
MATH 413 – ADDITIONAL TOPICS IN GROUP THEORY

ALLAN YASHINSKI

1. Order in Abelian Groups

1.1. Order of a product in an abelian group. The first issue we shall address
is the order of a product of two elements of finite order. Suppose G is a group
and a, b ∈ G have orders m = |a| and n = |b|. What can be said about |ab|? Let’s
consider some abelian examples first. The following lemma will be used throughout.

Lemma 1.1. Let G be an abelian group and a, b ∈ G. Then for any n ∈ Z,

(ab)n = anbn.

Exercise 1.A. Prove Lemma 1.1. (Hint: Prove it for n = 0 first. Then handle
the case where n > 0 using induction. Lastly prove the case where n < 0 by using
inverses to reduce to the case where n > 0.)

Example 1. Let G = Z3 × Z4, a = (1, 0), and b = (0, 1). Then m = |a| = 3 and
n = |b| = 4. Notice that |a+ b| = |(1, 1)| = 12.

Example 2. Let G = Z2 × Z4, a = (1, 0), and b = (0, 1). Then m = |a| = 2 and
n = |b| = 4. Notice that |a+ b| = |(1, 1)| = 4.

Example 3. Let G = Z6 × Z4, a = (1, 0), and b = (0, 1). Then m = |a| = 6 and
n = |b| = 4. Notice that |a+ b| = |(1, 1)| = 12.

Here is the general fact uniting these examples.

Exercise 1.B. Let G = Zm×Zn and let a = (1, 0), b = (0, 1), so that m = |a| and
n = |b|. Prove that |a+ b| = lcm(m,n), the least common multiple1 of m and n.

One may start to conjecture that if |a| = m and |b| = n, then |ab| = lcm(m,n).
However, this need not be the case, as the following examples show.

Example 4. Suppose G is any group and a ∈ G has order m. Then a−1 has order
m also, and the product aa−1 = e has order 1, which is not equal to lcm(m,m) = m.

Example 5. In Z12, consider a = 2 and b = 4. Then |a| = 6 and |b| = 3, and
lcm(6, 3) = 6. However a+ b = 6 has order 2 6= 6.

Now we’ll prove a result that is consistent with all of the above.

Proposition 1.2. Let G be an abelian group and let a, b ∈ G. Let m = |a|, n = |b|,
and r = |ab|. Then r | lcm(m,n).

1That is, lcm(m,n) is the smallest positive integer t such that m | t and n | t. It is a fact that

lcm(m,n) =
mn

gcd(m,n)
.

1
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Proof. Let t = lcm(m,n). Since m | t and n | t, we have t = mk and t = n` for
integers k, `. Using Lemma 1.1,

(ab)t = atbt = amkbn` = (am)k(bn)` = ekb` = e.

From Theorem 7.9 of the text, this implies r | t, as desired. �

This narrows down the possibilities for the order of a product ab in an abelian
group. The answer will depend on more than just the numbers m = |a| and n = |b|.
It will also depend on where a and b sit in the group in relation to each other2. We
would like to identify situations where the order of ab is maximal, that is, equal to
the least common multiple of |a| and |b|.

Theorem 1.3. Let a, b be elements of an abelian group G and let m = |a| and
n = |b|. If 〈a〉 ∩ 〈b〉 = {e}, then |ab| = lcm(m,n).

Proof. Let r = |ab| and t = lcm(m,n). From Proposition 1.2, we have r | t, so
r ≤ t. By definition of order, we have e = (ab)r = arbr, using Lemma 1.1. It
follows that ar = b−r ∈ 〈b〉. Thus ar ∈ 〈a〉 ∩ 〈b〉 = {e}, and so ar = e. Hence the
order of a, which is m, must divide r. We also have

br = (b−r)−1 = (ar)−1 = e−1 = e.

So n | r as well. Hence r is a positive common multiple of m and n. By definition
of least common multiple,

t = lcm(m,n) ≤ r.
We’ve shown r ≤ t and t ≤ r, so we’ve shown r = t. �

Compare the result of Theorem 1.3 with Example 4 and Example 5. In those
examples, 〈a〉 ∩ 〈b〉 6= {e}.

Corollary 1.4. Let a, b be elements of an abelian group G and let m = |a| and
n = |b|. If m and n are relatively prime, then |ab| = mn.

Exercise 1.C. Use Theorem 1.3 to prove Corollary 1.4. (Hint: 〈a〉 ∩ 〈b〉 is a
subgroup of both 〈a〉 and 〈b〉. Apply Lagrange’s theorem to determine the order of
〈a〉 ∩ 〈b〉.)

1.2. Order of a product in nonabelian groups. For nonabelian groups, basi-
cally nothing can be said about how to relate |ab| to |a| and |b|.

Example 6. Let G = S3, and consider a = (12) and b = (23). Then |a| = |b| = 2.
However ab = (12)(23) = (123) is an element of order 3. Notice 3 has seemingly
nothing to do with lcm(2, 2) = 2.

Exercise 1.D. Consider the elements

a =

(
0 −1
1 0

)
, b =

(
0 1
−1 −1

)
of the nonabelian group GL(2,Z). Show that |a| = 4, |b| = 3, and yet ab has infinite
order.

2A vague statement indeed. For example, if there is overlap between the cyclic subgroups 〈a〉
and 〈b〉, as in some of the above examples, the order of ab turns out to be less than lcm(|a|, |b|).
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These examples stand in stark contrast to our above results for abelian groups.
It gets much worse. Here is a somewhat difficult theorem, which we shall neither
use nor prove3.

Theorem 1.5. For any integers m,n, r > 1, there exists a finite group G and
elements a, b ∈ G such that |a| = m, |b| = n, and |ab| = r.

This theorem says that there is no relationship between |a|, |b|, and |ab| in general
nonabelian groups. Thus we should appreciate the results we have above for abelian
groups.

1.3. Maximal order in finite abelian groups. We return to studying abelian
groups. Let G be a finite abelian group. Since every element of G has finite order,
it makes sense to discuss the largest order M of an element of G. Notice that M
divides |G| by Lagrange’s theorem, so M ≤ |G|. We also have M = |G| if and only
if G is cyclic. Thus for non-cyclic abelian groups, M < |G|. We shall prove the
following theorem.

Theorem 1.6. Let G be a finite abelian group, and let M be the largest order of
an element of G. Then for any a ∈ G, the order of a divides M . In particular,
aM = e for all a ∈ G.

Since M ≤ |G|, this strengthens the results on orders of elements obtained from
Lagrange’s theorem. Let’s consider some examples before proving the theorem.

Example 7. If G is cyclic, then G contains an element of order |G| by definition of
cyclic. So M = |G|. In this case, the results of Theorem 1.6 coincide with Corollary
8.6 from the text.

Example 8. Consider the abelian group G = Z4 × Z6. Notice that |G| = 24.
The element (1, 1) has order 12, and this is the maximal order of an element of
G because G is not cyclic. So M = 12 < 24 = |G|. Theorem 1.6 says that the
order of every element of G divides 12, hence is 1, 2, 3, 4, 6, or 12. Further every
(k, `) ∈ Z4 × Z6 satisfies 12(k, `) = (0, 0).

Example 9. The last example can be generalized to Zm × Zn. We claim that the
maximal order M = lcm(m,n). Let t = lcm(m,n). Since m | t and n | t, we have
t = mr and t = ns for some r, s ∈ Z. Notice that for any (k, `) ∈ Zm × Zn,

t(k, `) = (tk, t`) = (mrk, ns`) = (0, 0) in Zm × Zn.
By definition of order, we have |(k, `)| ≤ t. Since (k, `) ∈ Zm × Zn was arbitrary
and M is the order of some element of Zm×Zn, we see M ≤ t. On the other hand,
the element (1, 1) has order t by Exercise 1.B, which shows M ≥ t. Thus M = t =
lcm(m,n). In particular, we see Zm × Zn is cyclic if and only if lcm(m,n) = mn,
which happens if and only if gcd(m,n) = 1.

Example 10. One can consider products of cyclic groups with more factors. For
example, the maximal order of an element of Z2 × Z2 × Z2 × Z2 is M = 2. The
maximal order of an element of Z2 × Z3 × Z6 × Z8 is M = 24.

As we shall see later, every finite abelian group is a product of cyclic groups. So
these types of examples are the only examples to consider. Theorem 1.6 really is
an abelian theorem. It fails badly for nonabelian groups.

3A proof can be found of page 28 of http://www.jmilne.org/math/CourseNotes/GT.pdf

http://www.jmilne.org/math/CourseNotes/GT.pdf
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Example 11. The nonabelian group G = S3 contains elements of order 1, 2, and
3. The largest order is 3, but 2 - 3, and certainly a3 does not hold for all a ∈ S3.

We will prove Theorem 1.6 using the following lemmas. The first one is a result
in number theory about least common multiples.

Lemma 1.7. Given positive m,n ∈ Z, there exists relatively prime positive integers
r, s such that r | m, s | n and rs = lcm(m,n).

Proof. Let d = gcd(m,n). From Exercise 1.2.16 of the text, we have gcd(m/d, n/d) =
1. Using the fact that lcm(m,n) = mn/ gcd(m,n), we have

lcm(m,n) =
mn

d
= d

(m
d

)(n
d

)
.

We’ve written lcm(m,n) as a product of d with two relatively prime integers which
are divisors of m and n respectively. The idea now is to distribute the prime factors
of the extra d into either m/d or n/d in a way that preserves the condition of the
two factors being relatively prime. This requires a little care. Write the prime
factorization of d as

d = pa11 . . . pakk q
b1
1 . . . qb`` ,

so that the following hold.

(1) Each prime in the list p1, . . . , pk, q1, . . . , q` is distinct.
(2) Each exponent ai, bj is positive.
(3) For each i, pi - (n/d).
(4) For each j, qj | (n/d).

We are dividing the prime factors of d up into two groups, depending on if they are
divisors of the integer n/d. Notice that since gcd(m/d, n/d) = 1, we must have

(5) For each j, qj - (m/d).

Otherwise, qj is a common divisor of m/d and n/d, which is contradictory. Let

r = pa11 . . . pakk ·
(m
d

)
and s = qb11 . . . qb`` ·

(n
d

)
.

Since

rqb11 . . . qb`` = m and spa11 . . . pakk = n,

we have r | m and s | n. Further, from (1), (3), (5), and the fact that gcd(m/d, n/d) =
1, it follows that gcd(r, s) = 1. Lastly, we have

lcm(m,n) = d
(m
d

)(n
d

)
=
(
pa11 . . . pakk ·

m

d

)(
qb11 . . . qb`` ·

n

d

)
= rs,

as required. �

Lemma 1.8. Let a, b be elements of an abelian group G such that |a| = m and
|b| = n. Then there exists an element c ∈ G such that |c| = lcm(m,n).

Based on the examples we’ve seen, we know that the element c will not just
simply be ab.

Proof. Suppose |a| = m and |b| = n. By Lemma 1.7, there exists relatively prime
integers r, s such that r | m, s | n, and rs = lcm(m,n). Let k, ` ∈ Z be such that
m = rk and n = s`. By Theorem 7.9, the element ak has order r and the element
b` has order s. Let c = akb`. Then since gcd(r, s) = 1, Corollary 1.4 implies that
the order of c is rs = lcm(m,n). �
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Now we shall give the proof of Theorem 1.6.

Proof of Theorem 1.6. Let M denote the maximal order of an element of G. Sup-
pose b ∈ G satisfies |b| = M . Let a ∈ G be arbitrary, and let m = |a|. By Lemma
1.8, there exists an element of G with order lcm(m,M). But M is the maximal order
of any element of G, so lcm(m,M) ≤M . On the other hand, M | lcm(m,M), which
implies M ≤ lcm(m,M). Thus M = lcm(m,M). By definition, m | lcm(m,M), so
m |M . So M = mk for some k ∈ Z. It follows that

aM = amk = (am)k = ek = e.

�

By combining this result with a little field theory, we obtain the following striking
result.

Theorem 1.9. Let F be a field and let G be a finite subgroup of the multiplicative
group of units F ∗. Then G is cyclic.

Proof. Let G be a finite subgroup of F ∗. Then G is a finite abelian group. Let M
be the largest order of an element of G. We know that M ≤ |G|, but our goal is
to show that M = |G|. By Theorem 1.6, every element a ∈ G satisfies aM = 1.
In other words, the degree M polynomial xM − 1 ∈ F [x] has at least |G| distinct
roots. The number of distinct roots of a polynomial cannot exceed the degree, so
we must have |G| ≤ M . We conclude that M = |G|, which means that G has an
element of order |G|. In other words, G is cyclic. �

Corollary 1.10. Let F be a finite field. Then the multiplicative group of units F ∗

is cyclic. In particular, if p is prime, then Up is a cyclic group.

Notice that Up is a group of order p − 1, which is a composite number. So we
had no reason to expect Up to be cyclic based on its order alone. This means that
the multiplicative group Up is isomorphic to the additive group Zp−1. Notice that
the proof was non-constructive in that it didn’t indicate what the isomorphism is.
Thus it is not apparent what a generator of Up should be.

Example 12. Since 7 is prime, U7
∼= Z6, the cyclic group of order 6. Since Z6

has exactly two generators ±1, then U7 = {1, 2, 3, 4, 5, 6} has two generators. They
turn out to be 3 and 5:

31 = 3, 32 = 2, 33 = 6, 34 = 4, 35 = 5, 36 = 1,

51 = 5, 52 = 4, 53 = 6, 54 = 2, 55 = 3, 56 = 1,

Exercise 1.E. (a) Find a generator for U17 and find one for U31.
(b) Use the isomorphism Up ∼= Zp−1 to determine how many distinct generators

are in U17. Do the same for U31. [Don’t actually try to find them all. How
many generators does the cyclic group Zp−1 have in each case?]

Exercise 1.F. Given a composite number n, the group Un may or may not be
cyclic. Show that U15 is not cyclic, but U14 is.

Example 13. Corollary 1.10 is not very interesting for the fields Q or R because the
only finite subgroups of Q∗ or R∗ are {1} and {1,−1}, both of which are obviously
cyclic.
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Corollary 1.10 is more interesting to consider for the field C, because the group
C∗ has many finite subgroups, as we shall see below.

Definition 1.11. Let F be a field and let n be a positive integer. An n-th root of
unity in F is an element a ∈ F such that an = 1F .

Exercise 1.G. Let F be a field and let n be a positive integer. Let µn denote the
set of all n-th roots of unity in F . Prove that µn is a cyclic subgroup of F ∗ whose
order is at most n.

Let’s consider n-th roots of unity in C∗. Recall Euler’s formula

eib = cos b+ i sin b, ∀b ∈ R.
Consider ξ = e2πi/n. Notice that

ξn = (e2πi/n)n = e2πi = 1.

So ξ is an n-th root of unity. Notice that if k is an integer such that 0 ≤ k < n,
then ξk = e2πik/n is another n-th root of unity. From Euler’s formula, we see that
the n elements

1 = ξ0, ξ1, ξ2, ξ3, . . . , ξn−1

are all distinct. So the group of n-th roots of unity in C is

µn = {ξk | 0 ≤ k < n} = 〈ξ〉,
the cyclic subgroup generated by ξ. An generator of µn is called a primitive n-th
root of unity. There may be several primitive roots of unity, depending on n. If p
is prime, then all p-th roots of unity except for 1 are primitive.

Exercise 1.H. Consider the case n = 3. Use Euler’s formula to explicitly describe
the 3 distinct 3-rd roots of unity in C in the form a+ bi. Which ones are primitive?
Plot all of the 3-rd roots of unity in the complex plane and observe where they are
in relation to each other. Repeat this exercise for n = 4, 6, and 8.

Exercise 1.I. Let n be a positive integer, and let ξ be a primitive n-th root of
unity. Let a > 0 be a real number and let n

√
a ∈ R be its positive n-th root. Prove

that for each integer k such that 0 ≤ k < n, the complex number ξk n
√
a is an n-th

root of a. Conclude that every positive real number a has n distinct complex n-th
roots. Use this to factor the polynomial xn − a into irreducibles in C[x].

Exercise 1.J. Let n be a positive integer and let z ∈ C be nonzero. Use the
Fundamental Theorem of Algebra to prove that z has an n-th root α ∈ C. That is,
prove there exists α ∈ C such that αn = z. Use α and the n-th roots of unity to
construct more n-th roots of z. Conclude that every nonzero complex number has
exactly n distinct n-th roots.

1.4. Additional Exercises.

Exercise 1.K. Let G be a group. Let N be a normal subgroup of G and let K be
an arbitrary subgroup of G. Let

NK = {nk | n ∈ N, k ∈ K}.
(a) Prove that NK is a subgroup of G.
(b) Prove that N is a normal subgroup of NK.
(c) Prove that N ∩K is a normal subgroup of K.
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(d) Prove the Second Isomorphism Theorem, which asserts that

(NK)/N ∼= K/(N ∩K).

[Hint: Use the First Isomorphism Theorem. Define a homomorphism by

f : K → (NK)/N, f(k) = Nk.

Prove f is surjective and show that ker f = N ∩K.]
(e) Conclude that [NK : N ] = [K : N ∩K], provided these indices are finite.
(f) Consider the example where G = Z, N = 〈m〉, and K = 〈n〉 for positive integers

m,n. Since the operation is addition, we shall write N + K instead of NK.
Prove that N +K = 〈gcd(m,n)〉 and N ∩K = 〈lcm(m,n)〉.

(g) Use the previous two parts to prove the identity

lcm(m,n) =
mn

gcd(m,n)
,

which was used above. [Hint: Show that if a | b then 〈b〉 ⊆ 〈a〉 and [〈a〉 : 〈b〉] =
b
a .]

Exercise 1.L. Let F be a field and a ∈ F ∗. Let m = |a|, the order of a in the
multiplicative group F ∗. Show that a is an n-th root of unity in F if and only if
m | n. Further prove that a is a primitive n-th root of unity if and only if m = n.

Exercise 1.M. The number 101 is prime, hence Z101 is a field. Do the following
parts without doing any explicit calculations in Z101.

(a) Use the isomorphism (U101, ·) ∼= (Z100,+) to prove that the field Z101 contains
50 distinct 50-th roots of unity.

(b) Suppose a generator a ∈ U101 is given. Describe how one can use a to factor
the polynomial x50 − 1 ∈ Z101[x] into 50 linear factors.

(c) Use Lagrange’s Theorem to explain why Z101 has no nontrivial 3-rd, 7-th, or
11-th roots of unity. (Trivially, 1 is always an n-th root of unity for any n.)

(d) Factor x3−1 into irreducibles in Z101[x]. Use this to justify why F = Z101[x]/(x2+
x+ 1) is a field.

(e) To what familiar group is the multiplicative group of nonzero elements F ∗

isomorphic to?
(f) Prove that F contains 17 distinct 17-roots of unity. [Hint: Consider the next

exercise.]

Exercise 1.N. Let p be a positive prime and suppose n | (p− 1). Prove that the
field Zp contains n distinct n-th roots of unity. [Hint: use Corollary 1.10.]

Exercise 1.O. Let p be an odd positive prime.

(a) Prove that the field Zp contains a square root of −1 if and only if p ≡ 1 (mod 4).
[Hint: prove a2 = −1 if and only if a is a primitive 4-th root of unity.]

(b) Conclude that Zp[x]/(x2 + 1) is a field if and only if p ≡ 3 (mod 4).

Exercise 1.P. Let C∗ denote the multiplicative group of nonzero complex numbers
and let R>0 denote the multiplicative group of positive real numbers. As usual, R
denotes the additive group of real numbers. Prove that

f : R>0 × R→ C∗, f(r, θ) = reiθ

is a surjective homomorphism. Use the First Isomorphism Theorem to prove

R>0 × (R/〈2π〉) ∼= C∗.
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Notice that R>0 is the set of all lengths and R/〈2π〉 is the set of all angles. The
isomorphism allows us to identify a nonzero complex number as (r, θ), where r is
a length and θ is an angle. This is just the usual polar coordinates. The fact that
this is an group isomorphism tells us how to multiply two complex numbers which
are presented in polar coordinate form. Indeed, it says

(r1, θ1)(r2, θ2) = (r1r2, θ1 + θ2).

In other words, you multiply the lengths and add the angles. This gives a clear
geometric description of how multiplication of complex numbers works. You should
meditate on this if it’s new to you.

Exercise 1.Q. Consider a nonzero complex number z = reiθ in polar form. Show
that n

√
reiθ/n is an n-th root of z.

Exercise 1.R. As in the previous exercise, find an explicit square root of i, and
express it in the form a + bi. Use Exercise 1.J to describe both square roots of i.
Factor the polynomial x2 − i into irreducibles in C[x].

Exercise 1.S. Repeat the previous exercise for n = 3, 4, 6. That is, find all 3-rd,
4-th, and 6-th roots of i.

Exercise 1.T. Recall that if G is an abelian group, then the set T of all elements
in G with finite order is a subgroup, called the torsion subgroup. In this exercise,
let’s consider the torsion subgroup T of C∗. Let µn denote the set of all n-th roots
of unity in C. Prove that

T =

∞⋃
n=1

µn.

Thus C∗ provides an example of an abelian group whose torsion subgroup is infinite.

Exercise 1.U. Follow the steps below to prove that every integral domain R can
be embedded into a field. That is, prove that there exists a field F and an injective
ring homomorphism i : R→ F such that i(1R) = 1F . The field F is called the field
of fractions of R. [The example to keep in mind here is when R = Z, then F = Q
and i : Z→ Q is the obvious inclusion map. For this special case, what we will do
below is actually define the rational numbers Q and prove that Q is indeed a field.
This is something we just assumed without proof in Math 412. The construction
below will be carried out for an arbitrary integral domain R.]

(a) Let S be the set R× (R \ {0R}). Define a relation ∼ on the set S by

(a, b) ∼ (c, d) if and only if ad = bc.

Prove that ∼ is an equivalence relation on S. [Hint: The hardest part is
transitivity, and it is here where you need to use the fact that R is an integral
domain. You can’t assume any of the elements have multiplicative inverses.
Use the equations ad = bc and cf = de to prove d(af − be) = 0R.]

(b) Define F to be the set of equivalence classes of S modulo ∼. We’ll denote the
equivalence class of an element (a, b) ∈ S by [(a, b)] ∈ F . Define addition and
multiplication operations on F by

[(a, b)] + [(c, d)] = [(ad+ bc, bd)] and [(a, b)] · [(c, d)] = [(ac, bd)].

Prove that these operations are well-defined, meaning they don’t depend on
the particular representatives of the equivalence classes above.
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(c) Prove that F is a commutative ring with additive identity 0F = [(0R, 1R)] and
multiplicative identity 1F = [(1R, 1R)].

(d) Given any element [(a, b)] ∈ F such that [(a, b)] 6= 0F , prove that [(b, a)] is the
multiplicative inverse of [(a, b)]. Hence F is a field. [Think about exactly what
[(a, b)] = 0F means here, and how it gets used. Remember we are working with
equivalence classes.]

(e) Define the function i : R → F by i(a) = [(a, 1R)]. Prove that i is a ring
homomorphism which additionally satisfies i(1R) = 1F .

(f) Now, we stop the charade and introduce the following notation: an element
[(a, b)] ∈ F will now be denoted a

b . Explain why

a

b
=
c

d
if and only if ad = bc,

a

b
+
c

d
=
ad+ bc

bd
,

a

b
· c
d

=
ac

bd
.

Interpret everything else stated above in terms of this new notation.
(g) If K is a field, then the polynomial ring R = K[x] is an integral domain, so

we can apply this construction. The field of fractions of K[x] is called the field
of rational functions, and is usually denoted K(x). An element of K(x) might
look like

4x5 − 2x2 + 11x+ 5

x2 + 1
∈ K(x).

Elements of K(x) aren’t actually functions, just like elements of K[x] aren’t
functions. The addition and multiplication of elements of K(x) works just
like it did in high school. Cancelling common factors in the numerator and
denominator works too. This has to do with how the equivalence relation ∼
was defined.

Exercise 1.V. Let R be an integral domain and let U(R) denote its multiplicative
group of units. Use the result of the previous exercise to prove that every finite
subgroup of U(R) is cyclic.

2. The Classification of Finite Abelian Groups

2.1. Statement of the Classification Theorem. Here we shall prove a major
theorem which classifies all finite abelian groups.

Theorem 2.1. Every finite abelian group is isomorphic to a product of cyclic
groups. That is, if G is a finite abelian group, then

G ∼= Zm1
× Zm2

× . . .× Zmr

for some positive integers m1,m2, . . . ,mr.

This is a powerful theorem that allows us to describe, up to isomorphism, all
possible groups of a given order n. The possibilities will depend on the prime
factorization of n.

Example 14. Up to isomorphism, he only abelian groups of order 8 are Z8, Z2×Z4,
and Z2 × Z2 × Z2. None of these three groups are isomorphic.

Example 15. The only abelian groups of order 6 are isomorphic to Z6 or Z2×Z3.
However, Z2×Z3 is actually cyclic (notice (1, 1) is a generator), hence is isomorphic
to Z6. We conclude that every abelian group of order 6 is isomorphic to Z6.
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This example indicates that we should be a little careful when we try to make
uniqueness statements. One can easily enumerate all the ways that a group of order
n can arise as a product of cyclic groups by considering factorizations of n. But it
may be the case that two such products of cyclic groups are actually isomorphic.
We shall address this later.

Exercise 2.A. (a) Let p and q be distinct positive primes. Use Theorem 2.1 to
prove that every abelian group of order pq is cyclic.

(b) Let p be a positive prime. Prove that there are two non-isomorphic abelian
groups of order p2, and use Theorem 2.1 to prove that any abelian group of
order p2 is isomorphic to one of the two.

2.2. Products of groups. It will be important for us to recognize when a group
G is isomorphic to the product H × K of two of its subgroups. We will apply
these ideas in an abelian setting, but let’s consider a general, possibly nonabelian,
situation. Notice that a product group H ×K contains two subgroups

H = {(h, eK) | h ∈ H} and K = {(eH , k) | k ∈ K},
for which H ∼= H and K ∼= K. By a slight abuse of notation, one typically thinks
of H and K as subgroups of H ×K in this way. Notice that by the definition of
the group operation on H ×K,

(h, eK)(eH , k) = (h, k) = (eH , k)(h, eK).

This shows that even though H and K, and therefore H ×K, may be nonabelian
groups, every element of H commutes with every element of K. This commutativity
must be present if we wish to prove an isomorphism G ∼= H ×K.

Suppose H and K are subgroups of a group G. Recall that HK is the set

HK = {hk | h ∈ H, k ∈ K}.
The set HK is a subset of G. When G is abelian, HK is always a group. When G
is nonabelian, HK is sometimes a group, and sometimes it is not, depending on the
choice of H and K. The following is our main tool in recognizing when G ∼= H×K.

Proposition 2.2. Let H and K be subgroups of a group G which satisfy the fol-
lowing conditions.

(i) HK = G.
(ii) H ∩K = {e}.

(iii) hk = kh for all h ∈ H, k ∈ K.

Then G ∼= H ×K.

Proof. Define the function

f : H ×K → G, f(h, k) = hk.

Then f is a homomorphism because

f ((h, k)(h′, k′)) = f(hh′, kk′) = hh′kk′ = hkh′k′ = f(h, k)f(h′, k′),

where we used condition (iii). By definition of f , we have im f = HK = G using
condition (i). Thus f is surjective. To prove injectivity4, we shall prove that

4Recall that an arbitrary homomorphism f : G → H is injective if and only if ker f = {eG}.
We always have {eG} ⊆ ker f , so an injectivity proof will typically show ker f ⊆ {eG}. In other

words, we assume g ∈ ker f and prove g = eG.
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ker f = {(e, e)}. Suppose (h, k) ∈ ker f , so that f(h, k) = e. By definition of f , we
have hk = e. This implies h = k−1 and k = h−1. Now h ∈ H and k ∈ K, but
the fact that H and K are subgroups implies k = h−1 ∈ H and h = k−1 ∈ K. So
h ∈ H ∩K and k ∈ H ∩K. But by (ii), H ∩K = {e} and so h = k = e. Thus
the arbitrary element from the kernel (h, k) = (e, e) is the identity element H ×K.
This proves f is injective. We’ve shown f is a group isomorphism. �

Exercise 2.B. Consider the group U15. Consider the cyclic subgroups H = 〈2〉
and K = 〈11〉. Show that H and K satisfy the conditions of Proposition 2.2, and
conclude

U15
∼= H ×K ∼= Z4 × Z2.

Exercise 2.C. Consider the dihedral group D3 of symmetries of an equilateral
triangle. Let H be the subgroup of rotational symmetries and let K be the cyclic
subgroup generated by a single reflection. Show that HK = D3 and H ∩K = {e},
and yet G � H × K because H × K is abelian5 Notice that condition (iii) of
Proposition 2.2 fails in this example.

2.3. Products and Quotients. Suppose G is a group with a normal subgroup N .
An important use of quotient groups is to try to study the group G by studying its
normal subgroup N and the quotient G/N . The latter two groups are “smaller”
than G, and therefore are in principal easier to understand than G. One then
hopes to draw conclusions about G from facts about the groups N and G/N . The
way in which this is done is not as simple as one could hope for. Properties of G
may depend on more than just the isomorphism classes of the subgroup N and the
quotient G/N .

Example 16. Consider the following three examples of a group G with a normal
subgroup N . Show that in each case, N ∼= Z4 and G/N ∼= Z2, and yet none of the
given groups G are isomorphic.

(i) Let G = Z4 × Z2 and N = Z4 × {0}.
(ii) Let G = Z8 and N = 〈2〉.
(iii) Let G = D4 and N be the subgroup of rotational symmetries.

Observe that in example (i), we have G ∼= N × (G/N). For the other two exam-
ples, G � N × (G/N). Our strategy for proving the Theorem 2.1 is to decompose
G as a product G ∼= N × (G/N) for some cyclic normal subgroup N , and then
deduce that G/N is also cyclic by induction. As example (ii) above shows, even
in the case where G is abelian and N is a subgroup, it is not always the case that
G ∼= N × (G/N). We will need an extra condition to guarantee this.

Proposition 2.3. Let G be an abelian group with normal subgroup N , and let π :
G → G/N be the quotient homomorphism. Suppose there exists a homomorphism
λ : G/N → G such that π ◦ λ = ιG/N . Then G ∼= N × (G/N).

Proof. The condition that π ◦ λ = ιG/N implies that λ is an injection. Hence
K = imλ is a subgroup of G that is isomorphic to G/N . We’ll prove G ∼= N ×K
using Proposition 2.2. Notice that since G is a abelian, condition (iii) is trivially

5The dihedral group D3 fails to be a product, but it is something close to a product, called

a semidirect product H oK, see Exercise 3.R. More generally, Dn is a semidirect product of the
subgroup H of rotations by the cyclic subgroup generated by a single reflection. See also Exercise

3.S.
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satisfied. Let’s show N ∩K = {e}. Let a ∈ N ∩K be arbitrary. Since a ∈ N , we
have

π(a) = Na = Ne.

On the other hand, a ∈ K = imλ, which implies a = λ(Nb) for some coset
Nb ∈ G/N . So

π(a) = (π ◦ λ)(Nb) = Nb.

Thus Ne = π(a) = Nb. So

a = λ(Nb) = λ(Ne) = e,

because the homomorphism λ must map the identity to the identity. This shows
N ∩K = {e}.

Now let’s show that G = NK. First notice that NK ⊆ G because N and K are
subsets of G, and G is closed under multiplication. Now suppose a ∈ G is arbitrary
and let k = λ(π(a)) ∈ K. Then trivially, a = (ak−1)k. We claim that ak−1 ∈ N ,
which proves a ∈ NK and thus G = NK. To see this, note that N = kerπ, so it
suffices to show ak−1 ∈ kerπ. We see

π(ak−1) = π(a)π(k)−1 = π(a)π(λ(π(a)))−1 = π(a)π(a)−1 = e,

where in the middle we used π ◦ λ = ιG/N . So by Proposition 2.2 we conclude

G ∼= N ×K ∼= N × (G/N).

�

Exercise 2.D. Consider first two examples in Example 16. For each of them,
describe the quotient homomorphism π : G → G/N . Show that there exists a
homomorphism λ : G/N → G such that π ◦ λ = ιG/N for example (i), but no such
λ exists for example (ii). (Do this directly; don’t appeal to Proposition 2.3.)

2.4. Proof of the Classificiation Theorem. We are now ready to prove Theo-
rem 2.1.

Proof of Theorem 2.1. The proof is by (complete) induction on n = |G|. In the
n = 1 case, G = {e} is the trivial group, which is cyclic.

Now assume the result holds for all finite abelian groups whose order is strictly
less than n, and let G be an arbitrary finite abelian group of order n. Let a ∈ G
be an element of maximal order M , as in Theorem 1.6. Let N = 〈a〉 ∼= ZM be the
cyclic subgroup generated by a, which is normal in G because G is abelian. Since
|G/N | = |G|/M < |G|, then G/N is isomorpic to a product of cyclic groups by the
induction hypothesis, say

G/N ∼= Zm1 × Zm2 × . . .× Zmr .

So it suffices to prove G ∼= N × (G/N), and we shall do this using Proposition
2.3. To do this, we must build a homomorphism λ : G/N → G that satisfies
π ◦ λ = ιG/N , where π : G→ G/N is the quotient homomorphism. For each i such
that 1 ≤ i ≤ r, let

bi ∈ G/N ∼= Zm1
× Zm2

× . . .× Zmr

be the element corresponding to (0, . . . , 0, 1, 0, . . . , 0), that is, the 1 is in the i-
th position and 0 is everywhere else. Notice that bi has order mi, and the set
{bi | 1 ≤ i ≤ r} generates G/N .
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Claim6: For index i with 1 ≤ i ≤ r, there exists an element ci ∈ G such that
π(ci) = bi and |ci| = |bi| = mi.

To establish the claim, let di ∈ G satisfy π(di) = bi. Such an element di exists
by surjectivity of π. By Exercise 7.4.28 of the text, mi = |bi| divides |di|. But
|di| | M by Theorem 1.6. So mi | M . Thus there is si ∈ Z for which M = misi.
Notice that

π(dmi
i ) = bmi

i = Ne,

the identity of G/N . This shows that dmi
i ∈ kerπ = N . But N = 〈a〉, so dmi

i = aki

for some integer ki. Notice that

akisi = (aki)si = (dmi
i )si = dmisi

i = dMi = e,

where the last equality follows from Theorem 1.6. Using Theorem 7.9 part (1)
of the text, we see that akisi = e implies that the order of a divides kisi. Since
|a| = M , we have kisi = Mti for some ti ∈ Z. Further,

ki =
Mti
si

= miti.

Finally, let ci = dia
−ti . Since a ∈ kerπ, we have

π(ci) = π(dia
−ti) = π(di)π(a)−ti = bie

−ti = bi,

as desired. Now Exercise 7.4.28 of the text implies |ci| ≥ |π(ci)| = |bi| = mi. On
the other hand,

cmi
i = (dia

−ti)mi = dmi
i a−miti = akia−ki = e,

which shows |ci| ≤ mi. Thus we’ve found ci ∈ G with π(ci) = bi and |ci| = mi.
The claim is established.

To finish the proof, we define λ : G/N → G to be the unique homomorphism
with the property that λ(bi) = ci for all i. Recall that the elements bi generate
G/N . Explicitly,

λ(bf11 b
f2
2 . . . bfrr ) = cf11 c

f2
2 . . . cfrr .

Notice that the above Claim is crucial in order for λ to be well-defined. Since
π(ci) = bi, we clearly have π ◦ λ = ιG/N . By Proposition 2.3 we have

G ∼= N × (G/N) ∼= ZM × (Zm1 × Zm2 × . . .× Zmr ).

Therefore G is isomorphic to a product of cyclic groups. This completes the induc-
tion step, and the proof. �

Exercise 2.E. Fill in the missing details for the unproven claims made about λ in
the last paragraph of the proof. That is, prove that λ is well-defined, meaning it
doesn’t depend on each exponent fi, modulo mi, and prove π ◦ λ = ιG/N .

Exercise 2.F. In an attempt to gain insight into the proof of the claim in the
above proof, consider the following simple example. Suppose G = Z12 × Z4, and
consider the element a = (1, 0) with maximal order M = 12. The quotient G/〈a〉
is isomorphic to Z4, and using this isomorphism, the quotient map takes the form

π : Z12 × Z4 → Z4, π(x, y) = y.

6By surjectivity of π, it is immediate that there exists ci ∈ G with π(ci) = bi. Since π is
a homomorphism, the order of bi = π(ci) must divide the order of ci, which implies only that

|bi| ≤ |ci|. So the issue is to show that ci can be chosen with the same order as |bi|.
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So there are r = 1 cyclic factors in the quotient, and m1 = 4. Suppose we randomly
choose a preimage of the generator b1 = 1 ∈ Z4 under π, say d1 = (5, 1). Follow the
proof of the claim in this example by determining what s1, k1, t1, and c1 are. Does c1
really satisfy π(c1) = b1 and |c1| = |b1| = 4? Does the formula for λ : Z4 → Z12×Z4

really give a well-defined homomorphism that satisfies π ◦ λ = ι?

2.5. Uniqueness of factors. Now that we know that every finite abelian group G
is a product of cyclic groups, we would like to know to what extent this is unique.
We saw in Example 15, that there are two ways to have a group of order 6 arise
as a product of cyclic groups: Z6 and Z2 × Z3. However, Z6

∼= Z2 × Z3 because
Z2 × Z3 is cyclic with generator (1, 1). So there is, up to isomorphism, only one
abelian group of order 6. On the other hand, one can show that none of the three
groups Z8, Z2×Z4, and Z2×Z2×Z2 appearing in Example 14 are isomorphic. To
completely classify finite abelian groups up to isomorphism, we need to understand
the difference in these two examples.

Recall7 that if gcd(m,n) = 1, then there is a ring isomorphism

Zmn ∼= Zm × Zn.

If we forget multiplication and view these rings as groups under addition, then we
have a group isomorphism8

Zmn ∼= Zm × Zn.
This explains the isomorphism Z6

∼= Z2 × Z3 above. Further9, if n = pr11 p
r2
2 . . . prkk

is a prime factorization of n, where the primes p1, p2, . . . , pk are all distinct, then
there is a ring isomorphism

Zn ∼= Zpr11 × Zpr22 × . . .× Zprkk .

As above, this is also an isomorphism of additive groups, if we just ignore the
multiplication operation.

Theorem 2.4. Every nontrivial finite abelian group is isomorphic to a product of
cyclic groups whose orders are all prime powers. Further, this product is unique up
to the order of the factors.

Proof. Let G be a nontrivial finite abelian group. By Theorem 2.1,

G ∼= Zm1
× Zm2

× . . .× Zmr

for some positive integers m1,m2, . . . ,mr. Without loss of generality10, mi ≥ 2
for each i with 1 ≤ i ≤ r. Further, each Zni

is isomorphic to a product of cyclic
groups, each of whose order is a positive power of a prime, as discussed above.

Uniqueness will be addressed in Exercise 2.G. �

Let us illustrate how we can classify all of the finite abelian groups of a given
order.

7This was proved in your Math 412 Homework #8 Problem (P3) part (c).
8A ring homomorphism is a group homomorphism with respect to the addition operation.
9This was proved in your Math 412 Homework #8 Problem (P3) part (d).
10Since Z1 is the trivial group {0}, we could remove any factors of Z1 and still have an

isomorphic group. For example,

Z5 × Z1 × Z7 × Z8 × Z1
∼= Z5 × Z7 × Z8.
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Example 17. Let us determine, up to isomorphism, all abelian groups of order
360. We factor

360 = 8 · 9 · 5 = 23 · 32 · 5.
The only cyclic factors of prime-power order that can appear in the decomposition
from Theorem 2.4 are

Z2, Z4, Z8, Z3, Z9, Z5,

because the order of the cyclic factor will have to divide 360. The only ways these
can be combined to make a group of order 360 are

Z8×Z9×Z5, Z8×Z3×Z3×Z5, Z2×Z4×Z9×Z5, Z2×Z4×Z3×Z3×Z5,

Z2 × Z2 × Z2 × Z9 × Z5, Z2 × Z2 × Z2 × Z3 × Z3 × Z5.

By Theorem 2.4, every abelian group of order 360 is isomorphic to one of these
six groups, and further none of these six are isomorphic to each other. Up to
isomorphism, there are exactly six abelian groups of order 360.

The following exercise addressed the uniqueness of Theorem 2.4.

Exercise 2.G. Given a finite abelian group G and a positive prime p, let

G(p) = {a ∈ G : |a| = pr for some r ≥ 0}.
(a) Prove that G(p) is a subgroup of G.
(b) Prove that if f : G→ H is an isomorphism between finite abelian groups, then

G(p) ∼= H(p). [Hint: Consider the restriction of f to the subgroup G(p) and
prove that it’s image lies in H(p). Do the same for the inverse isomorphism
f−1 : H → G.]

(c) In the case where G is a product of cyclic groups of prime power:

G = (Zpr1 × . . .× Zprk )× Zqs11 × . . .× Zqr`` ,

where qi 6= p for all i, prove that

G(p) ∼= Zpr1 × . . .× Zprk .
(d) Prove that for any finite abelian group G,

G ∼= G(p1)×G(p2)× . . .×G(pr),

where p1, . . . , pr are the distinct prime factors of |G|.
(e) Let G,H be finite abelian groups. Conclude that G ∼= H if and only if G(p) ∼=

H(p) for every positive prime p.
(f) Let p be a positive prime, and suppose we have positive integers

r1 ≥ r2 ≥ . . . ≥ rk and s1 ≥ s2 ≥ . . . ≥ s`
for which

Zpr1 × Zpr2 × . . .× Zprk ∼= Zps1 × Zps2 × . . .× Zps` .
Prove that k = ` and ri = si for all i. [Hint: By contradiction, let i be the
smallest positive integer for which ri 6= si. Without loss of generality, say
ri > si. For each of the two products of cyclic groups, count11 how many
elements satisfy the equation psia = e (that is |a| divides psi) and arrive at a
contradiction to the isomorphism.]

11As a warmup, count how many elements of Z27 × Z9 × Z3 satisfy 9a = e. Then count how
many satisfy 3a = e.



16 ALLAN YASHINSKI

(g) Combine the previous parts to prove the uniqueness statement of Theorem 2.4.

2.6. Additional Exercises.

Exercise 2.H. In each example below, a group G and two subgroups H and K
are given. Use Proposition 2.2 to prove G ∼= H ×K.

(a) G = R∗, H = {1,−1}, K = R>0.
(b) G = C∗, H = S1 = {a+ bi ∈ C | a2 + b2 = 1}, K = R>0.
(c) G = GL+(2,R) = {A ∈ GL(2,R) : detA > 0},

H = SL(2,R) = {A ∈ GL(2,R) : detA = 1},

K =

{(
a 0
0 a

)
: a ∈ R>0

}
∼= R>0

Exercise 2.I. Let N be the subgroup of D4 consisting of the rotational symmetries.
Prove that N ∼= Z4 and D4/N ∼= Z2. Show that, much like in Proposition 2.3,
there is a homomorphism λ : D4/N → D4 such that π ◦ λ = ιD4/N . Yet we have

D4 � Z4 × Z2, because D4 is nonabelian12.

Exercise 2.J. Lagrange’s theorem implies that the order of every element of a
finite group G divides the order |G|. Cauchy’s theorem, stated below, provides a
partial converse to that statement.

Theorem 2.5 (Cauchy’s theorem). Let G be a finite group and suppose p is a
positive prime that divides |G|. Then G has an element of order p.

Use Theorem 2.4 to prove Cauchy’s theorem in the case where G is an abelian
group. [Hint: First prove that Zpr contains an element of order p.]

Exercise 2.K. Prove that every abelian group of order 210 is cyclic, hence iso-
morphic to Z210.

Exercise 2.L. Generalizing the last exercise, suppose n = p1p2 . . . pk is a product
of distinct primes. Prove that every abelian group of order n is cyclic, hence
isomorphic to Zn.

Exercise 2.M. Give a list of all abelian groups of order 900, up to isomorphism.

Exercise 2.N. Give a list of all abelian groups of order 81, up to isomorphism.

Exercise 2.O. Let p be a positive prime. Give a list of all abelian groups of order
p6, up to isomorphism.

Exercise 2.P. Here we will show that for a composite number n the multiplicative
group of units Un is typically not cyclic. Suppose n = rs, where gcd(r, s) = 1 and
r, s > 2 (notice that most composite numbers could be written this way). Since the
rings Zn and Zr × Zs are isomorphic, their groups of units are isomorphic:

Un ∼= Ur × Us,
see Problem (B) on Homework #6. Since r, s > 2, we know from Exercise 8.1.28
of the text that |Ur| and |Us| are even. Use this along with Theorem 2.4 to prove
that Un is not cyclic.

12This illustrates that the hypothesis that G is abelian in Proposition 2.3 was necessary. The
existence of λ here does not necessarily imply that G is a product of N and G/N , however it does

imply that G is a semidirect product of N by G/N , see Exercise 3.T.
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3. Group Actions on Sets

3.1. Definitions and examples. Let G be a group and let X be a set. Below we
will consider certain types of operations, which will be functions of the form

G×X → X.

This is like a binary operation, but the two inputs are coming from two different
sets G and X, and the output is in X. We will denote the image of (g, x) under
this function by g · x.

Definition 3.1. A (left) action of a group G on a set X is a function

G×X → X, (g, x) 7→ g · x
which satisfies

(1) g · (h · x) = (gh) · x for all g, h ∈ G and x ∈ X.
(2) e · x = x for all x ∈ X.

A few remarks about the definition are in order. In the first condition, the left
hand side involves two applications of the “action”, whereas the right hand side
involves the action of the product gh, taken in the group G, on the element x. In
the second condition, e is the identity element of the group G. The action of e on
every x just gives back x. There is also something called a right action, see Exercise
3.N. Let’s consider some examples.

Example 18 (Scalar multiplication). Consider the multiplicative group G = R∗ of
nonzero real numbers and let X = R×R, which we denote as R2. Define an action
of R∗ on R2 by

R∗ × R2 → R2, c · (x, y) = (cx, cy).

This is an action because

c · (d · (x, y)) = c · (dx, dy) = (cdx, cdy) = (cd) · (x, y)

and
1 · (x, y) = (1x, 1y) = (x, y).

Example 19. We think of a permutation σ ∈ Sn as moving the elements of
{1, 2, . . . , n} around. This is formalized by the following group action, where
G = Sn and X = {1, 2, . . . , n}. We define

Sn × {1, 2, . . . , n} → {1, 2, . . . , n}, σ · k = σ(k).

Recall that by definition, a permutation σ ∈ Sn is a bijection from {1, 2, . . . , n}
to itself. So we are defining the action of σ on k to be the result of plugging k
into the function σ. That this is an action follows from the definition of function
composition. Let σ, ρ ∈ Sn, then

σ · (ρ · k) = σ · (ρ(k)) = σ(ρ(k)) = (σ ◦ ρ)(k) = (σ ◦ ρ) · k.
The identity condition follows because the identity element of Sn is the identity
function.

Example 20. Consider the alternating group An, which is a subgroup of Sn. We
can restrict the action of Sn on {1, 2, . . . n} to the subgroup An. This is an action

An × {1, 2, . . . , n} → {1, 2, . . . , n}, σ · k = σ(k)

defined by the same formula.
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Example 21. Let G = GL(2,R) and X = R2. Here, we shall denote an element

of R2 as a column vector

(
x
y

)
. Then there is an action

GL(2,R)× R2 → R2,

(
a b
c d

)
·
(
x
y

)
=

(
ax+ by
cx+ dy

)
.

The action is just the usual matrix multiplication for a 2× 2 matrix times a 2× 1
matrix. Notice that the subgroup of diagonal matrices{(

a 0
0 a

)
: a ∈ R∗

}
is isomorphic to R∗. If we restrict the action of GL(2,R) to this diagonal subgroup,
we obtain the “scalar multiplication” action from Example 18.

Example 22. If X is a shape in the plane, that is, X ⊆ R2, then let Isom(X)
denote the set of symmetries13 of X. Then Isom(X) is a group under function
composition. The group Isom(X) acts on the set X by f · x = f(x). If X is a
regular n-gon, then Isom(X) = Dn, the dihedral group. So the dihedral group Dn

acts on the regular n-gon.

Example 23 (Trivial action). Let G be any group and X be any set. The trivial
action of G on X is defined by g ·x = x for all g ∈ G and all x ∈ X. One can check
that this satisfies the definition of an action.

Example 24. Let G be a group. In this example, G will play the role of the group
as well as the role of the set being acted on. Then G acts on itself via the map

G×G→ G, g · a = ga.

In other words, the action map is just the group multiplication map. The first
condition holds by associativity, and the second holds by definition of the identity.

Example 25. Here is another way in which a group G can act on itself. Define

G×G→ G, g · a = gag−1.

Here we say G acts on itself by conjugation. Since the notation g ·a looks too much
like the product ga in the group G, different notation is usually used here. Let’s
denote this action of an element g on another element a by ag , so that

ag = gag−1.

To see this is an action, note

(g ah ) = (hah−1)g = g(hah−1)g−1 = (gh)a(gh)−1 = agh

and

ae = eae−1 = a.

Exercise 3.A. Prove that G is abelian if and only if the conjugation action of G
on itself is equal to the trivial action of G on itself.

13Formally, a symmetry of X is an isometry f : R2 → R2 such that f(X) = X. An isometry is
a bijective distance-preserving map, meaning for any two points p, q ∈ R2, the distance from f(p)
to f(q) is the same as the distance from p to q. The distance between two points p = (p1, p2) and

q = (q1, q2) in the plane is
√

(p1 − q1)2 + (p2 − q2)2. We won’t deal with this definition formally.

Common examples of isometries include rotations, reflections, and translations.
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When an action of a group G on a set X is given, X is sometimes called a G-set.
As we’ve seen above, the same group G can act on the same set X in different ways.
When we say “X is a G-set”, we have a specific action in mind, and it should be
stated what the action is. If the action is not explicitly stated, then it is your right
to ask for clarification as to what the action is. When someone doesn’t explicitly
say what the action is, they are probably thinking that it is understood what action
we are talking about.

This is similar to when we speak about groups. Technically, saying “Z is a group”
is an ambiguous statement. The more precise statement to make is “Z is a group
under addition”. However, we deal with this group Z under addition so much that
we get lazy and simply say “Z is a group” with the understanding that the other
person in the conversation understands we mean Z is a group under addition. This
is the only sensible14 way to make the set Z into a group.

The statement “{1, 2, . . . , n} is an Sn-set” is technically ambiguous, but it is
likely that the speaker means with respect to the action of Example 19. For contrast,
suppose G is any group and someone says “G is a G-set”. This is dangerously
ambiguous because there are a few interesting ways in which G can act on itself, as
in Examples 24 and 25 above. If it’s not clear, just ask.

3.2. Group actions as homomorphisms. Recall that Sym(X) is the set of all
bijections from X to X. It is a group under function composition. Suppose a left
action of G on X is given. In this situation, it is common to think of each group
element g ∈ G as being a function from X to X. Formally, this is done by defining

ϕg : X → X, ϕg(x) = g · x.

We shall see below that for each g ∈ G, the function ϕg that we associate to g is a
bijection. So we are in fact building a function

ϕ : G→ Sym(X), g 7→ ϕg.

Notice that ϕ(g) and ϕg mean the same thing, which is a particular function from
X to X. The notation ϕg is slightly preferable (aesthetically) here because it will
allow us to write ϕg(x) instead of ϕ(g)(x) when we apply this function to an element
x ∈ X.

Theorem 3.2. If a group G acts on a set X, then there is a homomorphism

ϕ : G→ Sym(X), g 7→ ϕg,

where ϕg : X → X is given by ϕg(x) = g · x.

Proof. Let g, h ∈ G and x ∈ X be arbitrary. Then

(ϕg ◦ ϕh)(x) = ϕg(ϕh(x)) = g · (h · x) = (gh) · x = ϕgh(x),

by the first condition in the definition of group action. Since this holds for all x ∈ X,
we have equality of functions ϕg ◦ ϕh = ϕgh. By the second defining condition of

14Notice Z is not a group under multiplication. There are indeed many other way to make
the set Z into a group, but none of them will have reasonable formulas. For example, the set Z is
essentially the same set as Q, because there exists a bijection from Z to Q. One could make use

of this bijection to “transfer” the group structure of Q under addition to the set Z. In this way,
the set Z can be made into a group which is not cyclic, hence not isomorphic to Z with its usual
addition operation.
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group action, we have ϕe(x) = e · x = x = ιX(x). So ϕe = ιX , the identity map on
X. It follows that for any g ∈ G,

ϕg ◦ ϕg−1 = ϕgg−1 = ϕe = ιX = ϕe = ϕg−1g = ϕg−1 ◦ ϕg.
This proves that ϕg really is a bijection with inverse ϕg−1 . In particular, ϕg ∈
Sym(X), so the function ϕ : G→ Sym(X) is well-defined15. That ϕ is a homomor-
phism is exactly the statement ϕgh = ϕg ◦ ϕh for all g, h ∈ G, which was proved
above. �

Exercise 3.B. Prove the converse of this theorem. That is, suppose a homomor-
phism ϕ : G→ Sym(X) is given (again denote ϕ(g) by ϕg). Prove that g ·x = ϕg(x)
is a left action of G on X.

The previous theorem and exercise combined say that there are two equivalent
ways to think about groups actions. The first is as a function G × X → X as in
the definition, and the second is as a homomorphism ϕ : G→ Sym(X).

Definition 3.3. An action of G on X is faithful if the corresponding homomor-
phism ϕ : G→ Sym(X) is injective.

Exercise 3.C. Prove that an action G×X → X is faithful if and only if for every
nonidentity element g ∈ G, there exists x ∈ X such that g · x 6= x.

Exercise 3.D. (a) Consider the action of Sn on {1, 2, . . . , n} of Example 19. Prove
that the corresponding group homomorphism

ϕ : Sn → Sym({1, 2, . . . , n})
is just the identity function.

(b) Suppose k < n. Prove that Sn cannot act faithfully on the set {1, 2, . . . , k}, for
cardinality reasons.

Recall that if f : G→ H is an injective homomorphism, then f : G→ im f is an
isomorphism16. So G is isomorphic to a subgroup of H. Thus for a faithful action
of G on X, G is isomorphic to a subgroup of Sym(X). In this way, we can realize
G as a subgroup of permutations of X. I hope this starts to remind you of Cayley’s
theorem.

Example 26. The action of G on itself by left multiplication g · a = ga, as in
Example 24, is faithful. Thus G is isomorphic to a subgroup of Sym(G). This is
exactly Cayley’s theorem, which asserts that every group G is a isomorphic to a
subgroup of permutations of the set G.

Example 27. Consider the dihedral group D4, which is the group of symmetries
of a square. Now D4 acts on the points of the square. However a symmetry of the
square must map a corner of the square to a corner of the square. So D4 also acts
on the four-element set of the corners of the square. If we label the corners 1, 2, 3, 4,
say in clockwise order, then this action determines a homomorphism

ϕ : D4 → Sym({1, 2, 3, 4}) = S4.

15meaning when we apply ϕ to an element of the domain G, we really do get an element of
the codomain Sym(X) that we wrote.

16Using excessive force: the fact that f is injective implies ker f = {e}. The First Isomorphism
Theorem then implies

G ∼= G/{e} = G/ ker f ∼= im f.
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For example, ϕ maps the counter-clockwise rotation by 90 degrees to the permu-
tation (1234) ∈ S4 (draw pictures to see it). Similarly, we can write the images of
the other 7 elements of D4 as permutations:

imϕ = {e, (1234), (13)(24), (1432), (13), (24), (12)(34), (14)(23)}.

The first four elements (including the identity) make up the subgroup of rotations,
and the last four elements are the reflections. The isomorphism

D4
∼= {e, (1234), (13)(24), (1432), (13), (24), (12)(34), (14)(23)}

gives us a very concrete and practical way to deal with computations in D4.
For example, we can easily see now that D4 contains the Klein-four subgroup
{e, (13)(24), (12)(34), (14)(23)} ∼= Z2×Z2. Geometrically, the nonidentity elements
in this subgroup are rotation by 180 degrees and the reflections across the vertical
and horizontal lines through the center. (This subgroup is the group of symmetries
of a non-square rectangle.)

Exercise 3.E. View D4 as the group of permutations

D4
∼= {e, (1234), (13)(24), (1432), (13), (24), (12)(34), (14)(23)}

as above. Let σ = (1234), τ = (13). Prove that σ4 = e, τ2 = e, and τστ = σ−1.
Additionally, show that D4 is generated by σ and τ .

In general, Dn acts faithfully on the set of vertices of a regular n-gon. So
Dn is isomorphic to a subgroup of Sn. For the n = 3 case, the homomorphism
ϕ : D3 → S3 is surjective as well as injective. This gives an explicit isomorphism
D3
∼= S3.

Exercise 3.F. Consider the faithful action of Dn on the set of vertices of the
regular n-gon. For the n = 5 and n = 6 cases, calculate the subgroup of Sn that is
isomorphic to Dn.

Example 28. The opposite of a faithful action is the trivial action, as in Example
23. Here, the homomorphism ϕ : G → Sym(X) is the trivial homomorphism,
meaning ϕ(g) = ιX for all g ∈ G. In other words, kerϕ = G.

3.3. Types of actions. One of the ways in which groups appear in other areas
of mathematics is through group actions. For example, groups appear in geometry
through the study of symmetry of geometric objects. Suppose G acts on a geometric
object X. Here, the bijection ϕg associated to each group element g ∈ G is not just
any old bijection, it has something to do with the geometry of X. Namely, ϕg is
an isometry. Each isometry is a bijection from X to X, so the group of isometries
of X is a subgroup of Sym(X). This motivates the following definition.

Definition 3.4. Let G be a group and X be a geometric shape17. An action of G
on X by isometries is a group homomorphism

ϕ : G→ Isom(X).

Since Isom(X) is a subgroup of Sym(X), every action by isometries is an action.
So we are considering a special class of actions here, which respect the geometry of
X.

17We’ll leave this undefined. It could be a subset of Rn or more generally a metric space.
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In linear algebra, one studies vector spaces and linear transformations between
them. Let V be a vector space18 Let GL(V ) denote the set of all bijective linear
transformations19 from V to V . In fact GL(V ) is a group under function com-
position. As an example, GL(R2) is isomorphic to GL(2,R), the group of 2 × 2
invertible matrices with real entries. In the world of linear algebra, one would usu-
ally consider group actions by linear transformations. That is, we would work with
an action on a vector space V of the form

ϕ : G→ GL(V ).

Such an action is called a representation of the group G. The study of group repre-
sentations is a vast area of mathematics known as representation theory. Examples
18 and 21 are examples of group actions on a vector space by linear transformations.

In abstract algebra, one might study actions of groups on other groups by au-
tomorphisms20. Suppose G and H are groups. Then an action of G on H by
automorphisms is a group homomorphism

ϕ : G→ Aut(H).

The action of G on itself by conjugation (Example 25) is an example of an action

ϕ : G→ Aut(G)

of G on G by automorphisms. In a previous exercise, we showed that the kernel of
this map ϕ is the center

Z(G) = {a ∈ G | ga = ag for all g ∈ G}
of the group G. Thus the action of G on itself by automorphisms is faithful if and
only if Z(G) = {e}.

For contrast, the action of G on itself by left multiplication (Example 24) is not
an action by automorphisms.

3.4. Orbits and stabilizers. Suppose a group G acts on a set X. We shall use
this action to define an equivalence relation ∼ on X. Given x, y ∈ X, we say

x ∼ y if and only if x = g · y for some g ∈ G.

Exercise 3.G. (a) Prove that ∼ is an equivalence relation on X.
(b) Let Ox denote the equivalence class of an element x ∈ X with respect to the

equivalence relation ∼. Prove Ox = {g · x | g ∈ G}.

The equivalence class of an element x is called the orbit of x. The orbit is
sometimes denoted G · x, which is suggestive of the set-builder description

Ox = {g · x | g ∈ G} = G · x
given in the previous exercise. Since orbits are equivalence classes, the theory of
equivalence relations implies that X is partitioned into the orbits, which are disjoint
subsets of X.

Let x ∈ X. The stabilizer of the element x is the following subset of G

Gx = {g ∈ G | g · x = x}.

18We won’t give a formal treatment of linear algebra here. One example is that R2 is a vector
space under the operations of vector addition and scalar multiplication.

19A linear transformation is a function T : V → V such that T (v + w) = T (v) + T (w) and

T (cv) = cT (v) for all scalars c.
20Or perhaps actions of groups on rings by automorphisms.
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This is the set of all group elements which fix x, that is, map x to itself.

Exercise 3.H. For each x ∈ X, prove that Gx is a subgroup of G.

Exercise 3.I. Consider the cyclic subgroup H of S6 generated by (14)(236) (notice
H is cyclic of order 6). Consider the action of H on the set X = {1, 2, 3, 4, 5, 6}
arising from restricting the action of S6 on X to the subgroup H (see Example 19).

(a) Describe the orbits for this action.
(b) For each k ∈ {1, 2, 3, 4, 5, 6}, describe the stabilizer Hk, which is a subgroup of

H.

The stabilizer Gx may or may not be a normal subgroup of G. Below, we will
talk about the set G/Gx of left21 cosets of Gx in G. Since Gx may not be normal,
this may not be a group (it is still a set that we can talk about though). Below, we
shall use the notation |Y | to denote the number of elements in a finite set Y . The
following is perhaps the most important general result in the elementary theory of
finite group actions.

Theorem 3.5 (Orbit-stabilizer theorem). Suppose a group G acts on a set X. For
each x ∈ X, there is a bijection

f : G/Gx → Ox, f(gGx) = g · x.
In the case where G is finite, then |G| = |Ox||Gx| and so |Ox| divides |G|.
Proof. Consider the function f : G/Gx → Ox as in the theorem statement. We
must first prove f is well-defined. Firstly, the output f(gGx) = g · x is an element
of Ox by definition of Ox. Now we must show that the output does not depend
on the coset representative. Suppose gGx = hGx. Then g ∈ hGx, which implies
g = hk for some element k ∈ Gx. Then

g · x = (hk) · x = h · (k · x) = h · x
using the definition of action and the fact that k ∈ Gx. Thus

f(gGx) = g · x = h · x = f(hGx).

The function f is well-defined.
To see that f is surjective, let y ∈ Ox be arbitrary. By Exercise 3.G, y = g · x

for some g ∈ G. Then
f(gGx) = g · x = y,

which shows f is surjective. For injectivity, suppose f(gGx) = f(hGx). Then
g · x = h · x. Consequently,

(g−1h) · x = g−1 · (h · x) = g−1 · (g · x) = (g−1g) · x = e · x = x,

which shows that g−1h ∈ Gx. Consequently, we have equality of cosets gGx = hGx.
Thus, f is injective.

We’ve shown f is a bijection. If G is finite, this shows [G : Gx] = |G/Gx| = |Ox|.
Using Lagrange’s theorem, we have

|G| = [G : Gx]|Gx| = |Ox||Gx|,
as desired. �

21For this to work out correctly, we need to deal with left cosets instead of right cosets. It

is not a big deal, and it is a byproduct of choosing to work with left actions instead of right
actions. Two elements a, b ∈ G determine the same left coset modulo a subgroup K if and only if

a−1b ∈ K.
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3.5. Conjugacy classes. Here we shall focus on the action of a group G on itself
by conjugation, as in Example 25. Here, the orbit of an element a ∈ G is called
the conjugacy class of a. We will denote the conjugacy class of a ∈ G by Cl(a).
Two elements a, b ∈ G are in the same conjugacy class if and only if there exists
g ∈ G such that a = gbg−1. The orbit-stabilizer theorem implies that the number
of elements in each conjugacy class is a divisor of the order of G.

Since conjugation an element g ∈ G is an automorphism of G, it follows that
the order of a ∈ G is equal to the order of any of its conjugates gag−1. So within
a conjugacy class, the order of every element is the same. The converse of this is
not true in general.

Example 29. In any group G, Cl(e) = {e}. This is because for any g ∈ G, we
have geg−1 = e.

Example 30. Let’s compute the conjugacy classes of S3 = {e, (12), (13), (23), (123), (132)}.
It is always true that Cl(e) = {e}, as in the previous example. Let’s compute the
conjugates of (12). We compute

(123)(12)(123)−1 = (123)(12)(132) = (23),

(132)(12)(132)−1 = (132)(12)(123) = (13).

So (12), (13), and (23) are in the same conjugacy class. This must be the whole
conjugacy class of (12), because S3 has no other elements of order 2. So Cl(12) =
{(12), (13), (23)}. Now let’s consider conjugates of (123). We have

(12)(123)(12)−1 = (12)(123)(12) = (132),

so (123) is conjugate to (132). There are no other elements of order 3, so this must
be the whole conjugacy class. Thus Cl(123) = {(123), (132)}. We conclude that S3

has three distinct conjugacy classes:

Cl(e) = {e}, Cl(12) = {(12), (13), (23)}, Cl(123) = {(123), (132)}.

Since we are dealing with equivalence classes, we have Cl(12) = Cl(13) = Cl(23)
and Cl(123) = Cl(132). Notice that the number of elements in each conjugacy class
is a divisor of |S3| = 6, as predicted by the orbit-stabilizer theorem.

Exercise 3.J. Compute the conjugacy classes for D4 and A4.

Notice that an element a ∈ G is fixed under conjugation by g ∈ G (meaning
gag−1 = a) if and only if ga = ag. The stabilizer of an element a ∈ G is called the
centralizer of a, and is equal to

Za = {g ∈ G | gag−1 = a} = {g ∈ G | ga = ag}.

Notice that the intersection of all the centralizers is the center of G:

Z(G) = {g ∈ G | ga = ag for all g ∈ G} =
⋂
a∈G

Za.

The center Z(G) is always a normal subgroup of G.

Proposition 3.6. Let G be a group and a ∈ G. Then a ∈ Z(G) if and only
if Cl(a) = {a}. Consequently, Z(G) is the union of all the singleton conjugacy
classes.
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Proof. Notice

a ∈ Z(G)⇔ ga = ag for all g ∈ G
⇔ gag−1 = a for all g ∈ G
⇔ Cl(a) = {a}.

�

Let Cl(G) denote the set of all conjugacy classes ofG. SinceG =
⋃

Cl(a)∈Cl(G)

Cl(a),

we have the class equation

|G| =
∑

Cl(a)∈Cl(G)

|Cl(a)|.

The class equation represents the order |G| as a sum of the sizes of the conjugacy
classes, each of which is a divisor of |G|. There is a lot of structure here. Let’s
illustrate how this can be used.

Theorem 3.7. Let G be a group such that |G| = pk where p is a positive prime
and k ≥ 1 is an integer. Then the center Z(G) is nontrivial. That is, Z(G) 6= {e}.

Proof. Consider the class equation

|G| =
∑

Cl(a)∈Cl(G)

|Cl(a)|.

Let us separate all the conjugacy classes on the right which are singleton sets. By
Proposition 3.6, these correspond to elements of the center Z(G). Let S denote the
set of conjugacy classes which are not singleton sets. Then

|G| =
∑

a∈Z(G)

|Cl(a)|+
∑

Cl(b)∈S

|Cl(b)|,

and so

|G| = |Z(G)|+
∑

Cl(b)∈S

|Cl(b)|.

Thus

|Z(G)| = |G| −
∑

Cl(b)∈S

|Cl(b)|.

Now for each Cl(b) ∈ S, we know |Cl(b)| > 1. By the orbit-stabilizer theorem,
|Cl(b)| divides |G| = pk. Thus |Cl(b)| is a positive power of p, and in particular p
divides |Cl(b)| for each b. We also know p divides |G|, so by the equation above, p
divides |Z(g)|. Hence |Z(G)| > 1. �

We will be able to use this result to prove a nontrivial result in the classificiation
of finite groups. Before we do that, we will need another result.

Lemma 3.8. Suppose G is a group for which the quotient group G/Z(G) is cyclic.
Then G is abelian.

Proof. For each of notation, let N = Z(G). Let c ∈ G be such that Nc is a
generator of the quotient group G/N . Consider two arbitrary elements a, b ∈ G.
Since G/N is generated by Nc, it follows that Na = Nci and Nb = Ncj for some
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integers i, j. Consequently, there exists n, n′ ∈ N such that a = nci and b = n′cj .
Using the fact that n, n′ ∈ Z(G), we see that

ab = ncin′cj = nn′ci+j = n′ncjci = n′cjnci = ba.

Thus G is abelian. �

Since G is abelian if and only if Z(G) = G, we see that if G/Z(G) is cyclic, then
actually G/Z(G) is the trivial group. So it is impossible for G/Z(G) to be cyclic of
order greater than 1.

Theorem 3.9. Let p be a positive prime and suppose G is a group of order p2.
Then G is abelian.

Proof. By Theorem 3.7, |Z(G)| > 1. By Lagrange’s theorem, |Z(G)| = p or
|Z(G)| = p2. If |Z(G)| = p2, then Z(G) = G which implies G is abelian. If
|Z(G)| = p, then |G/Z(G)| = p2/p = p, which implies G/Z(G) ∼= Zp. By Lemma
3.8, G is abelian22. �

Notice that this result cannot generalize to p3. For example, D4 is a nonabelian
group of order 23.

Theorem 3.10. Let p be a positive prime. Then every group of order p2 is iso-
morphic to either Zp2 or Zp × Zp.

Proof. By the previous result, a group of order p2 is abelian. By the classification
of finite abelian groups, it must be isomorphic to either Zp2 or Zp × Zp. �

3.6. Conjugacy in Sn and normal subgroups. Let us revisit the notion of
conjugacy in groups of permutations. The situation is actually easier to understand
for Sn than it is for An. Recall that every permutation in Sn can be decomposed
into a product of disjoint cycles, and this is unique up to order of the factors,
which commute. We’ll say that two permutations have the same cycle structure if
the number of factors as well as the lengths of these factors in this decomposition
coincide. For example, (14)(236) and (56)(123) have the same cycle structure,
namely a 2-cycle times a 3-cycle. The permutations (14)(236) and (15234) do not
have the same cycle structure.

Theorem 3.11. Consider a cycle (a1a2 . . . ak) ∈ Sn and another permutation f ∈
Sn. Then

f(a1a2 . . . ak)f−1 = (f(a1) f(a2) . . . f(ak)).

Proof. We need to show that the product maps f(ai) to f(ai+1) and also maps
f(ak) to f(a1). Notice(

f(a1a2 . . . ak)f−1
)

(f(ai)) = f((a1a2 . . . ak)(ai)) = f(ai+1),

and similarly f(ak) is mapped to f(a1). �

Example 31. Consider the permutation (143)(2789) ∈ S9. Suppose f ∈ S9 is
given by

f(1) = 2, f(2) = 8, f(3) = 5, f(4) = 4, f(5) = 9,

f(6) = 1, f(7) = 6, f(8) = 3, f(9) = 7.

22Technically this case is impossible, but there is nothing wrong with the logic of how it is
written.
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Then without doing the explicit computations, we know

f(143)(2789)f−1 = f(143)f−1f(2789)f−1

= (f(1) f(4) f(3))(f(2) f(7) f(8) f(9))

= (245)(8637).

Corollary 3.12. Two permutations in Sn are conjugate if and only if they have
the same cycle structure.

Let’s briefly explain how it’s proved. The forward implication is implied by
Theorem 3.11, at least in the case of a single cycle. For products of disjoint cycles, it
follows since conjugation is a group automorphism, hence the conjugate of a product
is the product of the conjugates. This is the trick used in the calculation in the
previous example. For the reverse implication, notice that given two permutations
with the same cycle structure, we can always choose a bijection which maps the
elements of the first to the second in a way compatible with the cycle structure. For
example, (12)(345) and (26)(314) have the same cycle structure in S6. We should
take the permutation f ∈ S6 given by

f(1) = 2, f(2) = 6, f(3) = 3, f(4) = 1, f(5) = 4, f(6) = 5.

Then f(12)(345)f−1 = (26)(314) shows that they are conjugate. This is always
possible.

Example 32. We can use this to describe the conjugacy classes of S4. There are
five different cycle structures, hence 5 conjugacy classes. The cycle structures are
e, (ab), (abc), (abcd), (ab)(cd). The conjugacy classes are

Cl(e) = {e}
Cl(12) = {(12), (13), (14), (23), (24), (34)}

Cl(123) = {(123), (124), (132), (134), (142), (143), (234), (243)}
Cl(1234) = {(1234), (1243), (1324), (1342), (1423), (1423)}

Cl((12)(34)) = {(12)(34), (13)(24), (14)(23)}.
The number of elements in the classes are 1, 6, 8, 6, 3. Each is a divisor of |S4| = 24
as predicted by the orbit-stablizer theorem. The class equation is

24 = 1 + 6 + 8 + 6 + 3.

Since normal subgroups are closed under conjugation, a normal subgroup must
be a union of conjugacy classes, including the class of the identity. Additionally,
Lagrange’s theorem says that the order of the subgroup must divide the order of
G. This puts a lot of restrictions in place for normal subgroups.

Theorem 3.13. The only normal subgroups of S4 are {e}, A4, S4, and the Klein-
four group V = {e, (12)(34), (13)(24), (14)(23)}.

Proof. Suppose N is a normal subgroup of S4. Since |N | divides |S4|, we have
|N | = 1, 2, 3, 4, 6, 8, 12, 24. If |N | = 1, then N = {e}, and if |N | = 24, then N = S4.
Suppose 1 < N < 24. We know N is a union of conjugacy classes including Cl(e).
The conjugacy classes, as described above, have 1, 6, 8, 6, and 3 elements in them
respectively. So it is impossible to have |N | = 2, 3. Thus |N | is even. Since
Cl(e) ⊆ N , we must also have Cl((12)(34)) ⊆ N in order to have |N | be even.
Notice that V = Cl(e) ∪ Cl((12)(34) is a subgroup, hence a normal subgroup. If
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|N | includes one of the conjugacy classes with 6 elements, the number of elements
of |N | cannot be a proper divisor of 24, as it would have to be

1 + 3 + 6 = 10, 1 + 3 + 6 + 8 = 18, or 1 + 3 + 6 + 6 = 16.

It is possible for N to contain the conjugacy class with 8 elements because 1+3+8 =
12. In fact,

A4 = Cl(e) ∪ Cl(123) ∪ Cl((12)(34))

is a normal subgroup. �

Be warned that just because a union of conjugacy classes may have order than
divides |G|, this does not mean that the union is a normal subgroup. One needs
to ensure that it really is a group first. There are many counterexamples one can
construct by starting with an abelian group, because each conjugacy class is a
singleton set in that case.

Exercise 3.K. Consider the conjugacy class Cl((12)(34)) of S4. Then S4 acts
on the three element set Cl((12)(34)) by conjugation. Hence there is a homomor-
phism23

ϕ : S4 → Sym(Cl((12)(34))) ∼= S3.

Show that ϕ is surjective with kernel V , the Klein-four subgroup. Use the First
Isomorphism Theorem to conclude S4/V ∼= S3.

3.7. Simplicity of A5. The type of argument used in the proof of Theorem 3.13
can be used to prove that A5 is simple, meaning it has no normal subgroups except
for {e} and A5. Here, one needs to understand the conjugacy class structure of A5,
which is a little more delicate than that of S5.

Let’s first consider conjugacy classes in S5. The possible cycle structures are
e, (ab), (abc), (abcd), (abcde), (ab)(cd), (abc)(de). Using counting arguments, we can
determine how many elements there are of each cycle structure, and hence how
many elements are in each conjugacy class:

|Cl(e)| = 1

|Cl(12)| = 10

|Cl(123)| = 20

|Cl(1234)| = 30

|Cl(12345)| = 24

|Cl(12)(34)| = 15

|Cl(123)(45)| = 20

This accounts for all 120 elements of S5.

Exercise 3.L. Prove that the only normal subgroups of S5 are {e}, A5,and S5 by
giving an argument similar to Theorem 3.13. [Notice that it is possible to have a
union of conjugacy classes with 40 elements, and 40 | 120, but it is not a subgroup.

23Part of the novelty of this exercise is the existence of a surjective homomorphism ϕ : S4 → S3.

There typically are not any nontrivial surjective homomorphisms ϕ : Sn → Sm when n > m. This
is due to the fact that Sn has very few normal subgroups, so the possibilities for kerϕ are very

limited.
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Notice also that there are two ways to have a union of conjugacy classes with 60
elements, but one is not a subgroup.]

Now let’s consider the conjugacy classes of A5. Given σ ∈ A5, we also can view
σ as an element of S5. Let ClA5(σ) denote the conjugacy class of σ in A5 and
ClS5(σ) denote the conjugacy class of σ in S5. Notice that ClA5(σ) ⊆ ClS5(σ),
but we may not have equality. Given two elements σ, τ ∈ A5, it’s possible that
σ = fτf−1 for some f ∈ S5 but σ 6= gτg−1 for any g ∈ A5. In this situation we
would have ClS5

(σ) = ClS5
(τ), but ClA5

(σ) 6= ClA5
(τ). The conjugacy classes may

get smaller when we switch from thinking about conjugacy in S5 to conjugacy in
A5. Notice that this must be happening for the conjugacy class of (12345) because
|ClS5

(12345)| = 24, which is not a divisor of |A5| = 60. Thus ClA5
(12345) must be

a proper subset of ClS5
(12345). In S5, (12345) is conjugate to (21345) because

(12)(12345)(12)−1 = (21345).

However, it is not possible to arrange

g(12345)g−1 = (21345)

for an even permutation g ∈ A5. So the conjugacy class of (12345) in S5 splits into
smaller pieces when we pass to A5. It turns out that

ClS5
(12345) = ClA5

(12345) ∪ ClA5
(21345).

Here is a breakdown of the sizes of the conjugacy classes for A5.

|Cl(e)| = 1

|Cl(123)| = 20

|Cl(12345)| = 12

|Cl(21345)| = 12

|Cl(12)(34)| = 15

These can be verified directly with computations. Formal justification is given
in Exercise 3.Y. Here is our last main theorem.

Theorem 3.14. The alternating group A5 is simple. That is, the only normal
subgroups of A5 are {e} and A5.

Exercise 3.M. Use the size of the conjugacy classes to prove Theorem 3.14 by
arguing along the lines of the proof of Theorem 3.13.

It is actually a fact that An is simple for all n ≥ 5. We won’t prove this here,
but we’ll state the result for completeness.

Theorem 3.15. Let n ≥ 5.

(1) The alternating group An is simple.
(2) The only normal subgroups of Sn are {e}, An, and Sn.

The text provides a proof that An is simple for all n ≥ 5 using different types
of arguments. Notice that A2 = {e} and A3

∼= Z3 are simple too. However, A4 is
not simple, because the Klein-four subgroup V = {e, (12)(34), (13)(24), (14)(23)} is
normal. Is some sense, this is just an accident of small numbers. The result about
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Sn can be viewed as saying that Sn is quite close to being simple. This is typically
proved by using the fact that An is simple24. Here is an interesting rigidity property
of An resulting from its simplicity.

Corollary 3.16. Let n ≥ 5. Then the alternating group An admits no nontrivial
action on a set with fewer than n elements.

Proof. Suppse X has k elements, with k < n. Suppose An acts on X, and let

ϕ : An → Sym(X) ∼= Sk

be the corresponding homomorphism. Since

|An| =
n!

2
> (n− 1)! ≥ k! = |Sk|,

the function ϕ is not injective by the pigeonhole principle. Thus kerϕ 6= {e}. But
kerϕ is a normal subgroup of An, so we must have kerϕ = An since An is simple.
Thus the action is trivial, as in Example 28. �

Essentially the simplicity forces a dichotomy for group actions by An. Either the
action is trivial or faithful. Now An does have its natural nontrivial faithful action
on the set {1, 2, . . . , n} of n elements. It is also true that An can act faithfully on
sets with more than n elements. It is an interesting question to inquire about all
the ways in which that is possible. For example, one can view An as a subgroup of
An+k. Then An acts on {1, 2, . . . , n+k}, but this action is somehow not too different
than the action of An on {1, 2, . . . , n}. In particular, the subset {1, 2, . . . , n} forms
one orbit of n elements, while the other k symbols are all fixed.

One can ask if there are more actions of An on finite sets that seem genuinely
different25 from the standard action on {1, 2, . . . , n}. The group A5 turns out
to be isomorphic to the group of rotational symmetries of a dodecahedron. A
dodecahedron has 20 vertices, 30 edges, and 12 faces. Let V , E, F denote the sets
of vertices, edges, and faces respectively. On can show that A5 acts transitively26

on each of the sets V , E, F . So A5 has “different actions” on finite sets of size
20, 30, and 12. We can tell they are different because the size of the orbits for the
actions are 20, 30, and 12 respectively, as they are transitive, and the orbit of the
standard action on {1, 2, 3, 4, 5} has size 5.

3.8. Additional Exercises.

Exercise 3.N. A right action of a group G on a set X is a function

X ×G→ X, (x, g) 7→ x · g

such that

(1) (x · g) · h = x · (gh) for all g, h ∈ G and x ∈ X.
(2) x · e = x for all x ∈ X.

24If N is a normal subgroup of Sn, then N ∩ An is a normal subgroup of An. The Second
Isomorphism Theorem helps too (Exercise 1.K)

25This means non-isomorphic, in a sense we haven’t defined. Isomorphic actions should have

the same size of orbits.
26See Exercise 3.U for the definition of a transitive action.
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(a) Suppose that a left action of G on X is given. Define a right action of G on X
by the formula

x · g := g−1 · x.
Prove that this is a right action.

(b) Conversely, suppose that a right action of G on X is given. Define a left action
of G on X by the formula

g · x := x · g−1.
Prove that this is a left action.

(c) Conclude that there is a one-to-one correspondence between lefts actions of G
on X and right actions of G on X.

(d) Suppose that a right action of G on X is given. Define a function

ψ : G→ Sym(X), g 7→ ψg,

where ψg(x) = x · g. Prove that ψ is well-defined, meaning for each g ∈ G,
the function ψg : X → X really is a bijection, and hence ψg ∈ Sym(X). Then
prove that ψ is an antihomomorphism27, meaning ψgh = ψhψg. Though part (c)
indicates that there is no major difference between left actions and right actions,
the fact that ψ is an antihomomorphism here rather than a homomorphism is
one reason why left actions are preferable.

Exercise 3.O. (a) Use the identification

D4
∼= {e, (1234), (13)(24), (1432), (13), (24), (12)(34), (14)(23)}

to prove that (13)(24) ∈ Z(D4). For every element except e and (13)(24), find
something else in D4 that does not commute with it. Conclude that Z(D4) =
{e, (13)(24)}.

(b) In a similar fashion, prove Z(D5) = {e}.

Exercise 3.P. Consider the group C of rotational symmetries of a cube. Intu-
itively, each symmetry represents a way to pick up the cube and place in back
down in a way so that it looks the same as when you started. (We won’t consider
reflectional symmetries here, since we can’t physically perform them.) Convince
yourself that there are 24 elements in C (there are four different ways that each of
the six sides could be facing up).

(a) Label the eight vertices of the cube 1, 2, . . . , 8. Notice C acts faithfully on the
set of vertices. Use this action to describe C as a subgroup of S8.

(b) Consider the four diagonal line segments that connect opposite corners of the
cube. Notice that each symmetry of the cube permutes these four diagonals.
Do whatever it takes to convince yourself that this action of C on the four
element set of diagonals is faithful. Conclude that C ∼= S4.

Exercise 3.Q. Consider the two diagonal line segments of a square that connect
opposite corners. Any symmetry of the square permutes these diagonals. Hence
there is an action of D4 on the two element set of diagonals, and therefore a homo-
morphism

ϕ : D4 → S2.

27If G and H are groups, then an antihomomorphism is a function f : G → H such that
f(ab) = f(b)f(a) for all a, b ∈ G. One example is the inversion function i : G → G defined by

i(a) = a−1. Since this antihomomorphism is bijective, it is called an antiautomorphism.
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Clearly this action is not faithful because ϕ cannot possibly be injective. Compute
ϕ on each element of D4, and determine what kerϕ is.

Exercise 3.R. Suppose N and K are groups, and suppose an action

ϕ : K → Aut(N)

of K on N by group automorphisms is given. Define the semidirect product N oK
of N by K to be the set N ×K equipped with the operation

(n1, k1)(n2, k2) = (n1ϕk1(n2), k1k2).

(a) Prove that N oK is a group.
(b) Prove that N oK contains an isomorphic copy of both N and K, and the copy

of N is a normal subgroup of N oK.
(c) If the given actions ϕ : K → Aut(N) is the trivial action, prove that N oK ∼=

N ×K, the usual direct product of groups.
(d) Let n ≥ 3 and let N = Zn and K = Z2. Consider the action

ϕ : Z2 → Aut(Zn)

defined by

ϕ0(k) = k, ϕ1(k) = −k.
Prove that Zn o Z2

∼= Dn. [If you are having a hard time proving this in
general, just do it for the n = 3 and n = 4 cases. Exercise 3.S is a useful tool
to do this in the general case.]

Exercise 3.S. Suppose G is a group which contains a normal subgroup N and
another subgroup K such that

(1) NK = G,
(2) N ∩K = {e}.

SinceN is normal inG, N is closed under conjugation by all elements ofG, including
K. So K acts on N by conjugation

ϕ : K → Aut(N), ϕk(n) = knk−1.

Form the semidirect product N o K with respect to this action. Prove that the
function

f : N oK → G, f(n, k) = nk

is an isomorphism of groups. (This generalizes Proposition 2.2.)

Exercise 3.T. Use the previous exercise to prove this nonabelian generalization
of Proposition 2.3: Suppose N is a normal subgroup of a (possibly nonabelian)
group G and let π : G → G/N be the quotient homomorphism. Suppose there
exists a group homomorphism λ : G/N → G for which π ◦ λ = ιG/N . Prove that
G ∼= N oK, where K = imλ ∼= G/N . Thus G ∼= N oG/N for some suitable action
of G/N on N (what is the action?). [Hint: Model your proof after the proof of
Proposition 2.3.]

Exercise 3.U. An action of G on X is called transitive if for every x, y ∈ X, there
exists g ∈ G for which y = g · x.

(a) Prove that an action is transitive if and only if Ox = X for every x ∈ X. In
other words, there is only one orbit.

(b) Prove that the action of Sn on {1, 2, . . . , n} from Example 19 is transitive.
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(c) Prove that the action of a group G on itself by left multiplication (Example 24)
is transitive.

(d) Prove that the action of a group G on itself by conjugation (Example 25) is
transitive if and only if G is the trivial group {e}. [Hint: what is the orbit Oe?]

Exercise 3.V. (a) Consider the action of GL(2,R) on the vector space R2 from
Example 21. Prove that there are two orbits. The orbit of the zero vector is the
singleton set O(0,0) = {(0, 0)}, and every nonzero vector is in the same orbit. In

other words, the action of GL(2,R) on R2 \ {(0, 0)} is transitive. [Some linear
algebra background may help.]

(b) Consider the action of R∗ on X = R2 \ {(0, 0)} by scalar multiplication (like
Example 18, except we’ve removed the origin from R2). Describe the orbits of
this action. The set of all orbits X/∼ is known as the real projective line RP 1.

Exercise 3.W. Suppose that p, q are positive primes with p < q and p - (q − 1).
Follow the steps below to prove that every group of order pq is cyclic.

(a) Prove that if G has nontrivial center, then G is abelian and consequently G ∼=
Zpq. [Hint: model this on Theorem 3.10.]

(b) Now suppose for a contradiction that Z(G) = {e}.
(i) Use the orbit-stabilizer theorem to justify why |Cl(a)| = q when |a| = p

and |Cl(a)| = p when |a| = q.
(ii) If |a| = p, show that |ai| = p for i = 1, 2, . . . , p− 1.
(iii) Show that if |a| = |b| = p, then either 〈a〉 = 〈b〉 or 〈a〉 ∩ 〈b〉 = ∅.
(iv) Combine the previous parts and the hypotheses on p and q to determine

that the number of elements in G with order p is a multiple of q(p− 1).
(v) Similarly, show that the number of elements in G with order q is a multiple

of p(q − 1).
(vi) Show that the class equation for G can be written as

pq − 1 = kq(p− 1) + `p(q − 1)

for integers k, ` ≥ 0.
(vii) Derive a contradiction from the class equation. [Hint: First consider the

case where k = 0 or ` = 0. Then consider the case where k, ` ≥ 1. Notice
the right side of the equation is too big.]

Exercise 3.X. Consider the action of Sn on {1, 2, . . . , n} as in Example 19. Let
k ∈ {1, 2, . . . , n} be arbitrary. Prove that the stabilizer of k is isomorphic to Sn−1.
Prove an analogous statement about the stabilizer of k for the action of An in
Example 20.

Exercise 3.Y. Here we shall determine a criterion of knowing when a conjugacy
class ClSn

(σ) splits into smaller conjugacy classes in An. Let σ ∈ An, and let K
be the centralizer of σ in Sn, that is, K is the stabilizer of σ with respect to the
conjugation action of Sn on itself.

(a) Apply the Second Isomorphism Theorem (Exercise 1.K) to the situation where
G = Sn, N = An, and K is as above. Then use the orbit-stabilizer theorem to
prove the following:
(1) If K contains an odd permutation, then ClSn(σ) = ClAn(σ).
(2) If K contains no odd permutations, then |ClSn(σ)| = 2|ClAn(σ)|.

(b) Show that the centralizer K of σ in S5 contains an odd permutation in the case
where σ = e, (123), or (12)(34), but not in the case where σ = (12345). Use this
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and the previous part to justify the claims made about the size of conjugacy
classes in A5 before Theorem 3.14.

Exercise 3.Z. Suppose An acts on a set X and n ≥ 5. For each x ∈ X, prove that
either |Ox| = 1 or |Ox| ≥ n. [Hint: given an orbit Ox, we can ignore the rest of the
set X and observe that An acts on the set Ox. Use Corollary 3.16.]
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