z 1 . Im z
limsup ———

0=l Ino(2) = g+ on® me(2)

z—Yy

so that
Imz

Sy Ime(z)

the same is true with ¢ in place of ¢. It follows that
i [ Im 2 Im 2
lim

z—y | Im ¢(2) + Imw(z)] o(z) =0

for each y # F. This, together with (57)), implies (£I1]). So, we conclude (a) by
Corollary 4.1 a

6. SOME CONSEQUENCES

In this section we notice some consequences of our results on boundedness. We
begin with a lemma.

Lemma 6.1. Let ¢, € S, x € OH and v : [0,1] — H be a continuous curve such
that Tm~(t) > 0 if t € [0,1) and y(1) = x. Assume that

(6.1) limsupo(y(t)) <1 and }m% Im¢(vy(t)) = 0.
t—1 —+

Then ¢(v(t)) — ¥ (v(t)) = 0 ast — 1.
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Proof. By the first assumption in (6.I]) there is some 0 < g < 1 such that

sup o(y(t)) <1,
to<t<1

and thus we obtain by (Z.0])

wp 12000) —eOO)]
to<t<1 Im ¢(~(t)) ~

Now, by this and the second assumption in ([GII) we conclude that
lim [6(+(1)) — $(+(1)] =0,
completing the proof. O

Recall that Aut(H), the set of all Mobius transformations from H onto H, con-
sists of functions ¢ of the form
az+b

(6.2) ¢(z) = — d

where a, b, ¢, d are real and ad — bc > 0. Clearly, automorphisms fixing co must be
linear polynomials and thus induce bounded composition operators. On the other
hand, other automorphisms turn out to behave quite rigidly in the sense of the next
theorem.

Theorem 6.2. Let ¢ € Aut(H) with ¢(00) # 0o and p € S. If Cp— Cy, is bounded
on some AP (H), then ¢ = .

Proof. Let ¢ be a function as in ([62). Note ¢ # 0, because ¢(c0) # oo. Note that
Im¢(z) = (ad — bc)|chmT§|2' So, assuming that Cyy — Cy is bounded on AP (H), we
have by Theorem [A3|(a)

2(at2)/p

d o(z) < oo.

Z+ =
c

sup
z€H

In particular, for any = > 0 sufficiently large, we have

sup o(z) < 1.
Rez=x
Note that lim, o+ Im ¢(z + iy) = 0 for any = # —<. It follows from Lemma [B1]
that ¢ — ¢ has vanishing boundary values (=“radial” limit) on a set of positive
measure. Thus we conclude ¥ = ¢ on H. This completes the proof. (I

The rigidity phenomenon as in Theorem does not extend to univalent sym-
bols, as the next proposition shows.

Proposition 6.3. There exist distinct univalent ¢, € S such that Cy and Cy, are
both bounded on AP(H), and Cy — Cy is compact on AE(H) for any o > —1 and
0 <p<oo.

Proof. Recall that D denotes the unit disk of the complex plane. Let Q@ C D be
a simply connected domain with smooth boundary such that 9Q N 9D = {1} and
makes order S-contact with D, where 1 < 8 < 2. Let n be a Riemann map from
D onto @ with (radial limit) n(1) = 1. It follows from 1 <  that n has a (positive)
finite angular derivative at 1; see [21) p. 72].
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Now, choose ¢ € S so that ¢,, = n where ¢,; is as in ([Z.14). Then ¢ is a univalent
mapping of H onto x(Q) =: Q C H, with the properties:

(i) ¢(00) = oo and ¢ has a finite angular derivative at oo;
(i) lim Imw = oo;

w—r 00
weEN

(iii) inf,yeqImw > 0.
Indeed, property (i) is immediate from the relationship of ¢ to n; see Section
To see (ii), let A be a disk contained in D with 9A intersecting D at 1. Since @
makes order § < 2 contact with 9D, there is a small neighborhood U of 1 such that
UN@ C A. Mapping by « to H, we see that there is a neighborhood V' := k(U) of
oo such that VN Q C k(A). By varying A, we can get k(A) to be any half-plane
{Imw > t}, 0 < t < oo, and this establishes (ii). Lastly, (iii) follows from (ii) and
the property 0Q N oD = {1}.

Now define 9(2) := ¢(z) + i, so that ¢ also satisfies (i). Thus Cy and Cy are
both bounded on any A? (H) by Theorem 24l To see that Cy — Cy is compact on
AP (H), by Corollary 7 it suffices to show that (@IT]) holds. From (iii) we see that

lim Im 2z Imz
Im z—0+ | Im ¢(Z) IHlU)(Z)

Hence [@I1)) holds as z — 0H, since o(z) < 1. Next, as z — oo in H, ¢(z) — oo
and by (ii) Im ¢(z) — oo. Hence

=0.

, - Jo(z) = (i+6(x) _ . 1
Jim o(2) = Jim, 6(z) — ()| Jim, 1+2Ima(z) 0
Also, from (i) and Proposition 22(b), we have
Im=z Imz
f?ﬁ {Ilrub(z) * Imw(z)] <o

and hence

Imz Imz

zli>nc>lo {Im ?(2) * Im?/)(z)] o(2) =0.

This completes the proof that (@II]) holds as z — 8ﬁ, and thus the proof that
Cy — Cy is compact on A% (H). O

In general we observe the following.

Proposition 6.4. Let ¢,9 € S and assume that Cy — Cy is bounded on some
AP (H). Assume ¢(00) # co. Then there is a sequence {z,} C H such that z, — oo
nontangentially and ¢(z,) — ¥(z,) — 0 as n — oo.

Proof. Since ¢(00) # oo, there is a sequence {z,} C H such that z, — oo nontan-
gentially and {¢(z,)} stays bounded. So, passing to a subsequence if needed, we
may assume ¢(z,) — a for some a € H. Note that Im z,, — oo, because z,, — 00

nontangentially. It follows that % — 00. So, we have

(6.3) o(zn) =0

by Theorem [3(a). This clearly implies ¢(z,) — a if a € H. On the other hand,
if a € OH, then Im ¢(z,) — Ima = 0. So, we conclude that ¥ (z,) — a by Lemma
0. 1] ([l
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We remark that ¢(oo) # oo is essential in the above proposition. For example,
consider the bounded difference C, — Cs,.

7. HILBERT-SCHMIDT DIFFERENCES

In this section we characterize Hilbert-Schmidt differences of composition op-
erators on A2 (H) by means of square-integrability (with respect to the Mobius-
invariant measure) of the quantity

a(z),

Im 2 n Im z
Im¢(z) ~ Imip(z)
which has already appeared in the previous sections.

Recall that a bounded linear operator T on a separable Hilbert space X with an
orthonormal basis {eg} is called Hilbert-Schmidt if the norm

:| (a+2)/2

1/2

1Tl s = > I Tesll?
B

is finite. As is well known, the value (possibly co) of the sum on the right-hand side
of the above does not depend on the choice of orthonormal basis. It is well known
that every Hilbert-Schmidt operator is compact; see [24, Section 6.2] for details.

Throughout the section the parameters a > —1 and p = 2 are fixed. So, we
simplify notation by writing

Kz = Kga) and HKZ”@ = ||KZ||Ai
‘We have

(7.1) 1Co = CullZrsiaz) = /H 1Koe) = Kooyl dAa(2)

for ¢,1 € S; this is proved in [2, Proposition 3.1] (in fact for general linear combi-
nations) over the disk, and the proof remains precisely the same over the half-plane.
Motivated by (1), we will establish the optimal norm estimate

152 — Kulla
1K Nlo 4 [ Koo
for z,w € H. Based on the identity (2.2]), this estimate was first observed over
the disk in [2] and then extended to the polydisk in [3]. One may modify the
earlier proofs to fit to the setting of the half-plane. Details are included below

for the reader’s convenience. We need Lemma [(.3] below, whose disk and polydisk
analogues were the key tools in [2] and [3]. We need a couple of preliminary lemmas.

~ p(z,w)

Lemma 7.1. Given s > 0, the inequality
1 1 1 1 s
o Plzw) .
1—p(z,w) \Imz Imw

2w
Proof. Fix s > 0 and let z,w € H. Note that
L1 )/1 dt
= ws T o [tz + (1 —t)w]st’

holds for z,w € H.
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Also, note that ﬁ < Inllz + In}w for any £ on the line segment connecting z and
w. Thus we have

11 1 1\
<slz—w|| — 4+ ——
Imz Imw

B 1 1 s+1
=sp(z,w)|z —W| | — + ——

25 wS*
Imz Imw

s+1

p(z,w) 1 1 *
<45 PB4 _ .
- Sl—p(z,w)( mz) (Imz + Imw '

the last inequality comes from (Z.0). By symmetry we obtain

11 1 1\
— - — §4sp(27’w)min(hnz,1mw) — — ,
25 ws 1—p(z,w) Imz Imw
which implies the asserted inequality. (I

Lemma 7.2. Given s real and 0 < ¢ < 1, there is a constant C = C(s,d) > 0 such

that .
() o cem

w—a
for a,z,w € H with p(z,w) < 4.

Proof. By symmetry we may assume s > 0. Note that |£*—1|/|£ — 1| stays bounded
as £ — 1. Thus we have

M = sup{

1) 1-35 144
§—1"1+5<§|<1—5’

where R~ denotes the set of all negative real numbers. Now, given a,z,w € H
with p(z,w) < d, we have by (23

f— S —
(z—a) —1’§M’Z_w‘<Mp(z,w)|z_w|.

§¢R‘}<oo

w—a w—a| Imw
So, we conclude the lemma by (2.]). O

As a consequence of Lemma we see that

(7.2) Re K;:ZH >0

for a,z,w € H with p(z,w) < § when § = §(s) is sufficiently small. Using this and
Lemma [Z.I] we now prove the next lemma.

Lemma 7.3. Given s > 0, there is a constant C = C(s) > 0 such that

1 Re i ® <C P2 (z,w)
|z — wl|s z—w) ~  (Imz)5/2(Imw)s/2

for z,w € H.

Proof. Fix s > 0 and let z,w € H. Since |z — @W| > Im z 4+ Imw, the inequality
in question is elementary when p(z,w) stays away from 0. So, we only need to

consider the case when p(z,w) is small. Fix a sufficiently small § = d(s) > 0 for
which (2)) holds.
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Im ( ! )
z—wW
Meanwhile, setting £ = z — w, we have

o () =10 - ()

Note from (2] that
1 . S
(7.3) —Re (%) <|z—w)
Z—W

|z —w]*

2

Y N
& (=9
< p(ga _E) . 1

S lop6 -9 (mz+Imw)

the last inequality comes from Lemma [Tl Since

= <
it follows that
(7.4) Im (— < pzw)
z—w) |~ (Imz+ Imw)?

Combining (73)) and ([4]), we obtain by (2.0])
|z — |

1 i\’ °
. _Re [ ——) <p? S el
|z — w|® ¢ (z—@) Sz w) [(Imz—f—Imw)Q]

PG
(Im 2z + Imw)*’

which implies the asserted inequality. The proof is complete. |

Having Lemmal[7.3] one may now proceed as in [3, Section 4] to prove Proposition
[C4] and Theorem below.

Proposition 7.4. Given a > —1, the estimate
2
K- — Kw”i ~ ([ Kzlla = [ Kwlla)™ + PQ(va)HKZHaHKwHa
holds for z,w € H.

Proof. Fix ao > —1. Note from (22]) that

[ K (w)]

(7.5) 1— o2
[ flo [ Kwlla

L [1- (2, )]+ x p2(z,w)

for z,w € H. Also, note from the reproducing property that
15 — Koulla = KL% — 2Re [ (w)] + [ Kol
2
= (”KZHa - ||Kw||a)
+ 2([[ Kz lall Kuwlla — K= (w)]) + 2(|Kx(w)| — Re [K.(w)]).

So, the proposition holds by (73] and Lemma [7.3 (with s = « 4+ 2). The proof is
complete. ([l
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Theorem 7.5. Given a > —1, the estimate
1K = Kulla ~ plz,0) (1K-lla + 1Ko lo)
holds for z,w € H.
Proof. Fix o > —1. For z,w € H put
A= p(z0) (K5 + 1 Kwl2)

Ar: = (1Ko = [1Kwlla)®,

Az 0= (2, 0) | Ko Ko la-
We will establish the estimates
(7.6) AS A+ A4 S A,

which are equivalent to the asserted estimate by Proposition [Z.4l
If1/2 < | K, ||lo/[| Kwlla < 2, then clearly we have A ~ Ay. Otherwise, we have

3
o+ K wlla < ) max{ || K [la; [ Kwlla} < 3“|KZ||04 - ||Kw||oc|

and hence A < 94;. So, we obtain the lower estimate in (Z6). For the upper
estimate in ([C6) we first note the elementary inequality 245 < A. We also note
that A; < 4A for p(z,w) > 1/2. So, in order to complete the upper estimate, we
assume p(z,w) < 1/2 and proceed to show that A; < A. Since the kernel norm
is invariant under horizontal translation and p(z,w) > p(ilm z,Imw), we may
further assume that Rez = Rew = 0 so that z = ilm z and w = ilm w.

Assuming so, we now have by (21 and Lemma [[] that

) 1 1 a+2
2 |||Kz||a - HKWHQ‘ = ’(Imz)S - (Imw)s (S T2 )
Tl we

< 16sp(z, w) . + Ly
splzy,w) | — +—— ] .
= 108PL%, Imz Imw
This, together with (21I), implies A; < A, as required. The proof is complete. [
Now, as a consequence of (2]), (CI) and Theorem [T5] we obtain the following
characterization of Hilbert-Schmidt differences.

Theorem 7.6. Let o > —1 and ¢,¢ € S. Then Cy — Cy is Hilbert-Schmidt on
A2(H) if and only if

Im 2 Imz ]2
/H {Irmb(Z) T Imo(e) 0%(2) dA(2) < o0

where d\(z) := (Im2)~2 dA(2) denotes the Mébius-invariant measure.

When the images of ¢ and v are contained in a closed horizontal strip, we
see from Theorem that Cy — Cy, is Hilbert-Schmidt on A% (H) if and only if
o € L*(dA,). So, it follows from Theorem E] that bounded differences are already
Hilbert-Schmidt if the inducing maps have relatively compact images.

Corollary 7.7. Let a > —1. Let ¢, € S and assume that their images are
relatively compact in H. Then Cy,— Cy is bounded on A%(H) if and only if C,—Cy
is Hilbert-Schmidt on A2(H).
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One may suspect whether Corollary [[.7] can be extended to inducing maps whose
images are contained in a closed strip in H. We provide a couple of examples
showing that this is not the case. First, we give an example which distinguishes
the property of being Hilbert-Schmidt from compactness.

Example 7.8. For 0 < p < oo and s > 0, let

™

9(2) = 2mitlog(z +ei) and 9(2) = 9() + o

Then the following statements hold for oo > —1:
(a) ¢(H) and t(H) are contained in a closed horizontal strip in H;
(b) Cy — Cy is compact/bounded on A (H) if and only if s > (a + 2)/p;
(c) o € LP(dA,) if and only if s > (a+2)/p. In particular, for p =2, Cyp — Cy
is Hilbert-Schmidt on A2 (H) if and only if s > (a + 2)/2.

Proof. Clearly, we have 27 < Im ¢ < 37 and |¢ — 1| < . So, (a) holds. Also, since
| — 9| = 1, we have o =~ |¢p — 9| and thus

1
)z + eilps log |z + ei

(7.7) aP(z)

for z € H. It follows from this and Theorem [T.6] that (c¢) holds.

Finally, we prove (b). Let w be the joint pullback measure induced by ¢ and .
Clearly, w is locally finite. For a fixed 0 < § < 1, we need to estimate w[Es(z)]. We
take 0 = 1/2 for convenience. Also, put E(z) := Ej/5(2) for short. Given z € H,
we put 2 := Rez and y := Im z. Note from (Z3]) that

(7.8) £eE(z) —

5y . 4
—i—& < Zy.
x+31 5‘ Y

It follows that ¢~1(E(z)) = 0 unless 2m/3 < y < 9. So, assume 27/3 < y < 9.
To estimate o (w) for w € ¢~(E(z)), we have by (Z.8)

4
|z —log |w + ei|| = |z — Rep(w)| < 3V <127

so that |w + ei| ~ e® for all large x. Accordingly, we have by (1)

1
Plop) Ao —— ~1
(7.9) oP(w) ~ pverrt w e ¢ (E(2))
for all large x.
We now estimate A, [¢~1(FE(2))] for x large. As noted above, for 27/3 <y < 97

and w € ¢~ 1(F(2)), |lw| ~ e® when z is large. It follows that

sup  Aa[o7H(B(2))] S el* 7

27 /3<y<9m

For the lower estimate, we introduce some temporary notation. For z = x4y € H,
let S(z) be the open square with center x+5i/2, side length 1/5, and sides parallel

to the real or imaginary axis. Since |¢'(w)|? = |w + ei| 72 ~ e 2%,

L~ A(S(2)) = /¢1(S( : ¢ (w)PdA(w) ~ e** A6 (S(2))].
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Also, for w € ¢~(S(2)), |arg(w + ei) — /2| < 1/10 and hence Imw =~ |w| ~ e*.
It follows that

Aald™H(S(2))] m eBH,
Since S(z) C E(x + 5mi/2), these observations, together with (7.9), yield
elat2—ps)z

(7.10) sup / o(w)? dAqy(w) ~
¢~ (E(2)) x

2T <y<9r

as & — 00.
For a similar estimate for v, first note that v»~!(E(z)) = ) unless /3 < y < 127,
because |¢ — | < 7. Also, since |¢p(z) — 9(z)] — 0 as z — oo,

¢~ (E1y3(2)) C 7 H(B(2)) € 67 (Baya(2))

when |z| is large. In conjunction with these containments we note that to each
0 € (0,1) corresponds an estimate similar to (TI0) with E5(z) in place of E(z);
recall that 6 = 1/2 was taken just for convenience. We thus obtain

e(a+2—ps)w
(7.11) sup / o(w)? dAy(w) ® —— as z — oo.
Fy<127 Joyp—1(E(2)) €z
It follows from ((CI0) and (ZIT]) that
e(oz+27ps)z
(7.12) sup w[E(z)]~ —— as zx — 0.
z<y<iom x

Note that A,[E(z)] = 1 for 7/3 < y < 127. Also, note that Re¢ > 1. Conse-
quently, we conclude from (I2)) that w is a (compact) a-Carleson measure on H
if and only if ps > a + 2. So, (b) holds by Theorem B3 O

Next, easily modifying the proof of Example [[.8] one may prove the following
example, which distinguishes compactness from boundedness.

Example 7.9. For s > 0, let

o(z) =2mi+log(z +ei) and P(z) = d(z) +

_T
(z+ei)s
Then the following statements hold for & > —1 and 0 < p < oc:

(a) ¢(H) and 1 (H) are contained in a closed horizontal strip in H;

(b) Cy — Cy is bounded on A? (H) if and only if s > (a + 2)/p;

(c) Cp — Cy is compact on AP (H) if and only if s > (a+ 2)/p;

(d) o € LP(dA,) if and only if s > (a+2)/p. In particular, for p =2, Cy — Cy
is Hilbert-Schmidt on A% (H) if and only if s > (a + 2)/2.

We remark that the inducing maps with s = (o + 2)/p in Example [[.8 which
fix oo, have all the properties stated in Example [£.41
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